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ÓÄÊ 517, 519, 681Äðóêó¹òüñÿ çà ðiøåííÿì â÷åíî¨ ðàäèÄíiïðîïåòðîâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iì. Îëåñÿ �îí÷àðàçãiäíî ç çàòâåðäæåíèì ïëàíîì âèäàíü íà 2009 ð.Âèêëàäåíî ðåçóëüòàòè íàóêîâèõ äîñëiäæåíü iç ñó÷àñíèõ ïèòàíü ìàòåìàòè÷íî¨�içèêè, òåîði¨ îïòèìàëüíîãî êåðóâàííÿ ðiâíÿííÿìè â ÷àñòèííèõ ïîõiäíèõ, ìåòîäiâòåîði¨ íåñêàëÿðíî¨ îïòèìiçàöi¨, à òàêîæ ¨õ çàñòîñóâàííÿ â çàäà÷àõ ìàòåìàòè÷íîãîìîäåëþâàííÿ ïðèðîäíè÷èõ ïðîöåñiâ.Äëÿ íàóêîâèõ ïðàöiâíèêiâ, àñïiðàíòiâ òà ñòóäåíòiâ ñòàðøèõ êóðñiâ.Èçëîæåíû ðåçóëüòàòû íàó÷íûõ èññëåäîâàíèé ïî ñîâðåìåííûì âîïðîñàì ìàòå-ìàòè÷åêîé �èçèêè, òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ óðàâíåíèÿìè â ÷àñòíûõ ïðî-èçâîäíûõ, ìåòîäîâ òåîðèè íåñêàëÿðíîé îïòèìèçàöèè, à òàêæå ïî èõ ïðèìåíåíèþ âçàäà÷àõ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ �èçè÷åñêèõ ïðîöåññîâ.Äëÿ íàó÷íûõ ñîòðóäíèêîâ, àñïèðàíòîâ è ñòóäåíòîâ ñòàðøèõ êóðñîâ.�åäàêöiéíà êîëåãiÿ:àêàä. Àêàäåìi¨ ÂØ Óêðà¨íè, ä-ð �iç.-ìàò. íàóê, ïðî�.Ì. Â. Ïîëÿêîâ (âiäï.ðåäàêòîð), ä-ð �iç.-ìàò. íàóê, ïðî�. Ï. I. Êîãóò (çàñò. âiäï. ðåäàêòîðà), ä-ð�iç.-ìàò. íàóê, ïðî�. Â. �. Á¹ëîçüîðîâ, ä-ð �iç.-ìàò. íàóê, ïðî�. Î. �. �î-ìàí, ä-ð �iç�ìàò. íàóê, ïðî�. Î. Ì. Êiñåëüîâà, ä-ð �iç.-ìàò. íàóê, ïðî�.Â. Î. Êàïóñòÿí, ä-ð �iç.-ìàò. íàóê, ïðî�. Î. Â. Êàïóñòÿí, ä-ð �iç.-ìàò.íàóê, ïðî�.Î. À. Êîâàëåâñüêèé, ä-ð �iç.-ìàò. íàóê, ïðî�.Î. Î. Êî÷óáåé,ä-ð �iç.-ìàò. íàóê, ïðî�. Â. Â. Ëîáîäà, ä-ð �iç.-ìàò. íàóê, ïðî�. Î. �. Íà-êîíå÷íèé, ä-ð �iç.-ìàò. íàóê, ïðî�. Â. Î. Îñòàïåíêî, ä-ð �iç.-ìàò. íàóê,ïðî�. À. Â. Òè÷èíií, êàíä. �iç.-ìàò. íàóê, äîö.Þ. Ë. Ìåíüøèêîâ, êàíä.�iç.-ìàò. íàóê, äîö. À. Â. Ñÿñ¹â (âiäï. ñåêðåòàð).
