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We study a Dirichlet optimal control problem for biharmonic equation with
control and state constraints. The coefficient of the biharmonic operator, the weight
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1. Introduction

The aim of this article is to analyze an optimal control problem for a linear
PDE with mixed boundary conditions where the coefficient of bilaplacian operator
we take as a control. Since an important matter for applications is to obtain a
solution to a given boundary problem with desired properties, it leads to the
reasonable questions: can we define an appropriate coefficient of bilaplacian ope-
rator to minimize the discrepancy between a given displacement y4 and an expec-
ted solution to such problem.

The characteristic feature of OCP is the fact that the solutions of the boundary
value problem should be restricted by some pointwise constraints in L2-space. As
for the class of admissible controls, we consider it as a nonempty subset of L!(Q)
with an empty topological interior. Such choice is motivated by needs of having
good properties of solutions to the corresponding boundary value problem.

The outline of the paper is the following. In Section 2 we report some prelimi-
naries and notation we need in the sequel. In Sections 3 we give the precise
statement of the state constrained optimal control problem and describe the main
assumptions on the initial data and control functions. In Section 4 we provide
the results concerning solvability of the original problem with control and state
constraints. We show that this problem admits at least one solution if and only
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if this problem is regular, that is, the corresponding set of admissible solutions is
nonempty. In Section 5 we show that the pointwise state constraints can be relaxed
and discuss to the approximation of OCPs, called the “variational inequality
method”. Following this approach, we weaken the requirements on admissible
solutions to the original OCP. As a result, we propose another interpretation of
relaxation for the state-constrained OCPs and give the statement of this relaxation
in the form of some optimal control problem for variational inequality with a
special penalized cost functional. We show that he penalized optimal control
problem for indicated variational inequality is always regular and solvable. In
conclusion, we show that some optimal solutions to the original problem can be
attained in the limit by optimal solutions of the penalized problem. However, it is
unknown whether the entire set of the optimal solutions can be attained in such
way.

2. Definitions and Basic Properties

Let © be a bounded open connected subset of RY (N > 2). We assume that
the boundary 02 is Lipschitzian so that the unit outward normal v = v(z) is
well-defined for a.e. z € 9€2, where a.e. means here with respect to the (N — 1)-
dimensional Hausdorff measure. We also assume that the boundary 92 consists
of two disjoint parts 92 = I'p U 'y, where the sets I'p and I'g have positive
(N — 1)-dimensional measures, and I's is now C2.

By W22(£) we denote the Sobolev space as the subspace of L?(£2) of functions
y having generalized derivatives D*y up to order k = 2 in L?(€2). We note that
due to the interpolation theory, see [1, Theorem 4.14], W?22() is a Banach space
with respect to the norm

1/2 1/2
lyllw22) = <”yH%Q(Q) + HD2yH%Q(Q)) - (/Q (\yfz + ’DQYJP) dx) )

where
1/2

8:13@'18213@'2 8:13@'18213@'2 ’ '

i1,49=1
For any y € C1(Q) we define the traces

Jy

YY) =yloa, and y(y) = |
a0

By [14, Theorem 8.3|, these linear operators can be extended continuously to the
whole of space W22(2). We set

W3/2,2(aQ) =0 [W2’2(Q)] , W1/2’2(8Q) =M [W2’2(Q)]
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as closed subspaces of W12(9Q) and L?(99), respectively. Moreover, the injections
W322(5Q) — Wh2(8Q) and  WY22(00) — L*(8Q) (2.1)

are compact.

Let CSO(RN;FD):{QOECSO(RN) : =0 and g—f:00n I‘D}.Wedeﬁne

the Banach space H3(;Tp) := WO2’2(Q; I'p) as the closure of C§°(RY;T'p) with
respect to the norm ||y||y22(q)- Let H=2(;Tp) be the dual space to HZ(Q;Tp).
We also define the space H}(£2) as the closure of C§°(£2) with respect to the norm
1l 3y = (Jo V0120 d) 2.

Throughout this paper, we use the notation Wy (Q) := HZ(Q;Tp) N H ().
Let us notice that Wy(Q) equipped with the norm

1/2 N 52 2
- o 2 . Y
[9ll2,a = 1Ayl r2(0) = </Q | Ayl dx) = /Q ;:1 oa?

is a uniformly convex Banach space [4]. Moreover, the norm || - [|2,a is equivalent
on W(£2) to the usual norm of W22(Q). Indeed, since the Laplace operator —A
acts from Wy () in L?(2) and the Dirichlet boundary value problem

1/2

dx (2.2)

Ay=f in Q y=0 on 99 (2.3)

is uniquely solvable in Wo(Q) for all f € L?(Q), it follows that the inverse operator
T :=(=A)"1: L3(Q) — W22(Q)NH{(Q) is well defined and satisfies the following
elliptic regularity estimate [9]

1T fllwz2) < Collfllz2(e)-

This allows us to conclude the following. If f € L?(Q2) and y € H} () are such
that g—g =0 on I'p and y is a solution of (2.3), then —Ay € L%(Q), y = 0 on the
boundary 0f2, and, therefore, y € Wo(Q2). Hence,

