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ABSTRACT. We study traffic flow models for road networks in vector-valued optimization
statement where the flow is controlled at the nodes of network. We consider the case
when an objective mapping possesses a weakened property of upper semicontinuity and
make no assumptions on the interior of the ordering cone. We derive sufficient conditions
for the existence of efficient controls of the traffic problem and discuss the scalarization
approach to its solution. We also prove the existence of the so-called generalized efficient
controls.

1. INTRODUCTION

The main goal of this paper is to discuss macroscopic traffic flow models on road
networks in the framework of the vector optimization statement. Modeling and simulation
of traffic flow on the road networks has been investigated intensively during the last years;
see for example [3, 4, 7, 10, 11, 14]. Since the support of the decision making in traffic
management is a topical problem, the most investigations in this field deal with the
optimal control problems of the flow in traffic networks. Typically, the main focus of such
investigations is on the construction of optimal traffic parameters on the network and on
the derivation of an optimality system and the evaluation of the gradient of the objective
functions that appear in the corresponding optimization problems.

In this paper we focus on the approach based on Lighthill- Whitham-Richards (LWR)
model. We suppose that the road networks consist of a finite set of roads, that meet
at some junctions. To describe the dynamics on a network, represented by a directed
topological graph, we use the hyperbolic system of conservation laws in one dimension
and suppose that the flow is controlled at the nodes of network. Our prime interest is to
consider the traffic optimization problems in new statement, which involves topological
properties of an objective space, and discuss the problem of their solvability. We deal
with the case when the objective mapping possesses a weakened property of lower semi-
continuity and takes values in the space L?((2), closely related with the geometry of road
network and partially ordered by a cone A of positive elements. We prove the existence
of the so-called efficient controls and generalized solutions to the corresponding vector
optimization problem on a network and study their main properties.

2. NOTATION AND PRELIMINARIES

In this section we recall some known basic notions about functions with bounded vari-
ation, networks, and introduce a few notation concerning vector-valued mappings and
partially ordered functional spaces.

Functions with Bounded Variation. Let J = (a,b) (a < b) be a given interval in R.
Consider a function f : J — R such that f € L'(J). The total variation of f on J is
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defined as
Tot V;(f) :sup{2|f(xj) —flzjm)] - meN, a<zy <z < - <y, < b},
j=1

where z; are the points of approximal continuity of f (see [6]).

Definition 2.1. We say that f € L'(J) is a function of bounded variation on J if there
exists a constant K > 0 such that Tot V;(f) < K. We denote with BV (.J) the set of all
real functions f € L'(J) with bounded variation on J.

Note that the total variation of a function f is a positive number. If f € BV(J), then
it is clear that f : J — R is bounded almost everywhere on .J. The following statements
are equivalent (see [8]):

(i): f e BV(J);
(ii): f € L'(J) and

|IDf|(J) = sup{/Jfgo’dx L e Cy(J), |¢l §1} < 400;

(iii): there exists a sequence of smooth functions { f, },-, C C$°(R) such that f — f
strongly in L'(J) and limsup [, | fi| dz < 400,
k—o0

where the distributional derivative Df is a Radon measure and |Df|(J) coincides with
the total variation of f on J. Moreover, for any f € BV(J) the right-hand side and

left-hand side limits
1 z+h 1

f(zt) = lim — f(s)ds, f(xz7)= lim — ' f(s)ds

T h—0+ h z—h

exist at all z € [a,b), and x € (a, b], respectively. Finally, f(z*) = f(z7) if |Df|({z}) = 0.
The following theorem holds.

Theorem 2.1. (a) The space BV (J) is a Banach space with respect to the norm

I lsveny = [f i + [DFICT);
(b) the mapping f — |Df|(J) is lower semicontinuous with respect to the L'(J) conver-
gence, that is, if f — f in L'(J) then |Df|(J) <liminfy_ |Dfi|(J);
(¢c) if {fi}rey € BV(J) and sup,ey || fellvis) < +o00 then there exists a subsequence of
{fi}i, strongly converging in L'(J) to some f € BV (J).

In what follows, we say that a sequence {f;},-, C BV (J) converges weakly in BV (.J)
and we write fr — f in BV(J) if fx — f strongly in L'(J) and supyey |Dfi|(J) < +oc.
Note that if fr — f in BV(J) then f € BV (J) and Df, — Df as Radon measures.

Networks of roads. Let O be an open convex subset of R? and let § be a planar graph on
R2.
Definition 2.2. We say that the set ) = O N § is a network of roads enclosed by the
region € if it can be represented as a couple (Z, J) where
(a): 7 is a finite collection of edges, which correspond to roads in the network and
are parameterized by intervals I; = [a;, b;] in R with i =1,..., N;
(b): J is a finite collection of vertices, which correspond to junctions in the network.
Each vertex J is union of two nonempty subsets Inc (J) and Out (J) of {1,..., N},
such that:



(i): each vertex J € J is an interior point of ;

(ii): for every J # J' € J we have Inc (J) NInc (J') = 0 and Out (J) N Out (J') = 0;

(iii): if ¢ € UjezInc (J) then b; corresponds to some point on 052 (an outgoing road
from the network) and if ¢ € U c7Out (J) then a; corresponds to some point on
0§ (an incoming road to the network).

Moreover, the two cases are mutually exclusive.

Figure 2.1: Geometry of a sample network

Thus a sample network might have a structure as indicated in figure 2.1.

Optimality Notion in Partially Ordered Spaces. Let €2 be a network. We associate with
this set the objective space L?*(f2). Hereinafter we adopt the notation y € L?*(€Q) if and
only if y = (y1,...,yn) and y, € L2(I}) for k = 1,..., N. By default suppose that L?((2),
as topological space, is endowed with the weak topology. For a subset S C L2(2) we
denote by int,, S and cl, S its interior and closure with respect to the weak topology,
respectively. We also assume that L?(Q) is partially ordered by the natural ordering cone
of positive elements A, which is defined as
(2.1) A={feL*9Q) : f(z)>0 almost everywhere on Q}.
Then for elements y, 2 € L?(Q), we will write y <, z whenever z € y + A and y <, z for
y,z € L*(Q), if z—y € A\ {0}. We say that a sequence {y;},—, C L*(f) is non-increasing
and we use the notation y; \, whenever, for all £ € N, we have yr1 < yr. We also say
that a sequence {yi},—, C L*(Q) is bounded below if there exists an element y* € L*(Q)
such that y* <, y, for all £k € N.

For the study of “optimal”elements of a nonempty subset S of the partially ordered
space L?(Q) we are mainly interested in maximal elements of this set.

Definition 2.3. (see [12]) An element y* € S C L*(Q) is said to be maximal of the set
S, if there is no y € S such that y >, y*, y # y*, that is

SNy +A)={y}.

Let Max,(.S) denote the family of all maximal elements of S. Let us introduce two
singular elements —oo, and +o00, in L*(2). We assume that these elements satisfy the
following conditions:

1) —oop <y = +oop, Vy € L*(Q);  2) + ooy + (—oos) = 0.
Let Y* denote the semi-extended Banach space: Y* = L?(Q) U {—oo,} assuming that
| — coallz2@) = +00 and y+ A(—o0p) = —0co Vy € L*(Q) and VA € R;.

The following concept is a crucial point in this paper.



Definition 2.4. We say that a set E is the efficient supremum of a set S C L*(2) with
respect to the weak topology of L?(2) (or shortly (A, w)-supremum) if F is the collection
of all maximal elements of cl,, .S in the case when this set is non-empty, and E is equal
to {+oox} in the opposite case.

Hereinafter the (A, w)-supremum for S will be denoted by Sup™* S. Thus, in view of
the definition given above, we have

Sup™? S = {

Let Xs be a nonempty subset of a Banach space X, and I : Xy — L?*(Q) be some
mapping. Note that the mapping I : Xy — L*(Q) can be associated with its natural

Maxy (cl, S), Maxy(cl, S) # 0
+004, Maxy (cl, S) = 0.

extension [ : X — Y*® to the whole space X, where
~ . I(x), r € Xp,
(2.2) I(x) —{ —oon, ¢ Xo.

