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Abstract

We are concerned with the asymptotic analysis of an optimal control problem for 1-D partial
differential equation with e-periodic coefficients both in the principle part of generalized p-
Laplace elliptic operator and in the cost functional, as the period ¢ tends to zero. We focus on the
optimal control problem for quasi-linear elliptic equation with mixed (Neumann and Dirichlet)
boundary conditions, L'-bounded distributed control, and a Radon measure in the right hand
side of the original equation. Using approaches of the homogenization theory and utilizing the
Sobolev embedding theorems, we show that the original problem tends to the optimal control
problem with clearly defined structure for a one-dimensional homogenized elliptic equation
containing the standard p-Laplace operator, and its solution can be approximated by the optimal
solution to the original problem in an appropriate topology as small parameter of periodicity ¢

tends to zero.
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1. Introduction

In this paper we deal with the following optimal control problem for 1-D quasi-linear
elliptic equation with mixed (Neumann and Dirichlet) boundary conditions

Je(u,y) = /Id (g) |y (z)|P dx + /I |u(x)| dx — inf (1.1)
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subject to the constraints

- [c (g) |y’|p_2y'}/ =f+4+u in I, (1.2)
¢(2) @ 2y(a) =0, (1.3)

y(b) =0, (1.4)
uEUg):{UGLl(I):/l@(uD d:cﬁC}. (1.5)

Here, I = (a,b) is a bounded interval, ¢,d € L*(I) are given 1-periodic strictly positive
functions, ® : [0,00) — [0,00) is an increasing convex continuous function, f € M(I) is
a given Radon measure, ¢ = 1/n is a small parameter, p € (1,+00) is a given value, and
u € L'(I) is a control function.

We study the asymptotic behavior of this problem when the e-period tends to zero, and
look for the limiting homogenized optimal control problem. In particular, we require that an
optimal solution and the minimum of the cost functional for the homogenized problem are
the limit values (in some reasonable sense) of the corresponding quantities of the original
problem. It should be stressed that if the small parameter ¢ is changed, then all components
of the original control problem, including the quasi-linear elliptic equation, the boundary
conditions, the cost functional, and the set, where we seek its infimum, are changed as well.
So, the most important point is to recovery the homogenized optimal control problem with
clearly defined structure of the principle equation, boundary conditions, and the corresponding
cost functional.

For the asymptotic analysis of optimal control problems in general we refer to e.g. [2,4,
14]. The most typical procedure of homogenization consists of the following steps: at first,
we write down the necessary optimality conditions for the initial problem; next we find
the corresponding limiting relations as € — 0 and interpret them as necessary optimality
conditions for some control problem; then, using the limiting necessary optimality conditions,
we recover an optimal control problem which is called the homogenized control problem (see
e.g. [5,10,12]). Thus, if we denote by OCP., NOC., HOCP, HNOC the original optimal
control problem on the e-level, the corresponding necessary optimality conditions on the e-
level, the homogenized optimal control problem and the homogenized necessary optimality
system, respectively, then the above mentioned procedure can be represented in the following
diagram:

??7?

OCP. = HOCP

i 0
NOC. =2Y HNOC

However, this diagram may not commute. Moreover, it should be stressed that the approach
above is suitable only for simple enough (from the point of view of control theory) optimal
control problems for which there are no restrictions on admissible pairs and their optimality
conditions satisfy some regularity property [11]. An attempt to extend this approach to wider
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class of optimal control problems was realized in [5], where it was shown that the recovery of
the homogenized optimal control problem is possible only under some additional assumptions
on the structure of the state equation and the dependence on the small parameter.

We consider another approach to the homogenization of optimal boundary control problems,
which is based on ideas in I'-convergence and the concept of variational convergence of
constrained minimization problems. To investigate the asymptotic behavior of the considered
optimal boundary control problem we apply the scheme of direct homogenization, which was
recently developed in [11]. Such approach allows to reduce the procedure of the homogenization
to the consecutive identification of the set of admissible solutions for the homogenized optimal
control problem and then its cost functional. In particular, in this paper we show that the
homogenized optimal control problem to the original one can be explicitly recovered and it
takes the form

Tnom (1) = / ju(a) da + (des ) (e ) " / 1/ (2)|P dz — inf (1.6)
I I
subject to the constrains
l_
—<cﬁ> (WP =u+f on I, (1.7)
Y/ (a)[P"%y (a) =0, y(b) =0, (1.8)

uelUy= {vELl(I) :/I<I>(|v(m))da:§fy}. (1.9)

2. Preliminaries and Some Auxiliary Results

2.1. The Sobolev space WP (I)

Let I = (a,b) be an open interval, possibly unbounded, and let p € R be such that
1<p< oo

Definition 2.1. The Sobolev space W1P(I) is defined to be
WYP(I) ={u € LP(I) : there exist g € LP(I)

such that /ucp’dx:—/gapdx VQDEC%(I)}.
I I

Here, C}(I) is the set of all C'-functions with compact support in I and, in what follows,
we consider CZ(I) as the space of test functions.

Remark 2.1. For u € WHP(I) we denote u' = g. We note that g is well defined (in the sense
of almost everywhere) by the following well-known result: if y € L} () is such that

loc
[ urdn=0 viecr)
Q

where Q C RY is an open domain, then y = 0 almost everywhere on .
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Remark 2.2. Tt is clear that if w € CY(I) N LP(I) and if ' € LP(I) (here, u' is the usual
derivative of u) then u € WUYP(I). Moreover, the usual derivative of u coincides with its
derivative in the W1P(I)-sense

/ugp’dmz/ggpdm Vo € C3(I),
I I

that is the notion u' = g is consistent.

The space W1P(I) is equipped with the norm

lullwioy = llull Loy + 'l o)

or, if 1 < p < 400, with the equivalent norm

1
e (e D
The following properties of WP space is well-known (see H. Brezis [3] for details):
1. The space WP(I) is a Banach space for 1 < p < +o0;
2. WP(I) is reflexive for 1 < p < +o0;
3. WP(I) is separable for 1 < p < +o0;
4. If I is the bounded interval, then
C(I) c WHP(I) for all 1 < p < 4o00;

5. There exists a constant C (depending only on |I| < co) such that

[ullpoo(ry < Cllullwiogy Yu € WHP(I)  and for all 1< p < co.

In other words, W1P(I) C L°(I) with continuous injection for all 1 < p < co.
Further, if I is bounded then

(a) The injection WP (I) < C(I) is compact for all 1 < p < +o0;
(aa) The injection WP (I) < LP(I) is compact for all 1 < p < +o0;
(aaa) The injection WH1(I) < C(I) is continuous, but it is never compact, even if I is

a bounded interval.

6. For every u € WP(I) with 1 < p < +oo, there exist a function @ € C(I) such that
u = % almost everywhere on I and

u(z) —u(y) = /I u'(t)dt Y,y €l € [a,b].
Y

In other words, every element of the space WP (I) admits one (and only one) continuous
representative on I, i.e. there exist an absolutely continuous function @ on I that belongs
to the equivalence class of u € WHP(I);
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7. Let 1 < p < +oco. Then there exist a bounded linear operator P : W1P(I) — W1P(R),
called an extension operator, satisfying the following properties:

(i) Pu=wu on I, Yuec WP(I);
(@) |1Pull oy < 4llullory Yu € WH(I);

1
) 1Pulbproey <4 (14 1) By Vo€ WH2(0),

8. Let w € WHP(I) with 1 < p < 400. Then there exists a sequence {un},cy C C5°(R)
such that u”‘[ — win WLP(I), ie.

Timfun — ully gy = 0.