[yllw22) = IT(=Ay)lw220) < Col|AyllL2@) = C2llyll2,A, (2.4)

for a suitable positive constant Cy independent of f. On the other hand, it is easy
to remark that
||y”2,A < ||wa22(Q)

Thus, by the Closed Graph Theorem, we can conclude that | - |2, is equivalent
to the norm induced by W22(Q) (for the details we refer to [6,15]).
By BV(€) we denote the space of all functions in L!(€2) for which the norm

1 lsve = Il + /Q Df| = [l

+sup{/fdivg0dx L€ CHORY), ]cp(x)\glfor:veQ}
Q
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is finite.

We recall that a sequence {f;}72, converges weakly-+ to f in BV(Q) if and
only if the two following conditions hold (see [10]): fx — f strongly in L!(Q) and
D f — Df weakly-* in the space of Radon measures M ({2, i.e.

k—o0

lim (prk_/gODf V(pEC()(Q).
Q Q

It is well-known also the following compactness result for BV-spaces (Helly’s
selection theorem, see [2]).

Theorem 2.1. If {fx},2; C BV(Q) and supyey || frllpv(o) < 400, then there
exists a subsequence of {fi}re, strongly converging in L' (Q) to some f € BV ()
such that Dfy, = Df weakly-+ in the space of Radon measures M(Q). Moreover,
if { e}, C BV(Q) strongly converges to some f in L'(Q) and satisfies

SUPLeN fQ |D fr| < 400, then

(i) f € BV(Q) and /Q|Df|§li]£io1gf/Q|ka|;

(i) fr = f in BV(Q).

(2.5)

3. Setting of the Optimal Control Problem

Let &1, & be fixed elements of L>(2) N BV (Q2) satisfying the conditions
0<a<&(x) <&b(x) ae in Q, (3.1)

where « is a given positive value.

Let f € H2(Q;Tp), ya € L?(Q), and (™ ¢ L%(0N) be given distributions.
The optimal control problem, we consider in this paper, is to minimize the discre-
pancy between yg and the solutions of the following state-constrained boundary
valued problem

Al(u(z),y) = f(z) in Q, (3.2)
y:%:() on 'p, y=Ay=0 onTlg, (3.3)
0< 835(5) < (M%(s) ae. on Iy (3.4)

14

by choosing an appropriate weight function u € 2,4 as control. Here,
A*(u,y) = Auly)

is the operator of fourth order called the biharmonic operator, and the class of
admissible controls 2,q; we define as follows

Apg = {u e L'(Q) ) &1(x) <wu(r) < &(x) ae. in Q} (3.5)
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It is clear that 2,4 is a nonempty convex subset of L' () with an empty topological
interior.
More precisely, we are concerned with the following optimal control problem

Minimize {I(u,y) = / ly — yd\Qde‘—t-/ |Du}
Q Q (3.6)
subject to the constraints (3.2)—(3.5).

Definition 3.1. We say that an element y € W5 () is the weak solution (in the
sense of Minty) to the boundary value problem (3.2)-(3.3), for a given admissible
control u € Ayq, if

/QuAso (Ap = Ay) dz = (f, 0 = Y) g2@rp)mz2ry) ¥ € (& Tp). (3.7)

Remark 3.1. Since the set C°(RY;T'p) is dense in Wo(Q), it follows that the
elements ¢ € W,(Q2) can be considered for the test functions in (3.7). Therefore,
taking ¢ = y + tw with w € W,(Q2) and ¢ > 0, we obtain

/Qu (Ay + tAw) Aw dx > <fvw>H—2(Q;FD);H§(Q;FD) , Vw e Wy(Q).

Passing to the limit as ¢ — 0, we get

/QuAyAw dr > <f,w>H_2(Q;FD);Hg(Q;FD) , Yw e Wy(Q).

Hence,
| wtvdwde = () mrn (3.8)

It is worth to note that having applied Green’s formula twice to operator A(uAy)
tested by v € C§°(2;T'p), we arrive at the identity

/A(uAy)vda:: —/ (V(uAy), Vu)gn d:z—i—/ 2(uAy)vd’;‘-[N_l
Q Q o0 Ov

:/uAyAvd:L‘—/ uAy@ d’HN_l—/ uAy@ dHN 1
Q T'p 31/ I'sg 8V

:/uAyAvdx—/ uAyaU dHN ™Y Yo e O (Q;Tp).
QO Tg 81/

Hence, if y as an element of Wy(Q) := HZ(Q;Tp) N H () is the weak solution
of the boundary value problem (3.2)-(3.3) in the sense of Definition 3.1, then
relations (3.2)—(3.3) are fulfilled as follows (for the details, we refer to [17, Siction
2.4.4] and [8, Section 2.4.2])

Alu,y) =f i (C°(%Tp))",
0(y) =0 in W322(50),

n(y) =0 in W/22(Tp),

Y0(Ay) =0 in W-Y22(Tg) := (W/22(Tg))".
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In particular, taking w = y in (3.8), this yields the relation