We say that a mapping [ : Xy — Y* is bounded above if there exists an element
z € L*(Q) such that z >, I(x) for all z € Xp.

Definition 2.5. A subset A of L?*(Q) is said to be the efficient supremum of a mapping
I: Xy — L*(Q)

with respect to the weak topology of L?(2) and is denoted by Supﬁg_@(a I(x), if A is the
(A, w)-supremum of the image I(Xp) of Xp in L?(Q), that is,

Supﬁ’e“;(a I(z) = Sup™ {I(z) : =€ Xp}.
Remark 2.1. Tt is clear now that if a € Supﬁg}a I(z) then
cly {I(z) : ze Xg}N(a+A) = {a}
provided Maxy [cl, {I(x) : z € Xp}] # 0.

Let {yx},—, be a sequence in L*(Q2). Let L*{yx} denote the set of all its cluster points
with respect to the weak topology of L?(€), that is, y € L¥{y} if there is a subsequence
{ur, Yooy C {yr}re, such that yy, — y in L?(2) as i — co. If this set is upper unbounded,
i.e., Sup™ LU{y} = +oos, we assume that {+00x} € L¥{y}. Let 29 € Xp be a fixed
element. In what follows for an arbitrary mapping I : X5 — L?(Q) we make use of the
following sets:

(2.3) L7(1, 2) := U L{I@n)}
{2k 21 €M (20)
(2.4) Lo (1, o) := L7 (I, 2) N Sup)ly, (@),

max

where 9, () is the set of all sequences {xy},-, C X such that z;, — x¢ with respect to
a o-topology of X.
We are able to introduce the notion of the upper limit for the vector-valued mappings.

Definition 2.6. We say that a subset A C L*(Q) U {#oo,} is the A-lower sequential
limit of the mapping I : Xy — L?(Q) at the point 7y € X with respect to the product
topology o x w of X x L%(), and we use the notation A = limsup™ I(xz), if

xr — T

Loxw(], xg), Lexw(], x 0,
(2.5) limsup™?  I(z) = A( o) U, 20) #
Tr—T Sup ,w LUXM(I, LL’()), Laxw(]’ xO) — @

max



Remark 2.2. Note that in the scalar case (I : Xy — R) the sets
SUPQ&B I(z) and  Sup™“Lo*(I,x)

are singletons. Therefore, if LZX¥(1, zo) # () then we have

Lo (1, wg) = L7 (1, w) N Suppy, I(x) =

= Sup™* L7¥(I, 20) N Sup;\&a I(z) = Sup™™ Lo*(I, x).

Hence the choice rules in (2.5) coincide and we come to the classical definition of the
upper limit.

3. CONTINUOUS MODEL OF TRAFFIC FLOW

In this section we give a brief review of a fluid dynamic model for traffic flow networks
following Coclite & Piccoli [3] (see also [7]).

Let 2 = O N be a given network which has a total of N roads. For i € {1,..., N}
road i is parameterized by an interval [a;, b;]. Let p; = p;(t, x) denote the density of cars
on road i at the point x € [a;, ;] and at time ¢ € [0, 7). Further, the maximal allowable
density on road ¢ describing the situation where cars stand bumper to bumper is denoted
by pmaxi. As usual, we assume that the roads correspond to the edges of a graph §
enclosed by the region €2, and the junctions where the roads are connected correspond to
the nodes of this graph. The number of cars crossing per unit time is called the traffic
flow f(p) = pv(p), where v(p) is a velocity. A reasonable property of v is that v is a
decreasing function of the density. By analogy with [7, 11], we assume that there exists a
family of flux-functions f; such that for each road i € {1,..., N}

fi is a function of p; only,
fi is continuously differentiable on [0, pmax.i),
(3.1) fi(0) = fi(pmax.i) = 0,
fi is strictly concave,
there exists o; € (0, pmaxi) : fi(0;) =0 and (p—o0;)fl(p) <0, Vp#o;.

As follows from the above flux-function definition, there is no traffic flow at p; = 0 and
Pi = Pmaxi- For other values of density 0 < p; < pmax; the traffic flow must be strictly
positive. The value o; is the optimal density at which a maximum traffic flow occurs.
Moreover, these conditions imply that the positive direction of flow on each road of the
network is fixed. As a result, for each i € {1,..., N}, the macroscopic model for traffic
flow on road ¢ can be given by the following nonlinear conservation law (the so-called
LWR-equations, see [15]):

(3.2) Opi(t,x) + O fi (pi(t,x)) =0, V€ (a;b;), Yt e (0,7T],
(3.3) pi(0,2) =pi(x), V€ as bi],
with flux

fi(p) = pui(p),
where, by assumption, the velocity v; is a continuously differential decreasing function of
only the density.

Remark 3.1. The main feature of the nonlinear system (3.2)—(3.3) is the fact that the
classical solution may not exist for some positive time, even if the initial datums are
smooth. As for the initial boundary valued problem for the equation (3.2), it is ill-posed
in general (which means that there may be no solution or one that does not depend in



a continuous way on the initial and boundary data, or nonuniqueness). In other words,
as soon as the initial condition is given, the solution cannot be prescribed arbitrary on
the boundary. In view of this the boundary conditions for roads which income to or
outcome from the network 2 can be given in the sense of Bardos, LeRoux, and Nedeles
[1]. However, for simplicity, we suppose that a; = —oo and b; = +o0 if i & UjezInc (J)
and i € Uje70ut (J), respectively.

In order to complete the model (3.2)—(3.3), one needs to define the flow through each
of junctions J € J in the network. For this, at each junction we consider a so-called
Riemann solver (see [7]) satisfying the conservation of cars and the following rules:

(A): there are some prescribed preferences of drivers, that is the traffic from incom-
ing roads is distributed on outgoing roads according to fixed coefficients;
(B): respecting (A), drivers choose so as to maximize fluxes.

Let us consider a single junction J with n incoming roads, say I, ..., I, with end b;
(1 € {1,...,n}) at the junction, and m outgoing roads, say I,1,..., [,1m with end q;
(1t € {n+1,...,n+ m}) at the junction. Then to guarantee the conservation of the

number of cars at the junction J the following condition must be prescribed:

(3.4) Zf (pi(t,b;)) = 'Z filpit,a;)), Vtel0,T], VJeJ.

This is the so-called Rankine-Hugoniot conditions at the junctions. However, the problem
is that the condition (3.3)—(3.4) are not sufficient to determine a unique solution of the
system (3.2) on the network. Indeed, let p = (p1, ..., Pnim) denote the solution at above
fixed junction J € J. If pis known, then a Riemann problem (3.2)—(3.4) is solved for each
road with p; as the right state for incoming roads (i < n) and the left state for outgoing
roads with (i € {n +1,...,n+m}). As a result the solution may consist of shock waves
or rarefaction waves emerging from the junction. However, we have n 4+ m unknowns and
only one equation (3.4) at the junction. To define these additional conditions, we follow
the approach of Coclite, Garavello & Piccoli [7] and introduce a traffic distribution matrix
A(J) € R™™ such that

(3.5) A =[], JEfn+1,n+m}, ief{l,... ,n},
CLji(J) # CLji/(J), Vi 7A ’i,, 0< Oéji(e]) <1,
(3.6) ntm |
Yo aj(J)=1forevery i€ {l,...,n}.
j=n+1

Given a junction J and an incoming road I;, the i-th column of A(.J) describes how the
traffic from I; distributes in percentages to the outgoing roads. This means that if C is
the quantity of the traffic coming from the road I; then oy ;(J)C traffic moves towards
roads I;. Thus A(J) € R™ " describes the percentages of drivers who want to drive
from road I; to road I;. For simplicity we assume that for every junction J € J the
corresponding matrix A(J) € R™ " is independent of the time, even if, in general, the
matrices A(J) € R™*™ are time-dependent. For instance, in the case of car traffic on an
urban network, the preferences of drivers may change depending on the period of the day.