However, in general, we cannot assert the existence of a sequence {uy}, .y C C°(I)
such that wu, — u in W1P(I);

2.2. The Sobolev space W, " (I,b)

Let us consider the following set of smooth functions
Co*(R,b) = {p € CF°(R) : (b) = 0} .

We define, for a given 1 < p < oo, the space Wol’p(l, b) as the closure of C5°(R,b) with
respect to the norm || - |lyyie(p).-

In view of the properties of the space WP (I) indicated above, it is clear that Wol’p(l, b)
is a separable Banach space provided it is equipped with the norm of W1P(I). Moreover,
VVO1 P(I,b) is a reflexive space for p > 1. For the reader’s convenience, let us recall the following
well-known Lebesgue’s Dominated Convergence Theorem that we make use of later on.

Theorem 2.1. Let {fn}nen be a sequence of real-valued measureble function on I. Suppose
that this sequence converges pointwise to a function f and is dominated by some integrable
function g in the sense that

|fn(z)| <g(x) ¥YneN and for ae. xinI.

Then f is integrable and

lim /I\fn(x)—f(sc)\dxzo.

n—o0

The following result provides a basic characterization of functions in WO1 P(I,b).

Theorem 2.2. Let u € WHP(I). Then u € Wy'P(I,b) if and only if u(b) = 0.
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Proof. To begin with, it is worth to emphasize that the expression u(b) makes sense for every
u € WHP(I) because of the following injection (see Property 5(aaa))

W, P(I,b) — WHY(T) — C(T).
So, if u € Wol’p(I, b) then there exists a sequence {uy, }nen in Cg(7,b) such that
u, — u in WHP(T), (2.1)

Since u € WYP(I) and the injection W1P(I) < C(I) is continuous for 1 < p < oo, it follows
from (2.1) that

up, = uin C(I) as n — oo,
ie.

li n(z) — = 0. 2.2
Aim | max fun(z) — u(z)| =0 (2.2)

As a result, the required property u(b) = 0 immediately follows from (2.2) and the fact that,
by definition,

up(b) =0 forall neN.

Conversely, let u € WP(I) be such that u(b) = 0. Fix any function G € C*(R) such that

a(t) = {0, 1 <1,

t, |t|>2,
and

IG(t)] < |t| (see Fig. 1).

Fig. 1. Graph of G(t)



ON HOMOGENIZATION OF AN OCP FOR QUASI-LINEAR ELLIPTIC EQUATION 7

For a given u € WP(I), we set
1
up, = —G(nu) Vn €N,
n
Then u,, € W1P(I) for every n € N. Indeed, by definition of G, we have
ftn] =+ G(n0)| < Snful = |u] € LX(1)
un| = — |G(nu —nlu| = |u :
" n n

Hence, u,, € LP(I). On the other hand, it is easy to check that

1 1
/uncp' de = /G(nu)g&’ de = —/G’(nu)nu'cpdm
I nJr nJr
= —/G’(nu)ulgodx, Vo € Cy(I).
I
Since G’ € C(R) and G'(0) = 0, it follows that there exists a constant C' > 0 such that
|G'(s)| < Cls| Vs € [=llull ooy, el oo (ry] -

Therefore,

|G (nu)u| = |G (nu)| - [u'] < Cnlu| - ||
(by injection W'P(I) < L*°(I))

< Cnlul| poo(ry|u'| = const [u/].

Since v’ € LP(I), it follows that
/ 1, / P
gn = U, = EG (nu)u’ € LP(I).

Thus, u, € WP(I) for every n € N. Further, we note that

1
supp un C {x € [a,b) : Ju(z)| > n}’

that is suppuy, is in a compact subset of [a,b) (using the fact that u(—b) = 0 and u(x) — 0
as |z| — oo,z € I). Thus, u, € Co(I,b). Since the condition w € WHP(I) N Cy(I,b) implies
w e Wy (I,b), it follows that u, € Wy?(I,b) Vn € N. It remains to note that

Uy —u in WHP(I)

by the Dominated Convergence Theorem. Indeed, taking into account the definition of u,, we
have

U () (x) as n— oo Vrel,

— U
/ / (2.3)
u,(x) > u'(x) as n— oo forae. z€l.
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Moreover, in view of estimates given above, we see that

lun ()P < |u(z)P ¥YneN, Vrxel,
luy, (z) [P < Cp||u||poo(1)|u'(a:)\p Vn € N and a.e. x € 1.

Hence, the Lebesgue’s Dominated Convergence Theorem implies:

/\un\pdx%/wpdm,
I I
/|u;l|pdx—>/]u’|pd:t.
I I

Since the pointwise convergence (2.3) and properties (2.4) are sufficient to guarantee the
strong convergence

(2.4)

up —u and u, —u' in LP(I),
it follows that
U, —u in WHP(I).
Thus, u € VVO1 P(I,b) and this concludes the proof. O

An important property, that takes place in VVO1 P(I), is expressed by the well-known
Poincaré inequality.

Proposition 2.1. Let I € (a,b) be a bounded interval. Then there exists a constant C
(depending on |I| < co) such that

lullwroy < Cll oy for all w € Wi P(1,b). (2.5)

Proof. Let u € Wol’p(I, b) be an arbitrary function. Since u(b) = 0, we have

[w@@

Then ||ul| ooy < |Ju/||L1(ry and, therefore, making use of the Hélder inequality, we obtain

p
iy = [ b o < lle 1 < 171 = ( / ru’\d:c) 1) <

P
q P
< (frae) ([aman) 1= 10115 =PI

1 1
where — 4+ — = 1.

u(z)] = |u(b) = u(z)| =

< ||| 1py-

q P
As a result, we have
el sy = Tl + 1125 < (L4 TP

that is, in (2.5) we can set C' = (1 + ]I|p)%. O
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Remark 2.3. As an obvious consequence of the Poincaré inequality (2.5), we see that the norm
[ullwr(ry in Wy (I,b) is equivalent to ||| o7

2.3. The dual space of W, (I,b)

In this subsection we first introduce a few notation and recall some well-known results on
measures. Then we give a precise description of the structure of the dual space of WO1 P(I,b).

By a nonnegative Borel measure on I = (a,b) we mean a countably additive set function
defined on the Borel subsets of I with values in [0, 400]. By a nonnegative Radon measure on
I we mean a nonnegative Borel measure which is finite on every compact subset of I.

It is clear that for each (signed) Radon measure p we have the representation

p=pt—p,
where p* and p~ are nonnegative Radon measures and they stand for positive and negative
parts of u, respectively. The space of all Radon (signed) measures on I will be denoted by
M(I).

If I is a bounded interval, then the Riesz Representation Theorem implies that the space
of all bounded linear functionals on C'(I) (i.e. C'(I)*) is exactly the space of Radon measures
M(I).