/ u|Ay|2dm = (f,y) g2 (4T p);HZ (4T p) (3.9)

which is usually referred to as the energy equality. As a result, conditions (3.1),
(3.5), and inequality (2.4) lead us to the following a priori estimate

1/2
yllos = (/Q |Ay|2dx> < (@ Coll I xauryy) V€ g (3.10)

The existence of a unique weak solution to the boundary value problem (3.2)-
(3.3) in the sense of Definition 3.1 follows from the celebrated Lax-Milgram
Theorem. Indeed, let us the operator A(u,-) : W,(Q2) — (W,(22))* as follows

(A, y), W) (wy )" ws(0) ::/QuAyAwdxdx. (3.11)

It is easy to see that A(u,y) = AZ(u,y) and A(u,-) satisfies all assumptions of
Lax-Milgram Theorem (for the details we refer to [13,17]). Hence, the variational
problem

For a given u € Qlad, find y € Wa(Q) such that

3.12
(A(u, ), 0) (wa@)y wa(e) = (0D @) wa) » Vo € Wal(Q) 342

for which A(u,y) = f is its operator form, has a unique solution y = y(u) €
W2 (22). We note that the duality pairing in the right hand side of (3.12) makes a
sense for any distribution f € H=2(Q;Tp) because

AQiTp) = (WeH(@iTn)) © (Wa(@)".

It remains to show that the solution y of (3.12) satisfies the Minty relation (3.7).
Indeed, in view of the monotonicity of A, we have

0 < (A(u,v) = AU, ¥), ¥ = ¥) (Wa ()" :Wa ()
= (AU, v), v = Y) (wa ) wa() — (AU, Y), 0 — ¥) (wy ()" Wa ()
by (3.12)

= (A(u,v),v — y>(W2(Q))*;W2(Q) (fy9) (Wa ()" Wa () -
Thus,
(A, v), v = Y)Wy @) wa@) 2 O a—2@rpymzry), Y0 € Wa(€),

and, hence, in view of Remark 3.1, the Minty relation (3.7) holds true.
Taking this fact into account, we adopt the following notion.
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Definition 3.2. We say that (u,y) is an admissible pair to the OCP (3.6) if
u € Agg C LY(NQ), y € Wo(Q), the pair (u,y) is related by the Minty inequality
(3.7), I(u,y) < 400, and

nly) € LL(Ts), ¢ —mnly) € LL(Ts), (3.13)

where L2 (T'g) stands for the natural ordering cone of positive elements in L*(I's),
ie.
LA (Tg):={vel*Ig)|v>0 H Y 'ae on I's}.

We denote by Z the set of all admissible pairs for the OCP (3.6). Let 7 be the
topology on the set = C L'(Q2) x W5(Q) which we define as the product of the
norm topology of L'(£2) and the weak topology of HZ(Q;T'p). We say that a pair
(u®, %) € LY () x Wy(£) is an optimal solution to problem (3.6) if

(%) €= and I(u®y°) = inf I(u,y).
(u,y)EE

Remark 3.2. Before we proceed further, we need to make sure that minimization
problem (3.6) is meaningful, i.e. there exists at least one pair (u,y) such that (u,y)
satisfying the control and state constraints (3.3)-(3.5), I(u,y) < +oo, and (u,y)
would be a physically relevant solution to the boundary value problem (3.2)-
(3.3)7 In fact, one needs the set of admissible solutions to be nonempty. But
even if we are aware that = # (), this set must be sufficiently rich in some sense,
otherwise the OCP (3.6) becomes trivial. From a mathematical point of view,
to deal directly with the control and especially state constraints is typically very
difficult [5,12,18|. Thus, the regularity of OCPs with control and state constraints
is an open question even for the simplest situation.

It is reasonably now to make use of the following Hypothesis.

(H1) OCP (3.6) is regular in the following sense — there exists at least one pair
(u,y) € LY () x Wy(2) such that (u,y) € =.

4. Existence of Optimal Solutions

In this section we focus on the solvability of optimal control problem (3.2)-
(3.6). Hereinafter, we suppose that the space L!(2) x W,(Q) is endowed with the
norm [[(w, y) || L1 (@) xwa) = llullLi@) + ¥ll2.a-

We begin with a couple of auxiliary results.

Lemma 4.1. Let {(uy,yr) € Z}yey be a sequence such that (ug, yi) — (u,y) in
LY () x Wy(Q). Then we have

lim | urAyrApdr = / uAyAyp dx Vo € C5°(2;Tp). (4.1)
k—oo J Q
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Proof. Since uj, — u in L}(Q) and {ug}ren is bounded in L*(Q)), we get that
up — u strongly in L"(Q) for every 1 < r < +o0o. In particular, we have that
up — u in L2(Q) and AyrAp — AyAyp in L2(€). Hence, it is immediate to pass
to the limit and to deduce (4.1). O

As a consequence, we have the following property.