We introduce a technical condition on matrix A (J). We say that the matrix A satisfies
hypothesis (C) if the following holds:



(C): Let {ey,...,e,} be the canonical basis of R™ and for every subset V' C R”
indicate by V' its orthogonal. Define for every i = 1,...,n, H; = {ei}l, i. e. the
coordinate hyperplane orthogonal to e; and, for every j = n+ 1,....,n + m, let
aj = (a1, 59, ..., n) € R™ and define H; = {a;}". Let K be the set of indices
k= (ki,...k), 1 <1<n-—1,such that 0 < k; < ks < ... < k; < n+m and for

l
every k € K set H, = () Hy,.Letting 1 = (1,...,1) € R, then for every k € K,
h=1
1¢ Hi

Remark 3.2. Note that from (C') we immediately derive m > n.

Condition (C') cannot hold for crossings with n incoming roads and one outgoing road.
We thus introduce some further parameters whose meaning is the following. When not
all cars can go through the junction, there is a yielding rule that describes the percentage
of cars crossing the junction, which come from a particular incoming road. In particular
we assume the rule:

(P): Assume not all cars can enter the outgoing road and let C' be the amount that
can do it. Then ¢;C cars come from the road i,7 =1, ...,n with > ¢; = 1.
i=1

We are now ready to give the definition of solution of (3.2) at junctions J € J and on

the whole network €, following [7].

Definition 3.1. Let J be a junction with n incoming roads, say Iy, ..., I,( with end b;),
and m outgoing roads, say I,.1, ..., Lyim (With end a;). We say that

n+m

p=(p1;- s Pnim) : H ([0,7] x ) — R™™

=1
n+m
p(t,-) € H BV (I;) for every t € [0,T]
=1
is a weak solution of (3.2) related to the matrix A(J) € R™*™ at the junction J if it is a
collection of functions p; : [0,7] x [; — R with [ € {1,...,n+ m}, such that:

(i):
(3.7) 3 ( / / " (ot Flp)n) dxdt) 0,

for every collectlon of test functions ¢;, [ € {1,...,n+ m}, smooth having com-
pact support in the set (0,7) x (a;, ] for [ € {1,...,n} (incoming roads) and in
(0,7) x [a;,b;) for I € {n+1,...,n + m} (outgoing roads), and smooth across the
junction, i.e.

802(7()1) = 90](7%)7
Opi(-,b;) = 00 (-ya;), i€{l,....n}, je{n+1,...,n+m};

(ii): f;(p;(-,a)) Zaﬂ ) i(pi(+,0;)) foreach j € {n+1,...,n+m};

(iii): L(J, A, p) Zf, (pi(+,b;)) is maximum subject to (i) and (ii).



Remark 3.3. The condition (i) of this Definition is essentially the conservation of cars at
junctions. Moreover, as is evident from foregoing, formula (3.7) implies the conservation
condition (3.4) if the functions p; are sufficiently regular. As for the rest conditions (ii)
and (iii), they describe the rules (A) and (B), i.e. the preferences of drivers and the
maximization procedure.

In general, the Riemann problem (3.2)—(3.4) for given initial data p; : [a;,b;] — R
possesses a solution on the network 2 in the following sense (see [7]).

Definition 3.2. Let p, € L>(1;) N BV (I;), i € {1,..., N}, be given functions. We say
that a collection of functions p = (p1, ..., pn) : [Ty ([0, 7] x I;) — RN with

Pi EC([()’T]?LIIOC([Z))? (A {177N}
is an admissible solution to the problem (3.2)-(3.5) if:
(a): p; 1 [0,T] x I; — R is a weak entropic solution of (3.2) on I;, i.e.

T b;
(3.8) /0 / "0+ Fip)0up) drdt =0

B9 [ [ =K oF s (o= 1) () = £i(1) 0.7) dede > .

for every function ¢ : [0,7] x I; — R smooth with compact support on (0,7") x
(ai, b;), every k € R, and every ¢ : [0,7] x I; — R smooth, positive with compact
support on (0,7") X (a;, b;);

(b): pi(0,-) =p,(-) on I; for every i € {1,...,N};

(c): at each junction J € J, the collection p is a weak solution of (3.2) related to
the matrix A(J) € R™*" at the junction J in the sense of Definition 3.1.

Remark 3.4. As shown in [7], in the presence of discontinuities in the initial data 7,(-) on
I;, the Rankine-Hugoniot equation (3.8) may not be sufficient to isolate a unique solution
to the corresponding Cauchy problem (3.2)—(3.3). Therefore, the notion of weak solu-
tion of (3.2) must be supplemented with admissibility conditions, motivated by physical
considerations. An admissibility criterion, coming from physical considerations, is the so-
called entropy-admissibility condition, which in this case takes the form of the Kruzkov
entropy admissibility condition (3.9) (see [13]).

Definition 3.3. Let J € J be a junction of the network (Z, 7) such that it exactly has
two incoming roads and two outgoing ones. Then, following [7], we say that the traffic
distributional matrix A(J), taking the form

(3.10) an=(1% 17,
satisfies hypothesis (C') if o, f € (0,1) and o # 3.

Remark 3.5. Hypothesis (C') is a rather technical condition, which is important to isolate a
unique solution to the corresponding Riemann problems at junctions. However, as follows
from this definition, if either parameter o or 3 in (3.10) takes the value in {0, 1}, then the
corresponding junction J has one incoming and two outgoing roads. Hence, in this case
it is reasonably to introduce minor modifications in the original network and redefine the
associated Cauchy problem (3.2)—(3.5).

Taking this into account, we give the following well-known result concerning existence
and uniqueness of the Cauchy problem (3.2)—(3.5) (see [3, 7, 9].



Theorem 3.1. Let Q= ONF = (Z,J) be a given network, let {f; : R — ]R}Z.]il be a family
of fluz-functions satisfying the properties (3.1), and let p = {p; € L>°(I;) N BV (I,)}, be
an initial datum. Assume that the road network (Z,J) is such that all its junctions J € J
have at most two incoming roads and two outgoing roads, and every traffic distribution
matriz A(J) belongs to the class C. Then, there ezists a unique admissible solution
p=1(p1,...,pn) : TIL; ([0,T] x I) — RY to the problem (3.2)~(3.5) such that

(3.11) pi € C([0,T]; L>=(I;) "BV (1;)), 1€{l,...,N},
(3.12) Tot Vi, (pi(t,-)) < Tot Vi, (p;) i€{l,...,N}.

4. STATEMENT OF VECTOR OPTIMIZATION PROBLEM

In what follows, since condition (C) is not closed with respect to the convergence in
space of matrices, we restrict our next consideration to the case of networks Q = (Z,J)
with junctions of degree three, in particular characterized by an incoming road m with
the end b, at the junction and two outgoing roads labeled r, s with ends a,, as at
the junction (see Figure 4.1 for the illustration). According to Coclite, Garavello &
Piccoli [3, 7], at such dispersing junction the flux distribution matrix A(J) takes the form
A(J) = [, 1 — ap]t, where 0 < o, < 1. Hence we can suppose that at this junction we
have a real-valued control-factor a,,, € [3,1 — f3] for some small parameter § € (0,1/2).

Remark 4.1. Note that in this case condition (C') holds true for every junction .J. More-
over, this condition is closed with respect to the convergence in the space of matrices
A(J) = [am, 1 — apy)t, where v, € [8,1 — (]

Figure 4.1: Labeling of the roads connected to the dispersing junction.

In what follows, we assume that the network (Z, ), which has a total of N roads, is
such that the set J contains K dispersing junctions of degree three. Roughly speaking,
we have a network with K controls o = (ay, ..., ax). We also assume that on each road
I; = [a;,b;] € T a velocity v = v(p) is subjected to the following constraints:

(4.1) v(p) is decreasing continuous on [0, max Prmax.il,
(4.2) 0 <v(p;) < Vimax, Vie{l,...,N},

where v; mayx € L2(;) (1 <14 < N) are given functions.
In what follows, we use the following notations:
(S1): A ={a=(a1,...,ar) | B<a;<1-03,i=1,...,K} C RE is the set of
admissible control-factors, where 5 € (0,1/2) is a given small parameter;
(S2): X = RK x C(0,T; L>(Q) N BV(Q)) is the control-state space;



(S3): P : RX x C(0,T; L>(Q) N BV(Q)) — L*(Q) (1 < p < +00) is an objective

mapping;
(S4): A={g € L*(Q) : g(x) > 0 almost everywhere on } is the ordering cone of
positive elements in L*((2).