Taking into account the property 5 and Theorem 2.2, we see that the embedding

W, P(1,b) < Co(I,b)

is compact for 1 < p < +oo. Let T : Wol’p(I, b) — Cy(I,b) be the corresponding compact
embedding operator. Then for an arbitrary

p € [Co(Lb)]" C[C(D)" = M(D),

we have
<M7TU>M(I),C([) = /Udlu: /TUd)u: <T*’u’u>[Wol’p([,b)]*;Wol’p(I,b)'
I I

So, having denoted the dual space of Wol’p(l, b) by W—4(I,b), where ¢ = p/(p — 1), we
can conclude that the mapping 7% : M(I) — W~149(1,b) is the natural embedding operator
and T™* is compact for ¢ = p/(p — 1). Since p > 1, it follows that ¢ = p/(p — 1) < +o0o. Thus,
every Radon measure ;1 € M(I) can be identified with some element of the space W~149(1, b).
Moreover, the injection

M(I) — WH4(I,b) (2.6)

is compact for all ¢ € (1,+00).
To characterize the set W~14(I,b), we note that this is a Banach space with respect to
the norm

|F(u)| : w € WyP(I,b),
| Fllw-1.a¢1,5) = sup § £ Is a linear continuous functional,

HUHWOLP(Lb) = ||UIHLP(I) <1
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Moreover, since C§°(I) is dense in Wol’p(I, b), it follows that W~=149(I,b) can be identified
with a subspace of the space of distributions D'(I) = [C§°(I)]" and in this sense we can write
down

W=h4(1,b) C D'(I).
Closely following H. Brezis [3] (see Proposition (2.1)), it can be proven the following result:

Theorem 2.3. Let F € W—14(I,b), where ¢ = p/(p — 1), p € (1,+00), and I = (a,b) is a
bounded interval. Then there exist functions fo, fi € LY(I) such that

(F, u>W,1,q(I’b);W01,p(Lb) = /Iflu/ dx—i—/lfoudm Yu € Wol’p(I,b). (2.7)

Basically, this theorem says that the elements of W~14(1,b) can be represented by a linear
combination of functions in L7([) and their first derivatives (in the sense of distribution). In
particular, this implies (for the case with f; = 0) that

LYT) — WH4(1,b).

Moreover, in view of the property 5, this embedding is compact. However, it should
be emphasized that the functions fo and f; in (2.7) are not uniquely determined by F' €
WLa(1,b).

2.4. On the compensated compactness approach

The Method of Compensated Compactness has been developed by L. Tartar in 70
Originally, this approach helps when one needs to find the limit of (u,, v, ), where the sequences
of vector fields u,, and v,, converge weakly in L? only, i.e. u, — u, v, — v as n — o0.

If none of the sequences converges strongly in L?, the vector fields can still possess some
additional properties which could compensate for the lack of strong convergence. For instance,
the following result and its versions are often used in the homogenization theory (see Jhikov

[9)-

Lemma 2.1. Let uy,v, € L*(Q) Vn € N, where Q is a bounded domain in RY and let
Uup — 0, v, — 0 in L2(Q). Assume that

curl v, =0 and div u, —w in H_l(Q).
Then (un,vn) — (u,v) in the weak- topology of L*(Q).

Now we turn to the one-dimensional case and prove the following variant of Compensated
Compactness Lemma.

Lemma 2.2. Let I be a bounded interval, 1 < p < 400, and g = p/(p —1). Let { fu},cn and
{9n}nen be given sequences such that

fo— f weakly in LI(I) and
gn — g weakly in LP(I) as n — oo.
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Assume that f], € M(I) for each n € N and there exists a measure w € M(I) such that
fh—w  strongly in Wb, b).

Then fogn — fg in LY(I), i.e.

lim /fngnwd:r = /fgsod:v Ve C5o(1).
Proof. To begin with, we note that
fogn = (fn = H)gn —9) + fog = f9+ fon,
where for the last three terms there exists an evident weak-* limit in L!(I), namely,
fng = fg+Fon = fg in L'(I).

So, in what follows, we may suppose that f = g = 0 € L?(I). Moreover, let us define the
elements u,, as follows

b
un(x):—/ gn(s)ds, VYxel, VneN.

Then it is clear that u,(b) =0,

b P
||un||%p(]) = /[ (/ g(s) ds> dz < (by the Holder inequality)

b L b
g/(/ 1ds>q </ yg(s)\pds> dx < \Ié’HgH’zp(,)/ldx
I T x 1

ptaq
=[] ngip(]) = ‘I’pHgHipg) < +00,
and

ul, = g, (in the sense of distributions).

Hence, u,, € VVO1 P(I,b) Vn € N and because of the inequality (2.5), we have (see also Remark
2.2 and Theorem 2.2)

lim U = lim !
n—)oo<tp’ n>W_1’q(Ivb);W01’p(Ivb) n—00 Igpund'x

= lim [ ¢'godz=0 forall e C().
I

n—oo

Thus, u, — 0in W 1P I,b) as n — oo and, therefore, u,, — 0 in L?(I) by the compactness of
) 0

injection WP (I,b) C LP(I). As a result, for any ¢ € C°(I), we have
0 0

/1 Fagne dz = /1 Folunp) dz — /1 tn fr da

= _<f7/””u"80>W*11q(1,b);W01*p(],b) - /Iunfn()@/ da.
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Here, we used the fact that u, € C(I) (by property 5) and, therefore, u,p € Co(I). Hence,
f1 is a Radon measure and f, € W—54(I,b) by (2.6). It is clear now that the last integral in
(2.8) tends to zero as n — oo as a product of strongly convergent sequence (u, — 0 in LP(I))
and weakly convergent sequence (fpe — 0in L(I)). As for the first term in (2.8), we have:

{ﬂ%}neN is compact in W ~19(I,b)
and upe =0 in Wol’p(l,b).

Thus, this term tends to zero as n — co. The proof is complete. O

2.5. Operator equations with monotone mappings

In this subsection we recall some results concerning the abstract theory of operator
equations. For the details we refer to T. Roubicek [13].
Let V be a separable reflexive Banach space and let V* be its dual space.

Definition 2.2. Let A:V — V* be a given mapping. We say that:

(1) A:V — V*is monotone if and only if Vu,v € V we have
<A(u) - A(U)a O U>V*;V > 0;
71) If A is monotone and v # v implies (A(u) — A(v),u — V)i, > 0. Then A is called
Vv
strictly monotone;

(1ii) A:V — V*is a bounded operator if A ({u € V : |Jully < p}) is bounded in V* for any
p>0;

(tv) A:V — V* is radially continuous if and only if Vu,v € V the function
t= (A(u+ 1), v)yuy
is continuous;

(v) A:V — V*is coercive if and only if

oAy

ully =00 [ ul[v

:—'—OO

The following result plays an important role in the theory of nonlinear operator equations.

Theorem 2.4. Let A : V — V* be a bounded, radially continuous, monotone and coercive
operator. Then

(1) A is surjective; this means, for any f € V*, there is uw € V' such that

A(u) = f; (2.9)
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(ii) If in addition, A :'V — V* is strictly monotone, then the equation (2.9) has a unique
solution.