Corollary 4.1. Let {(u,yi) € E}cy and {¢ € Hg(Q;FD)}keN
such that (up,yx) — (u,y) in LY(Q) x Wa(Q) and ¢ — ¢ in H3(;Tp). Then

be sequences

lim [ wupAyprAl, dr = / uAyA( dx.
Q

k—o0 JO

Our next step concerns the study of topological properties of the set of admissible
solutions = to problem (3.6).
The following result is crucial for our further analysis.

Theorem 4.1. Let {(uk, yx) }ren C Z be a bounded sequence in BV (€2) x Wo(£2).
Then there is a pair (u,y) € LY(Q) x Wo(Q) such that, up to a subsequence,
(uk, yi) = (u,y) and (u,y) € E.

Proof. By Theorem 2.1 and compactness properties of the space Wo(Q), there
exists a subsequence of {(ug,yr) € E}ren, still denoted by the same indices, and
functions u € BV (Q) and y € W5(£2) such that

up — uin LYQ), yp—y in HZ(Q;Tp), and, hence, yp —y in H(Q).
(4.2)

Then by Lemma 4.1, we have
lim [ upApAy,dr = / uApAydx, Yo e CF(Q;Tp).
k—oo JO Q

It remains to show that the limit pair (u,y) is related by inequality (3.7) and
satisfies the state constraints (3.13). With that in mind we write down the Minty
relation for (ug,yr):

/QUkAso (Ap = Ayg) do = (f, ¢ = Ye) g—2rpymzry) . ¥¥ € Co (& TD).
(4.3)
In view of (4.2) and Lemma 4.1, we have

k—o00

lim / |Aap\2ukda§:/ |AplPude, lim /ukAcpAykdaz:/uAgoAydx.
Q Q k=0 Jo Q

We, thus, can pass to the limit in relation (4.3) as kK — oo and arrive at the
inequality (3.7), which means that y € Wy(Q) is a weak solution to the boundary
value problem (3.2)-(3.3) in the sense of Minty. Since the injections (2.1) are
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compact and the cone Li(F s) is closed with respect to the strong convergence in
L?(T'g), it follows that %LV’“ — g—g strongly in L?(I's) and, hence,

Jim 51 (ye) =n(y) € L3(Ts) and m(y) € " = LE(Ts),

This fact together with u € 44 leads us to the conclusion: (u,y) € Z, i.e. the limit
pair (u,y) is admissible to optimal control problem (3.6). The proof is complete.
O

Remark 4.1. Having applied the arguments of Remark 3.1, it is easy to show that
in this case the energy equality (3.9) holds true for every 7-cluster pair (u,y)
mentioned in Theorem 4.1.

In conclusion of this section, we give the existence result for optimal pairs to
problem (3.6).

Theorem 4.2. Assume that, for given distributions f € W=24(Q;Tp), yq €
L%(Q), and ¢™®® ¢ LP(0SY), the Hypothesis (Hy) is valid. Then optimal control
problem (3.6) admits at least one solution (u°P',y°P') € BV (Q) x W, ().

Proof. Since the set of admissible pairs = is nonempty and the cost functional
is bounded from below on =, it follows that there exists a minimizing sequence
{(ug,yr) € E}ken to problem (3.6). Then the inequality

inf I(u,y) = lim [/ ]yk(x)—yd(x)lzdx—k/ \Duk|] < +o0,
(uy)eE k=0 | /o Q

implies the existence of a constant C' > 0 such that

sup/ |Dug| < C.
keN JQ

Hence, in view of the definition of the class of admissible controls 2,4 and a priori
estimate (3.10), the sequence {(ug,yx) € E}ren is bounded in BV (Q) x W,(£2).
Therefore, by Theorem 4.1, there exist functions u* € 2,q and y* € W,(Q) such
that (u*,y*) € = and, up to a subsequence, up — u* strongly in L'(2) and
Yy — y* weakly in WOQ’p(Q; I'p). To conclude the proof, it is enough to show that
the cost functional I is lower semicontinuous with respect to the tau-convergence.
Since yr — y* strongly in LP(§2) by Sobolev embedding theorem, it follows that

hm/|y;C —ya(z | da:—/]y ) — ya(x )]2da:
liminf/ | Duy| 2/ |Du*| by (2.5).
Q Q

k—o0

Thus,

I(u*,y") < liminf I (ug,yx) = inf I(u,y).
k—o0 (u,y)€E

Hence, (u*,y*) is an optimal pair, and we arrive at the required conclusion. [
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5. Variational Inequality Approach to Regularization of OCP

As follows from Theorem 4.2, the existence of optimal solutions to the problem
(3.6) can be obtained by using compactness arguments and the regularity assump-
tion (Hy). However, because of the state constraints (3.4) the regularity of the
OCP (3.6) is an open question even for the simplest situation. Nevertheless, in
many applications it is an important task to find an admissible (or at least an
approximately admissible, in a sense to be made precise) solution when both
control and state constraints for the OCP are given. Thus, if the set of admissible
solutions is rather “thin” , it is reasonable to weaken the requirements on admissible
solutions to the original OCP. In particular, it would be reasonable to assume that
we may satisfy the state equation

<A(u7y)7<70>( W2 (Q))";Wa (22 <f) >(W2 (Q)*;W2(Q) » VSO € W?(Q)

and the corresponding state constraint
y € K :={veWyQ) | v(v) e Li([ls), (" —~(v) € L1 (Ts)}

with some accuracy. Here, the operator A(-,-) : L1(Q) x Wy (Q) — (Wy(Q2))* is
defined by the left-hand side of relation (3.11). For this purpose, we make use the
following observation: If a pair (u,y) is admissible to the original problem, i.e.
(u,y) € E, then this pair satisfies the relation

(Aw,y), C = W) w @) swo ) = ¢ — W wayw, @), YCEK (5.1)

for each € > 0.

Note that the reverse statement is not true in general. In fact, we discuss
a variant of the penalization approach, called the “variational inequality (VT)
method”. This idea was first studied in [16]. Thus, if a pair (u,y) € Agq x K is
related by variational inequality (5.1), then it is not necessary to suppose that
(u,y) satisfy the operator equation A(u,y) = f. In view of this, we can use the
penalized term [|A(u, y) — f||(w,(0))* as a deviation measure in an associated cost
functional. As a result, we arrive at the following penalized OCP:

C =~ 1
stiiwize {T.u9) = [ = sl do+ [ 1Dul+ 214w 0) = ooy |

(5.2)
subject to the constraints
uEQ(ad, y € K, } (5.3)
<A(u,y),C—y>(w2( Q)" Wa(Q > (f.¢— y> (W2(Q))*;Wa () » , VC e K, '
In a more compact form this problem can be stated as follows
inf  I.(u,y), VYe>0 (5.4)

(u,y) GEE
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where the set of admissible solutions Z. C L1() x W5(Q2) we describe as follows:

[1])

e = {(u,y) u € Wgq, y € K, I(u,y) < 400, and (u,y) satisfies VI (5.1)}.

Our aims in this section is to show that penalized OCP (5.4) is solvable for
each € > 0 without any assuption about its regularity, and to study the asymptotic
properties of sequences of optimal pairs {(ug,yg}€>0 to problem (5.4) when the
small parameter € > 0 varies in a strictly decreasing sequence of positive numbers
converging to zero. We begin with the following result.

Lemma 5.1. Under assumption (3.1), for every fired uw € Uy and € > 0, the
variational inequality (5.1) admits at leas one solution y = y(u) such thaty € K.

Proof. Let € > 0 be a fixed value. As follows from definition of the set K, K
is a nonempty convex closed subset of Wy(Q2) with respect to the || - ||2,a-norm
topology. Due to the assumption (3.1), we have the following estimates

sup  [|A(u, 9)lwa)r = supsup (AW, Y),0) ww, )" wa )
lylz.a<p lyllz.a<p lollz,a<1

= sup sup [ / uAyAv d:v}
Q

lyllz,a<pllv]l2,a<1

< sup  sup [[&le@llyllzalvlleal

llyll2,a<pllv]l2,a<1

< suwp sup  [l|&llre@llyllzalv
lyllz,a<p llv]l2,a<1

< 162l Lo () < +o00,

(A(u, y)7y>(w2(9))*;w2(9) 2 /QU|A2J\2 dz > allyll5 a- (5.5)

2,A]

Hence, for every fixed u € 2,4, the operator A(u,-) : Wo(Q) — (W3 (Q))" is
bounded and coercive. Moreover, it is shown in [17, Proposition 2.42] that the
property (3.1) ensure the following implication

Y — Yy in Hg(QaFD)a
lim sup <A(u7 yk)? Yk — y>(W2(Q))*,W2(Q) S 0

k—oo
Vo e H3(Q;Tp)
<A(u7 y)7 Y- v>(W2(Q))*;W2(Q) < h]};r_l)g.}f <A(u7 yk)v Yk — v>(W2(Q))*;W2(Q)

Thus, the operator A(u,-) : Wa(Q) — (W3(Q))" is pseudo-monotone for each
u € Uqq- Hence, following the well-know existence result (see, for instance, [3,7]),
there exists at least one solution y = y(u) of variational inequality (5.1) such that

ye K. O

As an obvious consequence of Lemma 5.1, we have the following noteworthy
property of penalized OCP (5.2)-(5.3).
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Corollary 5.1. For each € > 0 the set ég is nonempty, i.e. the problem (5.2)-
(5.3) is regular.

To proceed further, we introduce the following notion.

Definition 5.1. An operator A : Ayg x Wo(Q2) — (W2(Q2))* is said to be
quasi-monotone if for any sequence {(ug,yx)}pe; such that {ug}, oy C Aeq and

(up, yr) — (u,y) in L(Q) x HZ(;Tp), the condition

lim sup <A(uka yk)v Yk — y>(w2(9))*7w2(9) <0 (56)

k—o00

implies the relation

(A Y)Y = 0) gy oy < TIECAGH Yi), 98 = 0) gy magey - (57)

k—
for all v € HZ(;Tp).