From previous section we know that for every a@ = (o, ..., ax) € A the problem

T rb;
0 a;

(4.4) // (lpi = d[ 0:% + sgn (pi — d) (fi(pi) — fi(d)) .¢) da dt >0,
VdeR, VF e C((0,T) x (ai,by)), $>0, Vie{l,...,N},

(4.5) pi(0,-) =p,() on I; forevery ie{l,...,N},

frlor(saf) = apfn(pm (- by) and  fo(ps(-, af) = (1 — ag) fu(pm (-, ;)
for each junction J, € J, which has
an incoming road m with the end b,, at Jj
and two outgoing roads r,s with ends a,,as at Jy, Vke{l,..., K},

(4.6)

has a unique solution

N
p=(p1,..,px): [J(10,7] x L) = RY in C(0,T;L>(Q) N BV(Q))
=1

with properties (3.11)—(3.12).
We associate with (4.2)—(4.6) the vector optimization problem

(4.7) Realize Sup™" {P(a,p)}
over all @ = (ay,...,ax) € R  and p = (py,...,pn) € C(0,T; L>(Q) N BV(Q)) given by
(4.3)—(4.6), subject to the control constraints a € A and the state constraints (4.1)—(4.2).

Definition 4.1. We say that the problem (4.7) is regular if, for a given family of flux-
functions f = (f1,..., fv) with properties (3.1) there exists a pair

(a,p) € Ax C(0,T; L=(2) N BV(Q)),

where p = p(a) is the corresponding solution of (4.3)—(4.6), such that p satisfies the
restrictions (4.1)—(4.2) and P(a, p) >4 2 for some element z of L*(€2). In this case the
pair (a, p) is said to be admissible.

We denote by = the set of all admissible pairs to the problem (4.1)—(4.7). It is clear
that = C Ax C(0,T; L>*(2)N BV (£)). In the sequel, we will associate this problem with
the quaternary (=, P, A, w), where w is the weak topology of the objective space L?(12).

Remark 4.2. Note that, in general, there is a principle difference between the problem
(4.7) and the vector maximization problem in the classical statement:

Maximize P(a,p) with respect to the cone A }

(4.8) subject to the constrains (o, p) € =.

Indeed, let (a®//, p?/7) € = be a (A, w)-efficient solution to the problem (4.7). Then
P(a®7 pfT) € Maxy (cl,, P(Z)). Hence

P(Oéeff 6ff) c P( ) and P( eff eff) € Maxy, P(E)



Therefore, (a7, p°/7) is a solution to the problem (4.8). However, the converse statement
is not true in general. At the same time, this situation is atypical for the scalar case when
we always have the implication
if P(a®!, p*7) = max P(a,p), then
(o,p)€E
(T pfy ¢ Zand P(a®), p7) = sup P(a,p).
(o,p)€EE

Note also that the vector optimizations problems (4.7) and (4.8) are identical in the
case when Y = R and A = R, , and they lead us to the classical statement of a scalar
constrained maximization problem.

We begin with the following concept:

Definition 4.2. An admissible pair (a®//, p¢//) € Z is said to be a (A, w)-efficient solution
to the problem (4.1)—(4.7) if (a®//, p¢//) realizes the (A, w)-supremum of the mapping
P: = — L?(Q), that is,

P(aH, p17) € Supli ez Pla, p) = Sup™ {P(a,p) : V(o p) € =}

We denote by Eff,(Z; P; A) the set of all (A, w)-efficient solutions to the vectorial
problem (4.1)—(4.7), i.e

(4.9) Eff,(Z; P; A) = {(aeff,peff) €Z : Pl pthy e Sup@f’;)ea P(a,p)}.

To conclude this section we give the following observation concerning the topological
properties of the set = of admissible pairs to the vector optimization problem (4.7). Let
7 be the topology on

Y = R¥ x L*(0,T; BV(Q))
defined as the product of the topology of pointwise convergence in RX and the weak
topology of L?(0,T; BV (Q)).

Lemma 4.1. Let {(ak, oF) e E}Zozl be a sequence of admissible pairs to the problem (4.7).
Then there exists a subsequence of {(a*, p*) € E}Zil (which will be still denoted by k to
simplify the notation), and a pair (o*, p*) satisfying

(4.10) (*,p") €5, (o pf) = (%, p"),
that is, the set = is sequentially closed with respect to the T-convergence.

Proof. Since (aF, p*) € Z for each k € N, by Theorem 3.1 it follows that the sequence
{(ak,pk)}zozl is uniformly bounded in Y. Then the Compactness Property of BV-
functions (see Theorem 2.1) implies that this sequence is relatively 7-compact. Hence,
extracting, if necessary, a further subsequence, we can assume the existence of a pair
(a*, p*) in Y such that

of —a* in R¥, and pF — p* in L*(0,T; BV(Q)).
Our aim is to prove that (a*, p*) € E. Since o* € A, it remains to show that the limit
pair (a*, p*) satisfies relations (4.2)—(4.6). Then, in view of the Existence Theorem 3.1,
p* = (0% ) TIw, ([0, T) x I;) — RN is a unique admissible solution to the problem
(3.2)-(3.5) in C(0, T L°°( )N BV (Q)) under o = o*.
Do to so, we consider relations (4.2)—(4.6) with a = of, p = pF, and study their

limit properties as k — oo. Since the family of flux-functions f = (f1,..., fn) satisfies
the properties (3.1), v(p) is decreasing continuous on [0, maxi<j<y Pmaxi), P¥ — p* in



L%*(0,T; BV(R)), and pk(t,-) — p(t,-) strongly in L'(Q) V¢ € [0, T], then the passage to
the limit in

(4.11) 0 <v(pf) < Vimax, Vi€{l,...,N},

T b;
(4.12) / / (PO + fi(0)0np) drdt =0, Vo€ CF((0,T) x (arby)), VI €T,
0 a;

(4.13) // (|of = d[0& + sgn (o7 — d) (filpi) = fi(d)) 0uP) dadt >0,
VAR, Ve CR((0,T) x (ab), 20, Vie {1,...,N},

(4.14) pf0,) =7,(-) on I forevery i€ {l,...,N},

Fr(pr (s af) = an fph, (5 b)) and - fo(ph (- af) = (1= aw) fruph (- 0r)
for each junction J, € J, which has
an incoming road m with the end b,, at Jj
and two outgoing roads r,s with ends a,,as at Jy, Vke{l,..., K},

(4.15)

as k — oo gives the relations (4.2)-(4.6) with o = o™ and p = p*.
It remans to verify the relation

k—o0

(4.16) lim {Z fi(pF(-,b;7)) is maximum subject to (4.12)- (4.15)}
= Z fi(pi(-,b;)) is maximum subject to (4.3)—(4.6) under a = a* and p = p*

at every junction J € J.

Let J € J be a fixed junction. Since the function L(J,a, p) := —Zf (pi(+,0;)) is
i=1
closed with respect to the 7-convergence, i.e.

Jim L(J, o', p) = L(J,a, p),
for every sequence {(a', p') }21 T-converging to («, p), it follows that this function is closed
with respect to the I'(7)-convergence. Hence relation (4.16) is the direct consequence of
variational properties of I'(7)-limits (see Dal Maso [5]). Thus the 7-limit pair (a*, p*) is an
admissible solution to vector optimization problem (4.7) and this concludes the proof. O

As direct consequence of this lemma (see also Remark 4.1) we have:

Corollary 4.2. If a € A (see condition (S1) then the map o — p(a) is continuous
with respect to the topology of pointwise convergence in RX and the weak topology of
L2(0,T; BV(Q)).