2.6. Nonlinear extremal problems

Let X be a linear normed space, Xy be a convex closed subset of X, and let J : X9 — R
be a functional defined and bounded from below on Xy:

—00<C < J(x) <400 Vze Xp.

We assume that J is lower semicontinuous on Xy with respect to the weak convergence in
X, i.e. for an element & € Xy and a sequence {z,}, .y C Xg converging weakly to &, we have

J(z) < lim inf J(x,).

n—o0

Let X be a reflexive Banach space continuously embedded in X, and let V be a linear
normed space. Let F': X1 — V be a nonlinear operator. Let us consider the following extremal

problem
J(x) — inf

F(x) =0, =€ Xp. (2.10)

We say that « is an admissible element of the problem (2.10) if
T € X1, F(:L‘l) =0, 1 € Xp, and J(:L‘l) < +o00.

The set of all admissible (or feasible) elements of the problem (2.10) we denote by =.

We assume that the following conditions hold:
(C1) The set = is nonempty;

(C9) The set Z is sequentially closed with respect to the weak topology of Xi, i.e. for any
sequence {Zn},cy such that z, € 2, Vn € N, and z,, = = weakly in X;. Then z € Z;

(C3) For each R > 0 the set
{r€eE:J(x) < R}
is bounded in the space Xj.

By a solution to the problem (2.10) we mean an element 2° € = such that

J(z%) = ;Ielf: J(x).

Then the following assertion holds true.

Theorem 2.5. Under conditions (C1)—(C3) the extremal problem (2.10) admits a non-empty
set of solutions. Moreover, if = is a conver set and J : E — R is a strictly convex functional
then the extremal problem (2.10) has a unique solution.
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For the proof and other details we refer to A. Fursikov [8].

2.7. Functions of bounded variation

By BV/(I) we denote the space of all functions in L!(I) for which the norm
Ilzve = Wl + [ DS do =

/fgp’dx:cpEC&(I), (2.11)
I

lp(z)| <1forxel

= fllerry + sup

is finite. This space is called the space of functions of bounded variation. For f € BV (I) we
denote by f’ the distributional derivative of f. As follows from (2.11), if f € BV (I) then f’
belongs to the space of Radon measures M(I).

We give some embeddings result for the space BV (I) taken from Ambrosio [1].

Proposition 2.2. Let I = (a,b) be a bounded interval. Then the embedding BV (I) < L*(I)
is continuous and the embedding BV (I) < L"(I) is compact for every 1 <r < +o0.

For more details on functions of bounded variation we refer to the monograph Ambrosio,
Chapter 3 [1].

2.8. On variational convergence of constrained minimization problems

Let Ji : U XY — R be a cost functional, Y be a space of states, and U be a space of
controls. Let

min {Jx(u,y) : (u,y) € E} (2.12)

be a parameterized minimization problem, where = stands for the set of feasible solutions in
U x Y such that Ji(u,y) < +oo for all (u,y) € =i, and these solutions are linked by some
state equation. Hereinafter, we always associate to each OCP the corresponding constrained
minimization problem

< inf Jk(u,y)> , keN (2.13)
(u,y)€EK

Let o be the product of weak topologies for the normed spaces U and Y. Moreover, for
the simplicity, we assume that every bounded sequence in U x Y is sequentially compact with
respect to the o-convergence.

The main question we are going to discuss in this subsection is: how to pass to the limit in
(2.12) as k — oo? Moreover, the concept of this limit passage has to guarantee the following
property: a “limit cost functional” J and a ”limit set of constrains” = must have a clearly
defined structure such that the limit object <inf(u7y)65 J(u,y)> can be interpreted as some
optimal control problem.

With that in mind, we will follow the scheme of the direct variational convergence (see
Kogut & Leugeriny 1. [11]). As a result, we adopt the following definition for the convergence
of minimization problems in normed spaces:
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Definition 2.3. A problem <inf(u7y)65 J(u,y)) is variational o-limit of the sequence (2.13)
as k — oo if and only if the following conditions are satisfied:

(d) 1f sequences {kn}, ey and {(un, yn)},en are such that
kn — 00 as u — oo,
(unayn) S Ekn Vn €N, and

(Un, Yn) Z (u,y) in U XY,
then
(u,y) € 2 and lim inf Jg, (un,yn) > J(u,y);

n—o0

(dd) For every (u,y) € Z there are an integer ko > 0 and a sequence {(ug,yx)} ey (called a
realizing sequence) such that

(ur, yx) € Zx, YV > ko,
(Un,Yn) = (u,y) in UxY, and
dimsup J(ug, yp) < J(u,y).
Then the following result takes place (for the details we refer to Kogut & Leugeriny [11]).

Theorem 2.6. Assume that the constrained minimization problem

< inf J(u, y)>
(u,y)€=

is the variational o-limit of (2.13) in the sense of Definition 2.3, and this problem admits a
unique solution (u°,y°) € Z, i.e.

J(’,y°) = inf J(u,y)
(u,y)EE

For every k € N, let (ug,yg) € Eg be a minimaizer of Jy on the corresponding set Zy. If the
sequence {(ug, yg)}keN is relatively o-compact in U XY then

(s yp) = (uy°) in UxY

inf J(u,y) = J(uo,yo) = lim Jk(ug,yg).
(u,y)€E k—o0

3. Setting of the Optimal Control Problem and its Previous
Analysis

Let 8> a > 0,v>0,and a and b (a < b) be given real values. Let ¢,d € L*°(I), where
I = (a,b), be positive 1-periodic functions such that

0<a<c(z),dz) <p<+oo foralmost all = € (a,b).
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We consider the following optimal problem:
Minimize

L) = [ a(2) W+ [ jua)ldo (3.1)

subject to the constraints

— [c (g) |y'\p_2y'}/ =f+u on I, (3.2)
¢(2) (@ 2y(a) =0, (3.3)
y(b) =0, (3.4)

uGUa:{UELl(I):/Cb(luD dmgC}. (3.5)
I
Here, @ : [0,00) — [0,00) is an increasing convex continuous function such that

lim 2 — 00, (3.6)
E—o0
f € M(I) is a given Radon measure, e = 1/n is a small parameter, p € (1,400) is a given
value, and u € L'(I) is a control function.

It is clear that, due to the initial assumptions, the boundary value problem (3.2)—(3.4)
may not have a classical solution under some u € Uy and a given f € M(I). That’s why we
define the set of feasible solutions = to the OCP (3.1)-(3.5) as follows: we say that (u,y) is a
feasible pair if u € L'(I) is an admissible control, i.e. u € Uy, y € Wol'p(I, b), and y is a weak
solution of (3.2)-(3.4) in following sense

/C(x) Y/ [P2y/ ¢ dw = /gpdf—i—/ug&dm Yo e C(I,b). (3.7)
T 15 I 1

Having denoted the set of feasible pairs by Z., the optimal control problem (3.1)—(3.5)
can be written as follows

inf Jg (u, y) )
(u,y)EE.

where by a solution of this problem we mean a pair (u?,4?) € Z. such that

Jg(ug,yg) = uin£ Je(u,y).