�åöåíçåíòè:÷ë.-êîð. ÍÀÍ Óêðà¨íè, ä-ð �iç.-ìàò. íàóê, ïðî�. Â. Ï. Ìîòîðíèéä-ð �iç.-ìàò. íàóê, ïðî�. Ì. Ï. Òiìàí© Äíiïðîïåòðîâñüêèé íàöiîíàëüíèé óíiâåðñèòåòiì. Îëåñÿ �îí÷àðà, 2009© Âèäàâíèöòâî Äíiïðîïåòðîâñüêîãî óíiâåðñèòåòó,î�îðìëåííÿ, 2009



ISSN � 9125 0912. ÂIÑÍÈÊ ÄÍÓ. Ñåðiÿ "Ìîäåëþâàííÿ". � 8. 2009. Âèï. 1. C. 3�17Ïðîáëåìè ìàòåìàòè÷íîãî ìîäåëþâàííÿòà òåîði¨ äè�åðåíöiàëüíèõ ðiâíÿíüÓÄÊ 519.6ÀÍÀËÈÇ ÒÅÍÄÅÍÖÈÉ �ÀÇÂÈÒÈß ÑÎÂ�ÅÌÅÍÍÎ�ÎÌÀÒÅÌÀÒÈ×ÅÑÊÎ�Î È ×ÈÑËÅÍÍÎ�ÎÌÎÄÅËÈ�ÎÂÀÍÈßÄ. Â. Åâäîêèìîâ, À. À. Êî÷óáåé, Í. Â. ÏîëÿêîâÄíåïðîïåòðîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Îëåñÿ �îí÷àðà,Äíåïðîïåòðîâñê 49050. E-mail: devd�mail.ru�àññìîòðåíû íåêîòîðûå ïîñëåäíèå òåíäåíöèè ðàçâèòèÿ ìàòåìàòè÷åñêîãî è÷èñëåííîãî ìîäåëèðîâàíèÿ, îáóñëîâëåííûå êàê ñîâåðøåíñòâîâàíèåì ìàòåìàòè-÷åñêèõ ìîäåëåé è àëãîðèòìîâ ÷èñëåííîãî ðåøåíèÿ, òàê è áåñïðåöåäåíòíûì ðî-ñòîì ïðîèçâîäèòåëüíîñòè ýëåêòðîííî-âû÷èñëèòåëüíîé òåõíèêè. Ïîêàçàíî, ÷òîèçó÷åíèå ñâîéñòâ ÷èñëåííûõ àëãîðèòìîâ öåëåñîîáðàçíî ïðîâîäèòü íà ñïåöèàëü-íûõ òåñòîâûõ ïðèìåðàõ, èìåþùèõ àíàëèòè÷åñêîå ðåøåíèå.Êëþ÷åâûå ñëîâà. Ìàòåìàòè÷åñêàÿ ìîäåëü, ÷èñëåííûé ìåòîä, ÷èñëåííàÿ ìîäåëü.1. ÂâåäåíèåÍà ïðîòÿæåíèè ïîñëåäíèõ íåñêîëüêèõ äåñÿòèëåòèé íàáëþäàåòñÿ áåñïðåöå-äåíòíûé óñòîé÷èâûé ðîñò èíòåðåñà ê ìàòåìàòè÷åñêîìó è ÷èñëåííîìó ìîäå-ëèðîâàíèþ, ñòèìóëèðóåìûé íå ìåíåå áåñïðåöåäåíòíûì ðîñòîì âîçìîæíîñòåéâû÷èñëèòåëüíîé òåõíèêè è åå ïîâñåìåñòíûì ðàñïðîñòðàíåíèåì. Âî ìíîãèõîáëàñòÿõ íàóêè, òåõíèêè è òåõíîëîãèè ðàññìàòðèâàåìûå ïîäõîäû ñòàëè äî-ìèíèðóþùèìè â íàó÷íûõ èññëåäîâàíèÿõ, à òàêæå ïðè ïðîåêòèðîâàíèè íîâûõòåõíîëîãè÷åñêèõ ïðîöåññîâ è îáîðóäîâàíèÿ. Êðîìå òîãî, óïðàâëåíèå ïðîèç-âîäñòâåííûìè ïðîöåññàìè âñå ÷àùå îñóùåñòâëÿåòñÿ íà îñíîâå ìàòåìàòè÷å-ñêèõ è ÷èñëåííûõ ìîäåëåé. È äàæå â òåõ îáëàñòÿõ, ãäå óêàçàííûå ïîäõîäûåùå íå ñòîëü