Remark 4.3. Note that this conclusion is generally wrong if the control-factors a =
(a1, ...,ak) are such that 0 < o; < 1, i =1,..., K, that is, when controls at J € J are
restricted only by condition (C).



5. EXISTENCE THEOREM

Our main interest in this section is to obtain an existence theorem of the (A, w)-efficient
solutions for the vector optimization problem (4.7). Let P [R¥ x C(0,T; BV(Q))] = Y*
denote the natural extension of P : Z — L2?(Q2) to the whole of R x C'(0,T; BV (Q)) (see
(2.2)). Here Y'* denotes the semi-extended Banach space L*(2)U{—o00,}. We begin with
the following concept of upper semicontinuity for vector-valued mappings:

Definition 5.1. We say that a mapping P : = — L?(Q) is (A, 7 Xw)-upper semicontinuous
(A, 7 x w)-usc) at the pair (a?, p°) € Z if
0 0 . Aw D
P(a”, p°) € thUP(a,p)L(QO,pO) P(a, p).

A mapping P is (A, 7 X w)-usc on Z, if P is (A, 7 X w)-usc at each pair of =.
The main motivation to introduce this concept is the following observation:

Proposition 5.1. Assume that the objective space L?(Q) is partially ordered by the natural
ordering cone of positive elements A (see (2.1)). Let = be a nonempty subset of RE x
C(0,T; BV(Q)) and let P : = — L*(Q) be a given mapping. If (a°, p°) € Z is any (A, w)-
efficient solution to the problem (4.7), then the mapping P : = — L*(Q) is (A, 7 x w)-usc
at this pair.

Proof. Let (a°, p°) € Eff,,(Z; P; A). Then P(a? p%) € Supé\o’:‘;)eE P(a, p). On the other

hand P(a® p°) € L™%(P,a" p%). Hence P(a’ p°) € LTX¥(P,a" p°). As a result, by

Definition 2.6, we have P(a?, p°) € lim SUP?;;)L (a0 ) P(a, p). This concludes the proof.

O

Before proceeding further, we note that the cone of positive elements A in L?() satisfies
the so-called Daniell property, which means that every increasing net (i.e. i < j =
y; <a vy;j), which has an upper bound, weakly converges to its (A, w)-supremum.

Definition 5.2. We say that a nonempty subset Y, of L?(Q) with an ordering cone A is
upper semibounded, if every increasing net {y;} C Y} is bounded from above.

As a direct consequence of Definition 5.2, we have the following observation:

Remark 5.1. Let Yy be a upper semibounded subset of a partially ordered linear space
(L*(Q2),A). Then for any z € Y the section Y7 = ({z} +A) NY; of Y is bounded from
above, that is, there exists an element 2* € L?*(Q) such that 2* <, y for all y € Y.
Hence, the upper semiboundedness of the subset Y, implies the upper semiboundedness
of its weak closure cl, Yy. On the other hand, in contrast to the scalar case for vector
optimization problem (4.7) with a sequentially 7-compact subset = and (A, 7 X w)-upper
semicontinuous objective mapping P : £ — L?(Q), the image set P(Z) can be unbounded
from above. It means that, in general, there does not exist an element y* € L?(2) such
that P(Z) C {y*} — A.
We are able to prove the main result of this section.
Theorem 5.2. Assume that the vector optimization problem (4.7) is reqular. Let P : = —

L2(Q) be a given (A, T x w)-upper semicontinuous mapping. Then the vector optimization
problem (4.7) has a non-empty set of (A, w)-efficient solutions.

Proof. Since the proof of this theorem is rather technical, we divide it into several steps.
Step 1. First, we show that the image set P(Z) is upper semibounded in the sense
of Definition 5.2. Indeed, let us assume the converse. Then, there exists a sequence



{(ak,pk)}zozl C Z such that the corresponding image sequence {y* = P(ak,pk)}zozl C
P(Z) is increasing (i.e., yx <p yrs+1 VE € N) and unbounded from above in L*(2). Hence
oop € LY {yx}, where L* {y;} denotes the set of all its cluster points with respect to the
weak topology of L?(2). By Lemma 4.1, the sequence {(a*, pk)}zozl C Xy is sequentially
T-compact, so we may suppose that (a*, pF) 5 (o, p*) in Y = RE x L?(0,T; BV(Q)),
where (a*, p*) is some pair of Z. Since the sequence {P(aF, pk)}:il is unbounded from
above, we have {ocop} € LT*% (P, a*, p*). Hence, by Definition 2.6,

P(a, p) = {ooa}.

On the other hand, taking into account the (A, 7 X w)-lower semicontinuity property of
P, we obtain

li
1msuP< 5 ()

P(a®, p") € hmsup( ) 5> (ot p? )P(a,p)

which contradicts the previous conclusion. This concludes Step 1.
Step 2. In this part we prove that the set Supé\;;) ez P(a, p) is nonempty. We show that
there exists at least one increasing sequence {yy},-, C P(Z) such that

ye = y* € Sup® = Pla, p) = Sup™ {P(a, p) : V(v p) € E} .

Let y be an arbitrary element of cl, P(Z). To begin with, we show that, for any neigh-
bourhood of zero V,, in the weak topology of L?(2), there exists an element y¥ € cl,, P(Z)
such that

(5.1) y<ay” and ({y"} +A\{0}) N (clw PE)\ Vo + {¥"})) =
Having assumed the converse, we suppose the existence of a sequence {yy},-, C cl, P(E)
such that

vy € P(E), yrra € ({ue} + AN{0}) N (cly P(E)\ (Vw +{u})) VEEN.

Since yr11 € {yx} + A\ {0}, this sequence is increasing. Taking into account Remark 5.1,
the set cl,, P(Z) is upper semibounded. Therefore, there exists an element y* € L?(Q2) such
that y, <, y* for all £ € N. Hence, by Daniell property, this sequence weakly converges
to its (A, w)-supremum: y; — § € L*(2). However, this contradicts the condition yy,; €
cly P(2) \ Vu + {wx}) Yk € N. Thus, the choice by the rule (5.1) is possible for any
neighbourhood V,,.

Let {Vi},-, be a system of weak neighbourhoods of zero in L*(€) such that V41 C Vg
for every k € N, and for any weak neighbourhood V(0) in L?(Q) there is an integer
k* € N such that Vg« € V(0). Then, using the choice rule (5.1), we can construct a
sequence {uy},-, C cl, P(Z), where u; is an arbitrary element of P(Z), as follows

(5.2) w1 <pur and ({ur}+A\{0}) N (cly P(E)\ Ve +{ux})) =0, V k>2.
Since ug1 € {ug} + A it follows that
gy € cly, P(2) and wugyq & cly P(Z)\ (Vi + {ur}).

Hence, in view of Daniell property, {u;},-, is the T-converging increasing sequence. As a
result, there is an element

u* € Sup™” {uy, € cl, P(E) : Vk € N}

such that uy — w*. It is clear that u* € cl, P(£). Our aim is to prove that u* €
Sup™* {P(a,p) : V(a,p) € Z}. To do so, we assume that there exists an element

g € Sup™ {P(a, p) : ¥(a,p) € E}



such that u* <, ¢. Since u; < u* for all £ € N, it follows that u;, <, ¢ for all kK € N.
Then (5.2) ensures that

(5-3) ({g} + AN{0}) N (cly P(E)\ Vi +{ur})) =0, V keN.
Hence (5.3) and the fact that ¢ € cl,, P(Z) imply ¢ € V. + {ux} for every k € N, that is,
up, — ¢ in L*(Q2). Thus u* = q and then the Step 2 is finished.

Step 3: We show that the set Eff,(Z; P; A) is nonempty. Let £ be any element of
Sup (apez P, p). Then, by Definition 2.5, there exists a sequence {yr}re, C L*(2) such
that yp — & in L*(Q2). We define a sequence {(ak,pk)}zozl C = as follows (o, pF) =
P~(yy,) for all k € N. Since the set = is sequentially 7-compact (see Lemma 4.1), we may

suppose that there exists a pair (a?, p°) € Z such that (o, p*) — (a°,p°) in Y. Hence
e L™v(P,a® p°), and we get

L™(P,a” p) N Sup (apyez Pl p) # 0.