) =

4. On the solvability of parameterized OCP (3.1)—(3.5)

To begin with, let us show that the Hypothesis (C1) (see subsection 2.6) is satisfied. To
do so, we define on operator A, : Wol’p(l, b) — W=L4(I,b), related to the boundary value
problem (3.2)—(3.4), as follows (see the integral identity (3.5))

x p—
(A=), 2Dy o mywir g = /C (*) W (2) P2 (2)2' (x) de ¥ z,y € WyP(I,b).  (4.1)
7 bl 9 I 5
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Lemma 4.1. Let I = (a,b) be a bounded interval and p € (1,4+00). Then A : Wol’p(l, b) —

W=L4(1,b), given by (4.1), is a bounded operator for every € > 0.

Proof. We prove that the set

Ae ({w e Wo @) Il < r})

is bounded in W~14(I,b) for any p > 0. Indeed, in this case we have the estimate

sup HAa(y)HW*L‘I(I,b) = sup sup <A6(y)7 Z>W*1’q(1,b);W01’p(I,b)

llyll 1p(1b)_p IIyHW&,p<Lb>§p\\ZIIWé,p(Lb)gl

= sup sup [ c r VP72 Y de < ||e Leo(0,1) SUP Sup Y P | da
- )

lyll<pllzl<1 lyll<pllzll<1

(by Hoélder inequality)

p—1 1
p p
< HCHLOO(O 1) Sup sup (/y’]pdx) </’Z/‘pd$>
lyll<pllzlI<1 I

- HCHLOO(O 1) Sup Sup ”y‘ lp HZHW1P ]b
(1,b) (1,b)
lyll<p llzll<1

= HCHLOO(O,l)P’D < +4-00.

O

Lemma 4.2. Under assumptions of Lemma 4.1, the operator A. : Wol’p(l, b) — W14(1,b)

18 coercive.

Proof. 1t is enough to observe that

(AW Vow—rammgeap = /[ (2) WP 2 alylfyng,

Hence,
<A€ (y)> y>W_1’q(I,b);W01’p(I7b)

—oo as |yl — 00.
HyHW(}*p(I,b) WP (1,b)

O

Lemma 4.3. If the suppositions of Lemma 4.1 hold true, then A. : Wol’p(l, b) — W=L4(I,b)

1s radially continuous.

Proof. Let y,z € I/VO1 P(I,b) be arbitrary elements. Then
( ) ly +t2' P72y + t2) 2 —>c( ) |y P22 as t—0

for almost all € I because of the continuity of the mapping g +— |g|P~2g.

(4.2)



18 P. I. KOGUT, E. G. SHCHERBYTSKA

Let us show that the integrant
L / Hp—2/(,/ N
c(2) W+t + 1)z

is dominated on I for all ¢ € [0,1] by some integrable function g(x). With that in mind, we
make use of the inequality

(E+m)Pt <ot (et 4t (4.3)
which is valid for all £&,7 > 0 and 1 < p < 400, and the following estimate
x —
<A6(y + tZ)7 Z)W—l,q(Lb);WOLP(Lb) = /C (g) ‘y/ + tZ,‘p Q(y/ + tZ/)Z, dx
I

< llellze o) /I y + 2P de

byg.-%)) op-1 =110 4 11 |P) g
< el Lo (0,1) I(’Z/’ || + P72 P) dx

(by Hoélder inequality)

p—l
o P
<2 el ([ Pas) (] |z’\pdx) S A

=2 elmion o (12 + 1o ) = comst < +oc.

(4.4)

Thus, the existence of dominating integrable function g obviously follows from (4.4). To
conclude the proof, it is enough to apply the Lebesgue Dominated Convergence Theorem. [

In order to prove the monotonicity of operator A, let us first recall the following well-
known inequalities

227P|E —qlP, if p>2

-2 -2
(I€P~26 = [nP~2n) (€ —n) > (\g||£+_|7;7||)22p’ £ pe (L) VeEneR  (4.5)

Lemma 4.4. Under assumptions of Lemma 4.1 the operator A : Wol’p(l, b) — WL4(I,b)
1s strictly monotone for every € > 0.

Proof. We begin with the case p > 2. Then we have the following chain of inequalities
(Ae(y) — Ac(2),y — >W La(1,b);Wy P (1,b)
x _
= [e(E) U2y - 1212 - ) s
I g

(by(4.5)) . . »
> /2 Ply’ — 2P dx = a2°7P|ly — 2| 1p([b)>0
I

provided y # z. Hence, A. is strictly monotone.
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Now, let p € (1,2). We begin with the following auxiliary estimate

p(2—p)

fw=spae= [w-sp () T W)
I I v/ + 2|

2 = 2> (4.6)
p’ 2—-p

2—p

<(fateme) ([on-wre) ™

(Ac(y) = Ae(2),y = 2hyrapywi» 1)
[e(X) iy~ ) (o~ o

(by (4.5)) I 12
= @/de
('] + [])>P

by (4.6)) B2
Y % p P
> (/I\y’—z'wx) (/I<|y'|+\z’|>pdx)

(by Holder inequality with exponents r =

Hence,

~

p—2
P
> 22y = gy ( [P +17P) o)
1
ﬁ
=2 (I + 17 By ) 1= gy >0 provided 2
The proof is complete. O

As a result, in view of Lemmas 4.1-4.4 and the fact that L'(I) ¢ M(I) Cc W=14(1,b)
(see (2.6)), Theorem 2.5 leads us to the following conclusion:

Theorem 4.1. If I = (a,b) is a bounded interval and p € (1,4+00), then for any admissible
control u € Uy and € > 0 there exists a unique weak solution y. to the problem (5.2)—(3.4)
such that y. € Wol’p(I, b) and the following integral identity

/I ( )|ys\p 2yszldx:/1zud:c+/lzdf (4.7)

holds true for each z € Wol’p(l, b).
As an obvious consequence of this result, we have

Corollary 4.1. Under assumptions of Theorem 4.1 the set of feasible pairs 2. is nonempty
for every e > 0.

Thus the Hypothesis (C) is satisfied.
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The next step is to verify the Hypothesis (Ca). Let {(ux,yr) € Ec} ey be a sequence of
feasible pairs such that
up — u* in LY(I),

e (4.8)
yr =y in WyP(I,b).

Let us show that (u*,y*) € Z. Taking into account the definition of weak convergence in
LNI) x Wol’p(f, b), we conclude from (4.8)

lim [ uppdr = /u*gpdw Vo e L), (4.9)
k—o00 I I
lim /yfgwdx = /(y*)/i/}dx Vi e LYI), (4.10)
k—o0 I I
yr — y* strongly in C(I) (4.11)

for 1 < p < 400 and bounded I.