ïîïóëÿðíû, íàïðèìåð, â ãóìàíèòàðíûõ íàóêàõ, ïðîñëåæèâàåòñÿÿâíàÿ òåíäåíöèÿ ê ìàòåìàòèçàöèè ïîäõîäîâ. Êàê ðåçóëüòàò ðîñòà ïîïóëÿð-íîñòè ìàòåìàòè÷åñêîãî è ÷èñëåííîãî ìîäåëèðîâàíèÿ ñóùåñòâåííî âîçðîñëè èòðåáîâàíèÿ, ïðåäúÿâëÿåìûå ê òî÷íîñòè è ý��åêòèâíîñòè ðàñ÷åòà. Î÷åâèäíî,÷òî îäíèì èç ïóòåé ïîâûøåíèÿ òî÷íîñòè è ý��åêòèâíîñòè ïðèêëàäíûõ ðàñ-÷åòîâ ÿâëÿåòñÿ ñîâåðøåíñòâîâàíèå ïðèìåíÿåìûõ ìàòåìàòè÷åñêèõ ìîäåëåé,îäíàêî ýòîò ïóòü ñâÿçàí, ïðåæäå âñåãî, ñ ðàçâèòèåì ïðåäìåòíûõ îáëàñòåé,ê êîòîðûì îòíîñÿòñÿ äàííûå ìàòåìàòè÷åñêèå ìîäåëè, ìîäè�èêàöèÿ æå ñà-ìèõ ìîäåëåé õîòÿ è ìîæåò äàòü ñóùåñòâåííûé âû÷èñëèòåëüíûé ý��åêò ïðèèñïîëüçîâàíèè ñî ñïåöèàëèçèðîâàííûìè àëãîðèòìàìè, íî ïðèìåíèìà â î÷åíüîãðàíè÷åííîì ÷èñëå ñëó÷àåâ. Äðóãèì, íå ìåíåå î÷åâèäíûì, ïóòåì ñîâåðøåí-ñòâîâàíèÿ ìåòîäèêè ïðèêëàäíûõ ðàñ÷åòîâ ÿâëÿåòñÿ ðàçâèòèå âû÷èñëèòåëü-íûõ àëãîðèòìîâ. Â ýòîì íàïðàâëåíèè â ïîñëåäíèå äåñÿòèëåòèÿ áûë äîñòèã-íóò ñóùåñòâåííûé ïðîãðåññ, âûðàçèâøèéñÿ â ïîÿâëåíèè çíà÷èòåëüíîãî ÷èñ-ëà êàê óíèâåðñàëüíûõ, òàê è ñïåöèàëèçèðîâàííûõ àëãîðèòìîâ. Â íàñòîÿùåå© Ä. Â. Åâäîêèìîâ, À. À. Êî÷óáåé, Í. Â. Ïîëÿêîâ, 2009



4 Ä. Â. ÅÂÄÎÊÈÌÎÂ, À. À. ÊÎ×ÓÁÅÉ, Í. Â. ÏÎËßÊÎÂâðåìÿ ÷èñëî ïðèìåíÿåìûõ àëãîðèòìîâ óæå ñòîëü âåëèêî, ÷òî âíóòðè ÷èñëåí-íûõ ìåòîäîâ âîçíèêëà ÿâíî âûðàæåííàÿ ñïåöèàëèçàöèÿ, êîòîðàÿ ïðîäîëæàåòóãëóáëÿòüñÿ. Â ýòîé ñèòóàöèè äîñòàòî÷íî îñòðî âñòàë âîïðîñ î "êðèòåðèÿõêà÷åñòâà" ìàòåìàòè÷åñêèõ ìîäåëåé, âû÷èñëèòåëüíûõ àëãîðèòìîâ è, â êîíå÷-íîì èòîãå, ïðîâåäåííûõ ðàñ÷åòîâ. Êàê áóäåò ïîêàçàíî íèæå, òðàäèöèîííûå"êðèòåðèè êà÷åñòâà" óæå íå îòâå÷àþò ñîâðåìåííûì òðåáîâàíèÿì. Äàííàÿ ðà-áîòà ïîñâÿùåíà ðàçâèòèþ ìåòîäèê îöåíêè êà÷åñòâà ðàñ÷åòíûõ ñõåì íà îñíîâå÷èñëåííîãî ýêñïåðèìåíòà.2. Âûáîð îáúåêòà èññëåäîâàíèÿÁîëüøîå ðàçíîîáðàçèå âû÷èñëèòåëüíûõ çàäà÷, âîçíèêàþùèõ â ïðèëîæå-íèÿõ, çíà÷èòåëüíûå ðàçëè÷èÿ â èõ �èçè÷åñêîé è ìàòåìàòè÷åñêîé ñóùíîñòè è,êàê ñëåäñòâèå, ãðîìàäíîå ðàçíîîáðàçèå àëãîðèòìîâ ðåøåíèÿ ýòèõ çàäà÷ äåëà-þò ïðàêòè÷åñêè íåâîçìîæíûì ðàññìîòðåíèå óíèâåðñàëüíûõ êðèòåðèåâ îöåí-êè èõ ðåøåíèé. Ïîÿñíèì ýòó ìûñëü: äî ñèõ ïîð âî ìíîãèõ îáëàñòÿõ åñòåñòâî-çíàíèÿ óðîâåíü ìàòåìàòè÷åñêèõ ìîäåëåé òàêîâ, ÷òî àêòóàëüíûìè ÿâëÿþòñÿîöåíî÷íûå ðàñ÷åòû, îòðàæàþùèå òîëüêî êà÷åñòâåííóþ êàðòèíó ìîäåëèðóå-ìîãî ïðîöåññà, â òî æå âðåìÿ ÷èñëåííîå ìîäåëèðîâàíèå â äðóãèõ îáëàñòÿõ,íàïðèìåð, â ðÿäå ðàçäåëîâ ìåõàíèêè ñïëîøíîé ñðåäû, äîñòèãëî ïðåäåëà òî÷-íîñòè âû÷èñëåíèé êîìïüþòåðà. Âî ìíîãèõ ñëó÷àÿõ îñòàåòñÿ ïðèíöèïèàëüíîíåÿñíûì õàðàêòåð íåëèíåéíîñòåé, îïðåäåëÿþùèõ ñòðóêòóðó ðåøåíèÿ çàäà-÷è, íå âñåãäà óäàåòñÿ êîððåêòíî ó÷åñòü ìàëûå âîçäåéñòâèÿ íà èññëåäóåìûåñèñòåìû. Íàêîíåö, çà÷àñòóþ ïðèõîäèòñÿ ìîäåëèðîâàòü ÿâëåíèÿ, �èçè÷åñêàÿïðèðîäà, à, ñëåäîâàòåëüíî, è ìàòåìàòè÷åñêèå ìîäåëè êîòîðûõ íå ñîâñåì ÿñíû,íàïðèìåð, òóðáóëåíòíîñòü.3. Ñîâðåìåííîå ñîñòîÿíèå âîïðîñàÊîëè÷åñòâî ïóáëèêàöèé, ïîñâÿùåííûõ ïðèìåíåíèþ ìåòîäîâ ìàòåìàòè÷å-ñêîãî è ÷èñëåííîãî ìîäåëèðîâàíèÿ â ðàçëè÷íûõ îáëàñòÿõ íàóêè è òåõíèêè,èñ÷èñëÿåòñÿ äåñÿòêàìè, åñëè íå ñîòíÿìè òûñÿ÷, è, áåçóñëîâíî, ñòîëü âåëè-êî, ÷òî íå îñòàâëÿåò àâòîðàì íàñòîÿùåé ðàáîòû íè ìàëåéøåé íàäåæäû ïðî-ñëåäèòü êàêèå-ëèáî òåíäåíöèè ïî ïóáëèêàöèÿì. Ëè÷íûå íàó÷íûå èíòåðåñûàâòîðîâ êàñàþòñÿ, â ïåðâóþ î÷åðåäü, ÷èñëåííûõ ìåòîäîâ ãèäðîäèíàìèêè èòåïëîìàññîîáìåíà, íî äàæå â ýòîé, íàìíîãî ìåíüøåé îáëàñòè, ãäå íåò ñòîëüñóùåñòâåííûõ ðàçëè÷èé â óðîâíå ðàáîò, ïðîñëåäèòü òåíäåíöèè ïî ïóáëèêàöè-ÿì ÷ðåçâû÷àéíî òðóäíî, õîòÿ òàêèå ïîïûòêè äåëàëèñü â îáøèðíûõ è äîñòà-òî÷íî �óíäàìåíòàëüíûõ ìîíîãðà�èÿõ [1, 6, 8, 9℄, îêàçàâøèõ çàìåòíîå âëè-ÿíèå íà ðàçâèòèå óêàçàííîé îáëàñòè. Òàêèì îáðàçîì, èíäóêòèâíûé ïîäõîäê àíàëèçó � îò ÷àñòíûõ òåíäåíöèé ê îáùèì � â äàííîì ñëó÷àå