Then, due to the (A, 7xw)-upper semicontinuity of the mapping P on = and Definition 2.6,
we obtain

P(a”, 1) € lim sup™” Pla, p) = L™*(P,a%, o) N Supls .= P(ar, p).

(a,p)€E

(a,p) = (a,p0)
Thus, on the one hand, P(a®, p°) € L™*“(P,a’ p°), which implies the equality

P(a®, p") = ¢ = weak— klim Y-

On the other hand, ¢ € Sup(ap = P(a, p). Hence, (a°, p%) € Eff,,(Z; P; A) and we obtain
the required result. The proof is complete. O

6. SCALARIZATION OF TRAFFIC OPTIMIZATION PROBLEM

Typically, scalarization means the replacement of a vector optimization problem by a
suitable scalar optimization problem. It is a fundamental principle in vector optimization
that optimal (minimal) elements of a subset of a partially ordered linear space can be
characterized as optimal solutions of certain scalar optimization problems. Our prime
interest in this section is to describe the set Eff,,(Z; P; A) of (A, w)-efficient solutions to
the traffic optimization problem (4.7), which involves some topological properties of the
objective mapping P and the space L*(Q2). In order to do it, we will consider the problem
of the scalar representation of vector optimization problem (4.7) with a (A, 7 X w)-upper
semicontinuous mapping P : = — L?(Q), using the “simplest” method of the “weighted
sum”.

To begin with, we introduce some notation.

Definition 6.1. We say that A € L?*(f) is a quasi-interior point of the cone of positive
elements A if A\(z) > 0 almost everywhere in Q and [, b(z)\(z) dz > 0 for all b € A\ {0}.

We denote by Af the set of all quasi-interior points to A. It is clear that
AN ={X€eL*) : A(z) > 0 almost everywhere in Q}

(for more details we refer to [12]). In what follows, we associate with the vector optimiza-
tion problem (4.7) the following scalar minimization problem

(6.1) P\(a,p) = / P(a, p)A(z) dz — sup
0
subject to (a, p) € 2 C RX x C(0,T; BV()),



where \ is an element of the cone (2.1).
The main property of this problem can be characterized as follows:

Theorem 6.1. Let P : Z — L?(Q) be a given objective mapping. Assume that there are
a pair (a°, p°) € Z and an element A € A* such that

(a® p%) € Argmax/ P(a, p)A(z) dx.
Q

(a,p)€E
Then (a2, p°) is a (A, w)-efficient solution to the problem (4.7).
Proof. By the initial assumptions, we have
(6'2) PA(O‘Oa pO) - PA(O‘a p) = / (PA(O‘Oa pO) - PA(O‘a P)) )‘(I) dx >0, V(O‘?p) €=
Q
Let z be any element of the image set cl,, P(Z). Then there exists a sequence
{(ak,pk)}]il C Z such that P(a”, pf) = 2z in L*(Q) as k — ooc.

Hence, in view of (6.2), we get

(6.3) /Q (Pr(a?p°) — P,\(ak,pk)) Mz)dx >0, VEkeN.
Passing to the limit in (6.3) as k — oo, we obtain

(6.4) /Q (PA(a® p%) = 2) A(z)dz > 0, Vzec,PE).

Let us assume that (a?, p°) € Eff ,(Z; P; A). Then there exists an element h € cl,, P(Z)
such that h >, P(a® p%). So, h — P(a®, p°) € A\ {0}. Hence, by Definition 6.1,

/Q (h = P(°,p") A(z) dz > 0,

and we come to a contradiction with (6.4). So, (a?, p°) € Eff,,(Z; P; A) and this concludes
the proof. 0

As an evident consequence of this result, we have the following corollary.

Corollary 6.2. Under suppositions of Theorem 6.1, we have

(6.5) U ArgmaX/QP(a,p))\(x) dx C Eff,,(Z; P; A).

e At (a,p)EE

We note that the objective mapping in Theorem 6.1 does not possesses (A, 7 X w)-
upper semicontinuity property, in general. So the question is about the solvability of the
associated scalar minimization problems (6.1) with A\ € A*. Following the direct method
in the Calculus of Variations, the constrained maximization problem (6.1) has a nonempty
set of solutions provided = is a 7-compact subset and

PA(~,~):/QP(-,-))\(x)d:L’ :Z—R

is a proper upper 7-semicontinuous function. However, the distinguishing feature of Vec-
tor optimization problems (4.7) is the fact that with any (A, 7 X w)-upper semicontinuous
mapping P : 2 — L?(Q), which is neither upper semicontinuous nor quasi-upper semi-
continuous on Z, there can be always associated a scalar minimization problem (6.1) for
which the corresponding cost functional P, : = — R is not upper 7-semicontinuous on



Z. Indeed, let (a®, p°) be a pair of = where the quasi-upper semicontinuity of P is failed.
Then there exists at least one element a* € cl,, (P(Z)) such that

(6.6) a* € limsup™ P(a, p), P(a®, p°) € limsup™

w w P
(a,p) = (a,p0) (a,p) 5 (a,p9) (a> p)>
and a* # P(a’ p%).

Let {(ak,pk)}zozl C Z be a sequence such that (o, p*) 5 (a?,p°) in Y and P(a*, p*) —
a* in L?(Q). Since a* £ P(a?, p%) it follows that P(a® p°) — a* € A and hence there
exists a vector A* € A such that

/ (P(a”,p") — a*) X*(z) dz < 0.
Q
As a result, we have

li}gnianA*(ozk,pk) = lim [ P(o*, p")\*(z)da =

k—o00 Q

:/Qa*(:z))\*(at) d:)s>/QP(a0,p0))\*(x) dr = Py-(a°, p°).

Thus the upper 7-semicontinuity property for Py- does not hold at the pair (a?, p°).
This fact motivates the introduction of the the following notion:

Definition 6.2. Let P : = — L?(Q) be a given mapping. The cone
(6.7) AL :={A€ A : P, isupper 7-semicontinuous on =}
is called the cone of T-semicontinuity for the mapping P.

As a result, Theorem 6.1 can be sharped as follows:

Theorem 6.3. Let P : = — L*(Q) be a (A, 7 X w)-upper semicontinuous mapping.
Assume that the vector optimization problem (4.7) is reqular and A%\ 0 # 0. Then

(6.8) Argmax/ P(a, p)M(x)de NEf,(Z; P; A)#0, V Ae AL \O0.
(a,p)EE JQ
Proof. As follows from Theorem 5.2, under above assumptions, we have
Eff,(Z; P; A) #0.

Let A be any element of A%\ 0. Then, by the direct method in the Calculus of Variations,
we obtain

Argmax/ Pla, p)X\(z) dx # 0.
Q

(o,p)€E

If A € A* then relation (6.8) is obvious by Theorem 6.1. So, we suppose that A €
A7\ (A*U0). Assume that

Argmax/ P(a, p)N(z) de € Eff,(Z; P; A).
Q

(a,p)EE

Then there exists a pair (a*, p*) € Z such that

(6.9) (0*, p*) € Argmax /Q Pla, p)A(x) dx,

(a,p)EE

(6.10) (a”, p*) & Effy (25 P A).



Hence, by (6.9), there exists an element
y" € Maxy (cl, P(2)) C cl, P(Z) such that y* >, P(a”, p").

However, in view of (6.10), this leads us to the equality

(6.11) Py(a*, p*) = / P(a™, p")\(z) dx = / y*\(z) dz.
Q Q

Let {(a*, p"c)}zoz1 be a sequence in = such that

(6.12) P(a*, p*) = y* in L*(Q) as k — oo.