Definition 5.2. We say that an operator A : Ayq x Wo(Q) — (W2(Q2))" possesses
the property (9), if for any sequence {(ug, yx)}rey such that {uy}, ey C Aaq and

(ur, yk) — (u,y) in LY(Q) x HZ(Q;Tp), the conditions
Alug,yp) = d in (W(Q))",
lim sup (A(u, yk), yk>(w2(Q))*;W2(Q) < (d, Z/>(w2(9))*;w2(ﬂ)

k—o00
imply the relation d = A(u,y).
Our next intention is to prove the following crucial result.

Theorem 5.1. The operator A : Auq X Wo(Q) — (W2(Q))*, given by formula
(3.11), is quasi-monotone provided assumption (3.1) holds true.

Proof. Let {(uk,yr)}peq be a sequence such that {ug}cny C Aag and (ug, yi) 5
(u,y) in L*(Q) x H3(;Tp). We assume that inequality (5.6) holds true. Our aim
is to establish the relation (5.7). With that in mind, we set

B(u,v,y),w .. = | uAyAwdx,
(B(u,v,9), W) w, () W, () /Q y (5.8)
Vu €Uy and Vy,v,w € HS(Q;FD)

and divide our proof onto several steps.
Step 1. We show that, for each v € HZ(€;T'p),

lim (B - .
kgf;o< (ks Yk V) Y y)(wp(g)) W, ()

= lim [ up]AvP?Av(Ayy — Ay)dz = 0. (5.9)
k—oo J
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Indeed, to begin with, we note that ux — w in L"(Q) for every 1 < r < +o0,
because u, u; € L>°(Q2) for all k € N by the initial assumptions. Hence,

/Q 1AV |uy, —ul?dz — 0, Yve HE(Q;Tp) (5.10)

by Lebesgue Dominated Theorem. Since the sequence {(j, := upAv}, . is bounded
in L?(2) and

IGe — udA0] 22y = /Q Aol — uf? dr,

it follows from (5.10) that uiAv — uAwv strongly in L?(§2). Therefore, the left-
hand side of (5.9) tends to zero as k — 0o as the product of strongly and weakly
convergent sequences and we arrive at the desired property (5.9).

Step 2. Let us show that

kl;rgo (B(Uks Yks V), W) (v, () Wa(Q) = khﬁrrolo ) upAvAw dx

= / uAvAwdz = (B(u, Y, v), W) w, ) wa() > VU WE H2(;Tp). (5.11)
Q

By analogy with the previous step, we note that upy — u in L"(Q) for every
1 <7 < 4oo0. In particular, this yields ugp — up strongly in L?(Q) Vo € L>®(1Q).
In view of this, we infer

Jim [ wpAwyp do = / uAwpdr Yo € L®(Q), Yw € HE(;Tp).
—00 JO QO

This means that
upAw — uAw in LY(Q).

But we also have that the sequence {uyAw},  is bounded in L?*(Q2). Hence,
upAw — uAw in L3(Q) for each w € HE(Q;Tp). Since Av € L*(Q) for any
v € H3(Q;Tp), it follows that

lim ukAwAvdx:/quAvdx (5.12)
k—oco JO Q

by definition of the weak convergence in L?*($2). Thus, the equality (5.11) holds
true.

Step 3. This is the final step in our proof. As follows from (5.8), for every
element v € HZ(Q;Tp) and each index k € N, we have the estimate

<B(uka Yk, yk’) - B(uk’7 Yk, U)a Yk — U>(W2(Q))*;W2(Q)
= / ug (Ayg — Av) (Ayg — Av) dx
Q

> a/ |Ayp — Av*dxz >0, Vyp#v in Q. (5.13)
Q
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Let v € HZ(;Tp) be a fixed element. We put y, = (1—0)y+ov for all o € [0, 1].
Taking into account the monotonicity condition (5.13), we see that

(B(u, i, ) — B(Uks Yrs Yo )s Y — ya)(wz(g))*;wz(g) > 0. (5.14)

Since A(u,y) = B(u,y,y), it follows from (5.14) that

O<A(uk’ yk)’ Y- v>(W2(Q))*;W2(Q) > _<A(uk7 yk)7 Yk — y>(W2(Q))*;W2(Q)
+ <B(uk7 Yk, ya)7 Y — y>(W2(Q))*,W2(Q)
+0<B(uk7yk7y0)7y _U>(W2(Q))*;W2(Q)' (515)

Passing to the limit in (5.15) as k — oo, we obtain

o lim inf <A(uk, Yk), Y — v>

k—o00 (W2(2))";W2(2)

> — limsup <A(uk’7 yk‘)v Yk — y>(W2(Q))*,W2(Q)

k—o0

+ hkrggéf <B(Uka Yk, yo)a Yk — y>(W2(Q))*;W2(Q)