Let us show that
£ ! |p—2 /}
= C\|—
{fk (5> 7/ A Lol

is bounded sequence in BV(I). Indeed,

X _
16611 Ea Z/\fqu do = /cq (,) 14|09 g < ||C\\qw(0’1)/|y;€‘p dx < +00
I I € I

because of (4.10) (every weakly converging sequence in reflexive Banach space is bounded).
Thus,

& € LY(I), where ¢ = P

p—1
On the other hand, (3.2) implies that
&=u+f in I

Since uy, + f € M(I), and {uk}ren is bounded in L'(I) and, hence, in M(I), it follows that
{&. }ren is a bounded sequence in M([I). Thus, &, € BV(I), Vk € N, and

sup [[€kll By = sup (1€l ey + 1€kl aecr)) < (by Hélder inequality)
keN keN
1
< sup (171716 ]Lzocn + kL aar)) < +o0.
€

Hence, by compactness embedding result for BV-space, we have: there exists an element
&* € BV(I) such that within a subsequence (see Proposition 2.2)

&— & in L'(I) for 1<r <400, &€ L®(). (4.12)



ON HOMOGENIZATION OF AN OCP FOR QUASI-LINEAR ELLIPTIC EQUATION 21

x
As a result, we may suppose that ¢ (—) kP 2y = &x(z) — &(x) almost everywhere in 1.
€

Since y;, — (y*) in LP(I) and n — c(Z) [n|P~2n is a continuous mapping, it follows from
(4.12) that

&(x)=c (g) |(y*) (z)|P~2(y*) () for almost all z € I. (4.13)

Taking this fact into account, we can pass to the limit as £ — oo in the integral identity

/c(x) ]y,’f|p_2y§€g0’dx:/ukwdx—l—/godf,
I € I I

where @ € WyP(I,b) is a test function.
We get

x _ €T % _ * )
[ e wiriedn [ o(E) 162wy de by (112)-(113);
/ukgp dx — /u*gp dxr by(4.8) and the fact that Wol’p(l, b) C L>=(I).
I I
Thus, we have shown that the limit pair (u*,y*) is a weak solution to the boundary value
problem (3.2)—(3.4). To conclude the proof of Hypothesis (C2) it remains to show that
u* €Uy and J:(u*,y") < +o0. (4.14)

As for the last condition in (4.14), it immediately follows from estimate

. AN p
Twy) = [ (2 WPdet [ fulde < Bl e, + Tl

and property (4.8).
To deduce u* € Uy, it is enough to note that
* < lim inf
lu*ll Ly < lim i flugl g
(by the lower semicontinuity of the norm || - [[z1(;) with respect to the weak convergence in
LY(I)) and @ in (3.5) is the convex continuous and increasing function. Hence,
o (by(3.6)) .
v > lim 1nf/<I>(|uk|)dx > /Cb(]u ) dz.
k—o0 I I

Remark 4.1. Here, we made use of the well known fact that convex functions are lower
semicontinuous with respect to the weak convergence. It means that if F': R — R is convex
and

up — v weakly in L'

then

/ F(u)dz < lim inf / F(uy) dz

n—oo

For the details we refer to L. C. Evans [7].
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Thus, summing up the previous reasoning, we arrive at the following conclusion.

Theorem 4.2. If I is a bounded interval and p € (1,4+00) then the set Z is sequentially closed
with respect to the weak convergence in L'(I) x Wol’p(I, b).

Thus, the Hypothesis (C2) is proved. To conclude the Hypothesis (C3), we reformulate it
in the following way: for each R > 0 the set

{(u7y) € EE : JE(U>y) S R}

is bounded in L(I) x I/VO1 P(1,b), and weakly compact. Indeed, the boundedness of the set
immediately follows from the estimate

1 T
oy + ol < Ny + 5 [ d(2) 9P da

1 T\ | (4.15)
< {12 (g + [a(2) pas)

= max {1,a_1} Je(u,y) < Rmax {1, a_l}

As for its compactness property with respect to the weak convergence in L' (1) x VVO1 P(1,b),
we have: (4.15) implies the boundedness of states y and, therefore, in view of the reflexivity
of WO1 P(I,b), any bounded sequence in WO1 P(I,b) is relatively weakly compact. As for the
controls, we see that

ullrry < Rmax{l,a_l} < +oo and

(4.16)
uec U= /<I>(|u)dx <.
I
Since @ is an increasing function, it follows that Uy is equi-integrable set. Hence, by the
Dunford-Pettice criterion, conditions (4.16) are sufficient to guarantee the weak compactness
of the set of admissible controls in L!(TI) (for the details we refer to I. Ekeland, R. Temam [6]).
As a result, we can give the following conclusion:

Theorem 4.3. Under assumptions of Theorem 4.2, the Hypothesis (C3) is satisfied.

Combining Theorems 4.1-4.3 with the fact that the cost functional J. : 2. — R is lower
semicontinuous with respect to the weak convergence in L*(I) x W& P(I,b), we finally arrive
at the following result (see Theorem 2.6)

Theorem 4.4. Assume that I = (a,b) is a bounded interval. Then, for any p € (1,400), the
OCP (5.1)-(3.2) has a nonempty set of solutions.

To the end of this section we note that for any ¢ > 0 the optimal pairs (u?,y?) € =, are
related by integral identity

L6126 do= [ odo+ [oar veecrun. )
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Since C§°(I,b) is dense in Wol’p(I, b), we can take ¢ = gy in (4.17). Hence, we have the energy

equality
[e(E)6drran= [utyans [y (1.15)
I \€ I I

Using the fact that Wol’p(l, b) C L*>(I), we obtain

ﬁﬁﬁwsmmwmwmwnsmwmww&WMmy (4.19)

Moreover, the last term in (4.18) can be estimated in a similar manner (here we should use
the compactness of the embedding Wol’p(I, b) — C(I)), namely

ﬂﬁ#éwwmwhméﬂﬂmMQMywy (4.20)

As result, the estimates (4.19)-(4.20) and energy equality (41.18) leads us to the following
relation

xT
My < [ ¢ (5) 1627 do < (i) + 1 Laacn) 158l

Hence,

Hy?H’;V_gl,p(Lb) < a 'O (Ju2llzaqry + I fllmery)  for any e > 0. (4.21)

Thus, if the sequence of optimal controls {ul}.~o C L'(I) is uniformly bounded, then the
sequence of corresponding optimal states {y°}.~o is bounded (with respect to e > 0) in
Wy (I,b
0 ( ’ )
Let us show that there exists a constant C* > 0 such that

sup [[ug| 1) < C*.
e>0

Indeed, let u* € L'(I) be an arbitrary function such that u* € Up, i.e. u* is an admissible
control to the problem (3.1)-(3.2). Then, by Theorem 4.1 there exists a sequence {y }.., C
Wol’p(l, b) such that (u*,yZ) € =. for each € > 0. Hence, in view of (4.21), we have the similar
estimate, i.e.

1
SUP 92l ) < (@™ C [lwllpray + I laan]) 7 - (4.22)
3

On the other hand, it is easy to see that

* * z * *
L) < L) = [ (2) 102 P dat s,

and, therefore,

0 x * * * *
iy < [ d(E) 161 do 1ol < B0 gy + N lasco

by (122) . o . .
< (a7 [l vy + Nl ]) 777 B+ u*llprny =2 €, Ve > 0.
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Thus, the sequence of optimal controls and, in view of (4.21), the sequence of optimal
pairs {(u2,y?) € E5}£>0 to the OCP (3.1)-(3.5) in uniformly bounded in

LY(I) x Wy (I,b). Namely, the following estimate
_1
sup [0l + 1lhwpor ] < €+ (@7CIC + )™ (12)
€

holds true.