Since the set = is sequentially 7-compact (see Lemma 4.1), we may suppose that there
exists a pair (a’,p) € Z such that (aF, p*) - (a%p°) in Y. On the other hand,
y* € Max, (cl,P(Z)). Hence y* € Sup?o’f;)eaP(a,p) by Definition 4.2. As a result, we
have (o, p°) € Eff,(Z; P; A). Taking now into account the upper 7-semicontinuity of
the functional P, : = — R, we get

/P(ao,po))\(:p) dleiminf/P(ak,pk))\(:E) dz ™ & /y*)\(x) dz.
0 0 0

k—o00

Then, combining this with (6.11), we obtain

/QP(ozo,pO))\(x) de/P(a*,p*)A(:c) dz,

Q
ie.
(a® p") € Argmax/ P(a, p)A(z) dx.
(a,p)e= JQ
Thus, we have shown that there exists at least one pair (a?, p°) € =, which is a joint point
of the sets
Argmax/ P(a, p)A(z)dx and Eff,(Z; P; A),
(a,p)eE JQ
respectively. This completes the proof. O

As an evident consequence of this theorem, we have the following corollary:

Corollary 6.4. Assume that in addition to the conditions of Theorem 6.3 there exists an
element A € AL\ 0 such that the supremum in the scalar problem

(6.13) Mazimize Py(c, p) = / P(a, p)A(z) dx subject to (o, p) € =
Q

attains at a unique pair (a*, p*) € Z. Then (a*, p*) € Eff ,(Z; P; A).

Remark 6.1. Typically in scalar optimization problems for traffic on road networks it
is assumed that some cost functionals to measure the traffic behaviour are defined. A
first functional F} measures the average velocity of drivers on the network, the second Fj
measures the expected mean traveling time on the network and finally the third Fj is the
total flux through the network. The analysis of the performances of the network through
these functionals is a very delicate problem. However the goal of any driver is to find a
fasten way through the network with respect to the traffic and road conditions. Having
based on assumptions of the LWR model and used a linear density-velocity relation

Pi Pi
'Uz(pz) = Umaz,i (1 - ) — fz(pz) = PiVmazx,i (1 - ) 5

Pmax,i pmam,i




this implies a low density on each road. Indeed, since the flux functions are concave,
high densities are related to small velocities v;, i.e. p;v; = fi(p;). Therefore, in the scalar
statement a well known measure for a better utilization of a single road I; = [a;, b;] of the
network is the time and space averaged density given by the following expression

T b;
[ [ sty da
0 a;

where p; € C([0,T]; L>°(I;) N BV (I;)) is the density approximation on each road i €
{1,...,N}. Hence, summing up for all roads in the network a cost functional can be

defined as
N T b
Fy(a,p) = Z/ / pi(t, ) drdt — inf .
i=1 70 Jai

Thus the functional F; measures the average time and space densities in the whole net-
work. So the “fasten” way through the network can be obtained by minimization Fj.
Note that the functional Fj is rather popular in the traffic engineering community [14].
Minimization of Fj yields a traffic situation with a “large” average speed.

However, as follows from (6.1), the cost functional Fj; can be obtained as particular
case of the associated scalar optimization problems (6.13) if

T
P(a,p) = —/ p(t,x)dt, Mx)=1a.e on (.
0

Then
N oTopb
P\(a, p) ::/P(a,p))\(x) dr = —Z/ / pi(t, z) dzdt.
Q i=1 0 a;

Note also that, due to the initial suppositions (3.1), we have the following property:
P(a*, p*) = P(a,p) in L*(Q)

provided (of, pF) = (a*, p*) in Y = RE x L2(0,T; BV(2)), that is, the objective
mapping P : = — L?(Q) is (A, 7 X w)-upper semicontinuous. Hence A%, = A* and if the
original vector optimization problem (4.7) is regular, then

Argmax Py(«, p) # 0 and Argmax Py(«, p) C Eff,(Z; P; A).

(a,p)EE (o,p)€E
7. GENERALIZED SOLUTIONS TO TRAFFIC OPTIMIZATION PROBLEM

Let A\ be an arbitrary element of the cone A. Denote by
Sol(Z; Py) := Argmax Py («, p)

(o,p)EE

the solution set to the scalar problem (6.13). We recall that the problem (6.13) is said to
be well-posed in the generalized sense when every maximizing sequence {(ozk, pk)}zozl C
Z (ie. such that Py(a*,p*) — sup(, ez Pa(o, p)) has a subsequence 7-converging to
some pair of Sol(Z; Py). We recall also a generalization of the above mentioned notion.
The problem (6.13) is said to be well-set when every maximizing sequence contained in
=\ Sol(Z; Py) has a 7-cluster point in Sol(Z; Py). However, as will follows from the
arguments of this section, the problem (6.13) can be neither well-posed nor well-set, in
general. The main reason is the (A, 7 X w)-upper semicontinuity property of the objective
mapping P which is the weakened property of upper semicontinuity for vector-valued
mappings in Banach spaces.



In many applications it has a sense to weaken the requirement on efficient solutions
to the vector optimization problem (4.7). In particular, we may let that the objective
mapping to attain its efficient supremum on the set = with some error. On the other
hand, the set of (A, w)-efficient solutions to such problem can possibly be empty, i.e., the
efficient supremum of the objective mapping is often unattainable on the given set =.
Nevertheless, the absence of its supremum does not mean that the vector optimization
problem makes no sense, since its efficient supremum exists and hence can be approached
with some accuracy.

Definition 7.1. We say that a sequence {(ak,pk)}zozl C Z is maximizing to the traf-
fic optimization problem (4.7) if P(a*, p*) — ¢ in L?(2), where ¢ is an element of
Sup(y = Pla, p).

(a,p)eE

Definition 7.2. We say that the vector optimization problem (4.7) is well-posed in the
Tikhonov sense with respect to the 7-topology of Yif it is certainly solvable and every
maximizing sequence {(ozk, pk)}zozl C = has a subsequence 7-converging to some pair of
Eff,(Z; P; A). In this case a maximizing sequence is called a Tikhonov maximizing se-
quence. We also say that the vector optimization problem (4.7) is well-set in the Tikhonov
sense with respect to the 7-topology of Y, if it is certainly solvable and every maximizing
sequence contained in =\ Eff,,(Z; P; A) has a 7-cluster pair in Eff,,(Z; P; A).

Note that having a Tikhonov maximizing sequence, we can guarantee both the prox-
imity of the corresponding values of the objective mapping to its efficient supremum and
the proximity of the approximation itself to one of the (A, w)-efficient solutions of the
problem. Nevertheless it should be stressed that even in simple applied problems the con-
struction of Tikhonov maximizing sequences and corresponding Tikhonov approximate
solutions usually turn out to be a very complicated and sometimes unsolvable problem.
In view of this, it is reasonable to weaken the requirements on approximate solutions to
the vector optimization problem (4.7).

Definition 7.3. We say that a pair (a*, p*) € = is a (7, w)-generalized solution to the
traffic optimization problem (4.7) if there exist a sequence {(a*, pk)};‘;l C Z and an

element ¢ € Sup?o’lf;)eEP(a,p) such that (¥, pF) = (a*,p*) in Y and P(a*, pF) — ¢ in
L3(Q).

Thus, a vector optimization problem may have an approximate solution even in the
absence of its solvability. It is clear that any Tikhonov approximate solution to the
problem (4.7) is also a (7, w)-generalized solution. However, even if a (A, w)-efficient
solution is available ((a®//, p°/7) € Eff,,(Z; P; A), we cannot guarantee the proximity of
a (1, w)-generalized solution (a*, p*) to Eff,,(Z; P; A) in the T-topology of Y.

We denote by GenEff, ,,(Z; P; A) the set of all (7, w)-generalized solutions to the prob-
lem (4.7). It is clear that

Eff,(Z; P; A) C GenEft, ,(Z; P; A).
However, the inverse inclusion
GenEft, ,(Z; P; A) C Eff,,(E; P; A)

does not generally hold. As an evident consequence of Theorem 5.2, we have the following
obvious result:



Proposition 7.1. Under suppositions of Theorem 5.2, the traffic optimization problem
(4.7) is well-set in the Tikhonov sense with respect to T-topology of Y, and in addition

GenEft, ,(Z; P; A) = Eff ,(Z; P; A).
To obtain the sufficient conditions which would guarantee that the set of (7, w)-genera-

lized solutions to the problem (4.7) is nonempty, we make use of the scalarization of this
problem in the form (6.1).