+ ahkn_lggf (B(uk, Yi, Yo ) Y — v>(W2(Q))*;W2(Q)’ (5.16)

where
li}ggf(B(uk, Yk Yo ) Yk — y>(W2(Q))*;W2(Q)
- B by (5.9)
= Jim. (Buk Yrs Yo )s Uk = Vo) — O
' by (5.6)
11£S£p<A(uk,yk)a Yk — y>(W2(Q))*;W2(Q) = 0
and

klggo <B(uk7 Yk, y0)7 Y- v>(W2(Q))*;W2(Q)

by (5.11)
v (B(u, 9, y0),y — U>(w2(sz))*;w2(ﬂ)'

Hence, for each o € [0, 1], we have the inequality

lim inf <A(ukayk)7y_v>(wz(g))*;w2(g) > <B(u7yayo)ay_v>(w2(g))*;w2(g)' (5.17)

k—o00

Since the convergence y, — vy is strong in H3(Q;'p), it follows that Ay, — Ay
strongly in L?(f2), and therefore,

(B9, 50), Y = 0) iy a() = /Q uly (Ay — Av) da. (5.18)
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As a result, we deduce from (5.17) and (5.18) that

hm 1nf< (ks Yk), ¥ >(W (2))*;W2()

> hm ln <A uk}ayk‘ y>(W2(Q))*7W2(Q)

+ hm 1n <A Uk, Yk ), v>(w2(Q))*;W2(Q)

> hIIllIl <A (ks Yk y>(W2( Q)" W2(Q)
< )Y = V) ()
> hkrgg;f (B (ks Yres Yi) B(wm ks U): Yk = U) (0" @)
+hmln <B ulmyka yk y>(W2(Q))*,W2(Q)
Y)

< (

v),y = v) (W2 (2))*; W2 ()
by (5.14)

S liggggf (B ks Yis )5 U = ) a2y ()
+ <A >(W2(Q))*'W2(Q)
by (5.

:9)< Al y):Y = 0) () s ()

that is, the inequality (5.7) is valid. O

Remark 5.1. In fact (see |12, Remark 3.13]), we have the following implication:
“A is quasi-monotone” = "A possesses the property (901)."

Hence, by Theorem 5.1, we can claim that the operator A : 2A,q x Wo(Q) —
(W2(£2))*, which is defined by relation (3.11), possesses the property (901).

We are now in a position to show that the penalized optimal control problem
in the coefficient of variational inequality (5.2)-(5.3) is solvable for each value
e>0.

Lemma 5.2. If the assumptwn (3.1)is valid, then the OCP (5.2)-(5.3) admits at
least one solution (ul,4°) € Z. for every fized ¢ > 0 and any f € H2(;Tp),
yq € L?(Q), and (™ € L2(09)).

Proof. Let {(uk,yx)} ey C Us X K be a minimizing sequence to problem (5.2)—
(5.3). The coerciveness property (5.5) and estimate

<A<ukayk)ayk_c>(wz( Q)" Wa(Q) = < (fsuk — C)(W2(Q))*;W2(Q) (5.19)
< fllz—2@rp)llye — Cll2.a (5.20)

immediately imply that the sequence {yj}r; is bounded in HZ(Q2;T'p). Indeed,
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using the notations V' = Wy(Q) and V* = (W5(Q))", we have

<Aya Yy — C>V*;V > <Ay> Yy — <>V*;V

ly=cllv = llylv +li<llv
Ay, y = Qy, 1
4 vy — 400 as |Jy|ly — oo.
WL v
lyllv
On the other hand, from (5.20) it follows that
(Ayay_C>V*~V <f7?/_C>v*~V
— =< = < | fllve = [ fllz-2@rp)-

ly=<llv = lly—=<lv

So, comparing these two chains of relations, we arrive at the existence of a constant
C > 0 such that C is independent of u € Ayg and [|y|ly < C as far as y € K is a
solution to (5.2).

Since

sup/ | Dug,| < supjca(uk,yk) < 400
keN JQ keN

and the set 2,4 x K is sequentially closed with respect to the 7-convergence, we
may assume by Theroem 2.1 that there exists a pair (u?,y?) € Aqq x K such that
(ug, yi) — (u2,y?). Then passing to the limit in

(Aurs k) €= ) w0y wa(0) = (5= Uk (wa(2)) w2 (9)

as k — oo, we obtain

lim sup <A(uk7yk)7 Yk — C>(W2(Q)) <f7 C Ye > (Wa(2))*;Wa(Q) 2 VC € K.

k—o0
(5.21)
Having put here ¢ = 3° € K, we arrive at the inequality

lim sup <A(uka Yk), Yk — yg>(w2(g))*;wg(g) < 0.

k—o0

Hence,

lim inf (A (uk, ye), Uk = O wa()) (@)
> (A(ud, 12), 92 =€)y o) » 7€ €K,

by the quasi-monotonicity property of the operator A. Combining this inequality
with (5.21), we come to the relation

0,0 0 0
(A, 520, € = 92 mayawma(e) 2 (5 9D maqayy ey V< E K

Thus, (u2,4?) € Ay X K is an admissible pair to the problem (5.2)—(5.3).