Taking into account the fact that the control sequence {ul}.~o lies in the set Up, this
sequence is equi-integrable. Hence, by Dunford-Pettis criterion, this sequence is relatively
compact with respect the weak topology of L'(2). The same compactness property for the
sequence of optimal states {y}.~o takes a place in Wol’p(l, b) (it follows from (4.23) and
reflexivity of W, ?(I,b)).

Thus, we may assert that there exists a pair (u?, %) € L'(I) x Wol’p(l, b) such that, within
a subsequence, the following remarkable properties hold true:

wl =’ in LY(I) and

4.24
w0 —y® in WyP(I,b) as e — 0. (4.24)

The question we are going to discuss further is: how this pair can be characterized and is
there any relation (or association) of this limit pair to the OCP (3.1)-(3.5) as ¢ — 07

5. Asymptotic Analysis of OCP (3.1)—(3.5)
We begin with the following technical result.

Lemma 5.1. Let {(us,y:)}.oo be a sequence such that

e>0
(ue,ye) € Ec Ve >0, (5.1)
u. —u* in LYMI) as e — 0, (5.2)
ye =~ y*  in Wol’p(l, b) as € —0, (5.3)

where p € (1,400) and I is assumed to be a bounded interval. Then y* € Wol’p(I, b) is unique
weak solution of the following boundary value problem

1

1—
- <cﬁ> ") =utfoin 1
Y/ (a)P?y (@) =0, y(b) =0,

(5.4)

where (-) stands for the average operator
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Proof. Let us define the sequence {&:}e>0 as follows

fa(ﬂz)—c( >|y€!p 2yl Ve >0.

Since

q q =g g, — B9 p
Jletrde <50 [0 D1ds = el < o0

it follows that
{& }e>0 is bounded in LI(T). (5.6)

Here, ¢ = p/(p — 1) stands for the conjugate exponent to p.
Moreover, due to the inclusion (u.,y.) € Z., we have
& = —u. — f in the sense of distributions on I. (5.7)

£

Since u. — u* in L'(I), the space L'(I) continuously embedded in M(I), and M(I) —
W=14(I,b) compactly, it follows that

— f— —u* — f strongly in W H9(I,b) as € — 0.
On the other hand, condition (5.6) implies the existence of element £ € L4(I) such that
& —¢& in LYI) as € —0. (5.8)

Therefore,

<§;7 >W La(I,b);W, 117 (I,b) /66()0 dx
- /Ifgo' dx = (—u* — f, ‘P>W—17f1(1,b);wg”’(1,b) for every ¢ € C5°(I).
Hence,
¢ = —u* — f in the sense of distribution. (5.9)

The main point is to relative the functions £ and y*. With that in mind, we introduce the
following auxiliary problem:

Find a 1-periodic function v, € LP(I), where n € R is a constant, such that

1
(vy) = /0 v(z)dr =0, (5.10)
[c(x)\n+vn]p_2(77+vn)]/ =0. (5.11)

Let us show that this problem has a unique solution. Indeed, from (5.11) we deduce that

c(x)|n + v(x)[P"3(n + v(x)) = T = const. (5.12)
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Let us define 7 such that v,(x) for a given 7 is a unique solution to the auxiliary problem
(5.10)—(5.11). It is not difficult to see that (5.12) can be rewritten in the form

0+ (@) = [l (@) 7T L. (5.13)

7|

Taking into account (5.10), we have

and, therefore (see (5.13)),

1 1 -1
0+ vg(@) = [e@)] 77 (77 ) . (5.14)
As a result, (5.14) and (5.11) imply that
[e(@)n + vy (@)~ + vy())] = {c<m>c1<x> () |n|”n]

(5.15)

1

= <cm>1*p (InPP~2n)" = 0.

Thus, we arrive at the following inference: for every fixed n € R there exist a unique solution
wy, to the problem

= [e(@)In + w)(2)[P~* (n +wy(2))] =0, (5.16)
wy, is 1-periodic, and

1 1

-1
w, = vy(@) = [e(@)] 77 (77 )y -,
Now we introduce the following test functions: for every n € R we set
x
ze(x) = nx + ewy, (g> ,

where w;(-) is the solution of (5.16).
Then, by monotonicity of the operator

x _ /
A = (e (2)WIr2y)
for every n € R and every ¢ € C5°(I), ¢ > 0, we have

[ @ e () 2ot = e () e 222] (o = =2) do >0 (5.17)

fa e

Let us show that in this case all assumptions of Lemma 2.2 (Compensated Compactness
Result) are satisfied. Indeed, since

vy € LP(0,1),

T

1
Zé:n"‘”n (g>a /0 Un(x)dl’zoa
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and vy is a 1-periodic function, it follows that
2l —n weaklyin LP(I) as e — 0.
Then, by (5.3), we deduce:
ge =y — 2z = (y*) —n weakly in LP(I).
On other hand

x _ .
& i=c (E) Iyl P~2y. —~ ¢ weakly in LI(I) by (5.8),

SO OO 0)

Hence,
x _ x _ 1 \1-p _
fe=c (g) AT (g) |2L|P 22, = ¢ - <cl-p> In[P~>n
weakly in LI(I).
It remains to note that
xT _ /
fl=—u.—f— (c (E) |22 |P 22;) = —u. — f.

~~

=0 by (5.16)
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(5.18)

(5.19)

Since us + f — u* + f in W=H4(I,b) and u* € L'(I) ¢ M(I), it follows that {fé}£>0 is a
compact sequence in W~14(I,b). Hence, by Lemma 2.2, we can pass to the limit in (5.17) as

e — 0. As a result, (5.18)-(5.19) lead to the relation

[ ot (6= () a0 () =) 20
Yo € (). pla) >0,

This implies that, for any n € R,
1 \1-p _ .
(66 = () P20 (@) =) 2 0

almost everywhere on I = (a,b). By the strict monotonicity of the operator
_ ;) 1 \1-p
Apom(y) = = (1 P72) (75 )

the inequality (5.20) ensures that

1

£(w) = <cﬂ>1_p Y P2(y") ae.on I.

(5.20)

(5.21)
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Taking this fact into account, we can pass to the limit in the integral identity

/C(w) Iyé\p_Qyécp’d:vZ/uewdm+/<pdf,
I € T I

as € — 0, where ¢ € VVO1 P(I,b) is an arbitrary test function. We obtain
1—
(c7) p/l(y*)’lpz(y*)’so’dﬂfz /U*sodﬂ:+/s0df Y€ Wy"(1,b).
I I I
Thus, y* € Wol’p(I, b) is a unique weak solution to the problem (5.4). The proof is complete.

O

The following result is a direct consequence of the compactness of embedding BV (I) <
L™(I) Vr € [1,400) and relation (5.21).

Corollary 5.1. Under conditions of Lemma 5.1 the sequence

{e=c () ) (5:22)

is bounded in BV (I) and
- /p—2,/ 1%1_19 *\ D=2, *\/ Iy i q
c(2) el ye = (e ) W)WY strongly an LA(D). (5.23)
Proof. Indeed, the BV (I)-boundedness of the sequence (5.22) immediately follows from (5.7)

and (5.2). Hence, by Proposition 2.2, this sequence is compact in L"([) for r =g =p/(p—1).
It remains to note that (5.23) is ensured by (5.8) and (5.21). O

Remark 5.1. Tt is worth to notice that the property (5.23) implies the strong convergence in

Lo 1o q
LI of (el to |(e™7) " 1) P2y

,1.e.