Let scZ P\ : = — R denote the upper 7-semicontinuous envelope of the functional
Py(a, p) = / P(a, p)A(z) dx with some X € A,
Q

that is, sc; P, is the smallest upper 7-semicontinuous functional minorized by Py on =.
Then, following the direct method in the Calculus of Variations, we get:

Proposition 7.2. Let Z be a nonempty subset of A x C(0,T;L>(2) N BV(R2)). Then
for a fired X € A every mazimizing sequence for the scalar problem

sup sc; Py\(a, p)
(onp)€E
has a T-cluster pair which is a mazimizer of sc. Py on Z, i.e., Sol(Z; sc. Py) # ().

We are now ready to prove the main result of this section.

Theorem 7.3. Assume that the vector optimization problem (4.7) is regular. Let P :
= — L2(Q) be a given objective mapping (not necessary (A, T X w)-upper semicontinuous
on Z). Then the following inclusion is valid:

(7.1) U Argmaxsc, Py\(a, p) € GenEft, ,(Z; P; A).

Proof. To begin with, we note that for the cone of positive elements A in L?(Q) we have
that cor (A) C A¥ (see [12]). Hence, the quasi interior A* of A is nonempty. Let A be any
element of A®. Then, by Proposition 7.2, there exists at least one pair (a*, p*) € Z such
that

(7.2) (o, p*) € Argmaxsc, Py\(a, p).

(a,p)€E

Since sc Py(«, p) is the upper 7-semicontinuous envelope of the functional

ammzlfmmmwm

*

it follows that there exists a sequence {(ak,pk)}zozl C = such that (o, p*) 5 (a*,p*)

and

(7.3) lim P(a*, p")\(z) dz = scZ Py(a”, p*)
— 00 Q
by condition (7.2)
= s na) 2 [ Plapi@)de, Vo) €=
Q

Since A* U0 is a nontrivial convex cone in L?(Q) with nonempty algebraical interior, it
follows that it is a reproducing cone in L*(Q), that is, [A*U0] — [A*U0] = L*(Q) (see



[12]). Then, following Peressini [16] and Borwein [2], we get that in L?(2) the ordering
cone A is normal with respect to the norm topology of L?(2), that is,

(7.4) y<az = |yl < l2le@)-

Now, turning back to the formula (7.3), we have that there exist an integer k € Nand an
element y € L*(2) such that

/Q P(a”, )\ (z) do > / J(@)A(z)dz, Yk > k.

Q
Since A € A? this implies P(a*, p*) >, 7 for all k > k. Using the normality property
(7.4) of the cone A for the norm topology of L*(€2), we come to the conclusion: there
exists a constant C' > 0 such that ||P(a, p*)||12@) < C for all k > k. Hence, without
loss of generality, we may suppose that the sequence {P P }kzl is bounded in L?(2).

So, by Banach-Alaoglu Theorem, there exist an element 7 € L?(2) and a subsequence of
{P(ak,pk)}zil (still denoted by suffix k) such that P(a*, p¥) — n in L*(Q) as k — oo.
For now we assume that

(7.5) (o, p*) & GenEff, ,(Z; P; A).
Then, as follows from Definition 7.3, n ¢ Sup (op)e= P(a, p). Hence, there can be found

an element & € Sup(ap = P(a, p) such that £ >x n. Therefore { —n € A\ {0}, and using
the fact that A € A*, we just come to the inequality

(7.6) /977(:5))\(55) d:)s</Q§(at))\(:E) dx

which is equivalent to

lim [ P(o*, p")\(z) de < / E(x)\ () do

k—o00 Q

On the other hand, for the element £ & Sup P(a, p) there exists a sequence

(a,p)€E

{@", 5" }k , C E such that P(a M) —¢€ in LA(Q).

[

Since the set = is sequentially 7-compact, we may suppose that (a*,p*) = (a*,p*) €
Then, by inequality (7.3), we deduce

(7.7) lm [ Plo¥, p)A(x) do > / P@', 5\ (x) dz, Vi€ N,

Passing to the limit in (7.7) as ¢ — oo, we get

im [ P(ab, )\ () da > /Q () (x) da

k—oo J
However, this contradicts (7.6) and hence (7.5). Thus (a*, p*) is the (7, w)-generalized
solution to the traffic vector optimization problem (4.7). O
REFERENCES

[1] C. BARDOS, A. Y. LEROUX anD J. C. NEDELES, First-order quasilinear equations with boundary
conditions, Communications in Partial Differential Equations 4 (1979), 1017-1034.

[2] J. M. BORWEIN, Continuity and differentiability properties of convex operators, Proc. London Math.
Soc. 44(3) (1982), 420-444.

[3] G. M. COCLITE anD B. PICCOLI, Traffic Flows on a Road Network, SISSA, Preprint, 2002.



[4] G. M. COCLITE, M. GARAVELLO aAND B. PICCOLI, Traffic Flows on Road Networks, SIAM
Journal on Mathematical Analysis, 36(2005), 1862- 1886.

[5] G. DAL MASO, An Introduction to I'-Convergence, Birkhdser, Boston, 1993.

[6] L. C. EVANS and R. F. GARIEPY, Measure Theory and Fine Properties of Functions, CRC Press,
Boca Raton, 1992.

[7] M. GARAVELLO AND B. PICCOLI, Traffic Flow on Networks, AIMS Series on Appl. Math., Vol. 1,
2006.

[8] E. GUISTI, Minimal Surfaces and Functions of Bounded Variation, Birkhduser, Boston, 1984.

[9] E. GODLEWSKI and P.-A. RAVIART, Numerical Approzimation of Hyperbolic Systems of Concer-
vation Laws, Applied Mathematical Sciences, Vol.118, Springer, New York, 1996.

[10] M. GUGAT, M.HERTY, A. KLAR and G. LEUGERING, Optimal Control for Trffc Flow Networks,
Journal of Optimization Theory and Applications 126(2005), 589-616.

[11] H. HOLDEN anD N. H. RISEBRO, A mathematical model of traffic flow on a network of unidirec-
tional roads, SIAM Journal on Mathematical Analysis 4 (1995), 999-1017.

[12] J. JAHN, Vector Optimization. Theory, Applications, and Extensions, Springer-Verlag, Berlin, 2004.

[13] S. KRUZHKOV, First-order quasilinear equations in several independent variables, Math. USSR
Sbornik 10 (1970), 217-243.

[14] J. LEBACQUE anDp M. KHOSHYARAN, First order macroscopic traffic flow models for network in
the context of dynamic assignment, in Transportation Planning-State of the Art, M.Patriksson and
K.A.P.M.Labbe, eds.,(2002).

[15] M. J. LIGHTHILL anp J. B. WHITHAM, On kinematic waves, Proceedings of Royal Society of
Edinburg 229A (1983), 281-345.

[16] A. L. PERESSINI, Ordered Topological Vector Spaces, Harpet & Row, New York, 1967.

DIPARTIMENTO DI INGEGNERIA DELL'INFORMAZIONE E MATEMATICA APPLICATA, UNIVERSITA DI
SALERNO, VIA PONTE DON MELILLO, 84084 FisciaNo (SA), ITALY
E-mail address: dapice@diima.unisa.it

DEPARTMENT OF DIFFERENTIAL EQUATIONS, DNIPROPETROVSK NATIONAL UNIVERSITY, NAUKOVA
STR., 13, 49050 DNIPROPETROVSK, UKRAINE
E-mail address: p.kogut@i.ua

DIPARTIMENTO DI INGEGNERIA DELL’ INFORMAZIONE E MATEMATICA APPLICATA, UNIVERSITA DI
SALERNO, VIA PONTE DON MELILLO, 84084 FI1sCIANO (SA), ITALY
E-mail address: manzo@diima.unisa.it