ON RELAXATION OF OCP IN COEFFICIENTS FOR BIHARMONIC EQUATION 17

Let us show that (u?,y?) is an optimal pair to this problem. As follows from
(5.20), the sequence {A(uk, yk)} ey is bounded in (W,(92))". Let d be its weak
limit in (W2(Q))* as k — co. Then

lim sup (A(uk, Yr)s Yk) (wo (9) 5wa ()

k—o0
0
< <f7 Ye — §>(w2(9))*;w2(9) +(d, Q(Wz(m)*;Wz(Q)
0 0
=, ¥) o) o) T {4 = € = V) w0y () VS € K-

Substituting y? for ¢ in the last inequality, we get

: 0
hglsip <A(uka yk)a yk>(W2(Q))*;W2(Q) < <d7 Ye >(W2(Q))*;W2 Q)"
Since the quasi-monotone operator possesses the (91)-property (see Remark 5.1),
it follows that d = A(u?, y?). As a result, using the 7-lower semicontinuity property
of the cost functional (5.2), we finally obtain

inf fg(u, y) = lim inffg(uk, Yk)
(u,y)€Ee k=00

> I(u,y0) + e AL, 42) = fllwa ) = L, 12).
Thus, (u2,%?) is an optimal pair to the penalized problem (5.2)-(5.3). O

The next step of our analysis is to consider a sequence of optimal pairs
{(u?, yS)}DO C 2,4 x K in the limit as € tends to 0.

Theorem 5.2. In addition to the assumptions of Lemma 5.2, assume that the
OCP (5.6) is regular, that is the Hypothesis (Hi) is valid. Let {(ug,yg)}€>0 be a
sequence of optimal pairs to penalized problems (5.2)—(5.3). Then this sequence is
relatively compact with respect to the T-convergence and each of its T-cluster pair
(u®,4°) is such that (up to a subsequence)

(w2, y0) " (W, y%) ase—0, (5.22)
(uo,yo) €=, and I(uo,yo) = (uiz?)fef I(u,y). (5.23)

Proof. Let {(ug, y?) }€>0 be a given sequence of optimal pairs to penalized problems
(5.2)-(5.3). Since the set K C WOQ’p(Q; I'p) contains zero, we have

by (5.1)

0
< <f7 y5>(W2(Q))*;W2(Q) < HfHH*Q(Q;FD)Hyg

2,A-
Hence, the following estimate for the optimal states takes place

lellza < (@M Iflla—2(@rp) VU € Aag- (5.24)
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Let us show that the sequence of corresponding optimal controls {u2}6>0 is BV-

bounded. Indeed, let (u,y) € = be any admissible pair to the original OCP (3.6).

Then I.(u,y) = I(u,y) for each ¢ > 0. On the other hand, since (u 9 9y0) is an

optimal pair to problem (5.2)—(5.3), this yields I. (u?, ) < I (u,y) = I(u,y) for

every € > 0. So, the numerical sequence {li;(ua,yg)} . is uniformly bounded
e>

with respect to e. Hence, in view of the structure of the cost functional (5.2), we
deduce

1AW, 42) — Flle- < eT(uy), /Q Du0) < I(u,y). (5.25)

From this, we immediately conclude that sup. ||Ug||BV(Q) < 400, and, hence,
due to Theorem 2.1 and estimate (5.24), we may assume that there exists a pair
(u®, %) € Auq x K such that (ug,yg) 5 (u¥,y%) as e — 0in LY(Q) x H3(;Tp).

Let us show that the pair (u?,y") is admissible to the original problem (3.6).
Using the arguments of the proof of Lemma 5.2, we have A(u?,y?) — d in
(W2 ()" and d = A(u®, y°). Then, as follows from (5.25), we have

0 < AW’ 4°) = fllwa) < Lim nf {| A (u 0, 42) = fllwa))
= lim A2, 42) = fllwa(a))- =0

Thus, A(u®,4°) = f as elements of (W5(Q))* and, hence, (u",3°) €

It remains to prove that (u®,y%) is an optimal pair. If, on the contrary, we
assume that the exists a pair (u*,y*) € Z such that I(u*,y*) < I(u’, "), then

I(ud, yd) < T(ul,yd) + e AW, v2) = fllowy) < 1w, y"), Ve>0.

Therefore, passing to the limit in this inequality as ¢ — 0 and using the 7-lower
semicontinuity property of the cost functional, we finally get

I(uo,yo) < liminf < I(u*,y").
e—0

This contradiction immediately leads us to the conclusion: The (u?, %) is optimal
the OCP (3.6). O

Remark 5.2. As follows from Theorem 5.2 , whatever sequence of optimal solutions
{(ug,yg)}5>0 to the penalized problems (5.2)-(5.3) has been chosen, it always
gives in the limit as ¢ — 0 some optimal pair to the original OCP (3.6). However,
it is unknown whether the entire set of the solutions to OCP (3.6) can be attained
in such way.
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