()i = (e77) NP n L), (521)

Now, we are in a position to establish the main result of the article. Namely, we show that
there exists a variational limit for OCP (3.1)-(3.5) as ¢ — 0, this limit has a clearly defined
structure

inf Jhom(u7y) (525)

(uvy)eEhom
and it can be recovered in the form of some optimal control problem.

Theorem 5.1. Let I = (a,b) be a bounded interval and let f € M(I) be a given Radon
measure. Then, for OCP (5.1)-(3.5) there exist variational limit as € — 0, this limit can be
represented as the constrained minimization problem (5.25), and this problem can be recovered
in the following form:
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Minimize
Trms) = [t de -+ (ae5) (o25) 7 [y as (5.26)
I I

subject to the constrains

- <cﬁ>17p (IWP2) =u+f on I, (5.27)
Y (@)[P"%y'(a) = 0, y(b) =0, (5.28)
ue U= {UGLI(I) :/I<I>(|v(x))dx§*y}. (5.29)

Proof. In order to prove this result, it enough to show that the conditions (d) and (dd) of
Definition 2.3 hold true provided o is the product of weak topologies of L!(I) and Wol’p(I, b),

and
we LMNI), yeWyP(I,b), )

u € Uy,
—_ 1—
Zhom = (u7 y) <cﬁ> p/[ |y/|p_2y/4p, dr = (530)

= /ugpdm—i—/gpdf Ve WyP(I,b).
I I
We begin with the property (d). Let {en}nen and {(un,yn)},cn be sequences such that

en =0 as n — oo,

u, —u in LYI),

yo =y in WyP(1,b),
and (un,yn) € Z., VneN.

Then u € Up by the lower semicontinuity of the norm || - ||z 1(;y with respect to the weak
convergence in L'(I) and the fact that ® is a non-negative convex increasing function with
property (3.6). As a result, we have

/<I>(|u])dx§ lim inf/@(\un])dxgy.
I n—oo I

So, in order to deduce the inclusion (u,y) € ZEpom, it is enough to make use of Lemma 5.1
and representation (5.30). Moreover, in view of Remark 5.1, we have

(Sl = (7))

d (%) e <€n> it <dc1%> - /01 d(z)cT7 (z)de i L®(I).

and
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Hence,

[o(Z )= [la(Z)er (2)]er (Z) wras .
— (det7) <clip>_p/lly’|” dzx

as the product of the strong and weak-* convergent sequences. Then the inequality

lim inf/\un(ac)|dx2/|u(:c)|dx

(because of the weak convergence u, — v in L'(I) and relation (5.31)) lead us
to the conclusion:
lim inf J. (Un,Yn) = Jhom(u,y).

n—oo
So, the property (d) is valid.

Now we check the property (dd). Let (u,y) € Epom be an arbitrary pair. We construct a
[-realizing sequence {(ue,ys)}e>0 as follows: u. = u for all ¢ > 0 and y. = y-(u) is a unique
weak solution to the boundary value problem (3.2)-(3.4) for a given control u € Uy. Then
(ue,ye) € Z¢ for all € > 0 and the following estimate (see (4.22))

p— 10
sup ety < 7€ (o) + 1l
holds true. Hence, there is a subsequence of {y.}c~¢ such that

Yo, =y in WyP(I,0) as k— oo

and, by Lemma 5.1 (u,y) € Epom. Since the homogenized boundary value problem (5.27)—
(5.28) has a unique solution in Wol’p(l, b) for a given control w, it follows that the same
inference is valid for any convergent subsequence of {yc }->0. Thus, we can suppose that there
exists an element y € W& P(I,b) such that

ye =y in WyP(I,b) as € —0

and, hence, (u,y) € Epom by Lemma 5.1. It remains to notice that

hr%sup Je(ue,ye) = hm Je(u,y:) = hm/ ]y€|p dx + / |u(z)| dx

by (5.31)
T (et ) () NI 1+ Nl = Thom(,9).

This concludes the proof. O

Our next intension is to show that the homogenized OCP (5.26)—(5.29) possesses the fine
variational properties (2.12). By analogy with Theorem 4.4, it can be proved that the OCP
(5.26)—(5.29) has a non-empty set of solutions, i.e. there exists at least one pair (u°,4°) € Zpom
such that

Jhom(u07y0) = 1n£ Jhom(uvy)'
(uzy)e':hom
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Theorem 5.2. Let {(ug,92)}_,
Then this sequence is relatively weakly compact in L'(I) x Wol’p(l, b) and for each weakly

be a sequence of optimal pairs to the problems (3.1)-(3.5).

converging subsequence {(uz,, Yz, ) tken i L1 (I) x Wol’p(f, b) there is a pair (u®,y°) such that
(uoayo) € Zhom and

lim Jo, (v ;92 )= lim inf  J., (4,9) = Jhom (v’ 9°) =  inf  Jnom(u,y).  (5.32)

k—oo k k k—r00 (u,y)€Ee, (w,y)€Ee,,
Proof. Due to the estimate (4.23) we see that the sequence of optimal pair is uniformly
bounded in L'(I) x Wol’p( ) and {ul}.~ lives in the equi-integrable set Uy. So, by Dunford-
Pettis criterion, we may extract a subsequence {(ul ,y2 )}x weakly converging in L'(I) x
VV0 P(I,b) to some pair (u*,y*). Then, by Lemma 5.1, this pair belongs to the set Zjopm,.
Moreover, taking the property (d) of Definition 2.3 into account, we have

lim inf min J;, (u,y) = lim inf J; (u Sk,ygk)

k—o0 (w,y)EEe,, k—o0

(5.33)

> Jhom(U*’y*) > H11£l Jhom(uvy) = Jhom(uoayo)a
(uvy)e‘:hom

where (u”,y°) is an optimal pair to the problem (5.26)—(5.29).
On the other hand, since (u°,4°) € Zpom, it follows that there exists a I-realizing sequence
(see property (dd)) {(ue,ye)}.~q weakly converging to (u®, %) in L*(I) x Wol’p(l, b) such that

(usaya) €Z, Ve>0

and
Jhom(uoyyo) > lim sup Je (ue, ye ).
e—0
Consequently,
mlll Jhom(ua y) = Jhom(uoay()) > lim sup Ja(uaays)
(uvy)e:hom k—o00
> limsup min J.(u,y) > hm sup min J. (u, £ 9
RSP s, Jeoy) 2 I s i Jalw) o (5.34)

. 0
= klgrolo sup Je, (U5k7y5k>-
Hence, by (5.33), we get

lim inf J;, (u €k,ygk) > hm sup Je, (u ek7?/sk)

k—o00

As a result, combining (5.33) and (5.34), we come to the following conclusion:

Jhom(U*a y*) = Jhom(uoa yo) = Hllil Jhom(u7 y)7
(u)y)e:'hom

and as a consequence

Jhom(U*vy*) = lim min Jak( sk’ysk)

k—00 (u,y)€Ee,

The proof is complete. O
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