íàñòîëüêîçàòðóäíåí, ÷òî ïðèìåíåíèå åãî ïðåäñòàâëÿåòñÿ íåöåëåñîîáðàçíûì. Àëüòåð-íàòèâíûé äåäóêòèâíûé ïîäõîä ê ðàññìàòðèâàåìîé ïðîáëåìå íå ñòîëü î÷åâè-äåí, íî òîëüêî îí äàåò âîçìîæíîñòü ïðîñëåäèòü çàêîíîìåðíîñòè ñîâðåìåííîãîýòàïà ðàçâèòèÿ ìàòåìàòè÷åñêîãî è ÷èñëåííîãî ìîäåëèðîâàíèÿ. Òðàäèöèîííîäåäóêòèâíûé ïîäõîä ñâÿçûâàþò ñ ìàòåìàòè÷åñêèìè ìåòîäàìè èññëåäîâàíèÿ,ïîýòîìó ïðèìåíåíèå åãî â ðàññìàòðèâàåìîé îáëàñòè ïðåäñòàâëÿåòñÿ âïîëíååñòåñòâåííûì. Îäíàêî, êàê ïðàâèëî, äåäóêòèâíûé ïîäõîä èñïîëüçóþò äëÿ



ÒÅÍÄÅÍÖÈß �ÀÇÂÈÒÈß ÌÀÒÅÌÀÒÈ×ÅÑÊÎ�Î ÌÎÄÅËÈ�ÎÂÀÍÈß 5àíàëèçà ñâîéñòâ îïðåäåëåííîé ìîäåëè èëè àëãîðèòìà, â äàííîé æå ðàáîòåïðåäëàãàåòñÿ ïðèìåíèòü åãî äëÿ àíàëèçà òåíäåíöèé ðàçâèòèÿ îáëàñòè.Èñòîðè÷åñêè âîïðîñ îá ý��åêòèâíîñòè, èëè â áîëåå ãëîáàëüíîé �îðìó-ëèðîâêå, î "êà÷åñòâå"àëãîðèòìà âîçíèê äîâîëüíî äàâíî, åùå â íà÷àëå ýðûìàøèííûõ âû÷èñëåíèé, è â òå÷åíèå äîñòàòî÷íî äîëãîãî âðåìåíè áûë êëþ-÷åâûì âîïðîñîì âû÷èñëèòåëüíîé ìàòåìàòèêè, ïîñêîëüêó äëÿ ìàëîìîùíûõêîìïüþòåðîâ òîãî âðåìåíè íåý��åêòèâíûå àëãîðèòìû áûëè íåïðèåìëåìûâîîáùå. Ñëåäóåò îòìåòèòü, ÷òî ïåðâûå äîñòàòî÷íî ïðîñòûå ÷èñëåííûå àëãî-ðèòìû áûëè òùàòåëüíî èññëåäîâàíû êàê òåîðåòè÷åñêè, òàê è ïóòåì ÷èñëåí-íîãî ýêñïåðèìåíòà. Ê ñîæàëåíèþ, â äàëüíåéøåì ñëîæíîñòü âû÷èñëèòåëüíûõàëãîðèòìîâ âîçðàñòàëà íàìíîãî áûñòðåå, ÷åì ðàçâèâàëèñü âîçìîæíîñòè èõòåîðåòè÷åñêîãî àíàëèçà, ïîýòîìó òåîðåòè÷åñêèå îöåíêè ý��åêòèâíîñòè àëãî-ðèòìîâ â çíà÷èòåëüíîé ìåðå óòðàòèëè ñâîå çíà÷åíèå.Ïîÿñíèì ýòó ñèòóàöèþ. Äëÿ áîëüøèíñòâà àëãîðèòìîâ, äàæå äîñòàòî÷íîñëîæíûõ, îòíîñèòåëüíî ëåãêî ïîëó÷èòü îöåíêó êîëè÷åñòâà àðè�ìåòè÷åñêèõîïåðàöèé, èñïîëüçóåìûõ ïðè ðàñ÷åòå. Îäíàêî êîëè÷åñòâî àðè�ìåòè÷åñêèõîïåðàöèé îïðåäåëÿåò ñêîðîñòü ñ÷åòà, à äëÿ ïîëó÷åíèÿ îöåíêè ý��åêòèâíîñòèíåîáõîäèìî îöåíèòü åùå è ïîãðåøíîñòü âû÷èñëåíèé, èìåííî â ýòîì âîïðîñåè âîçíèêëè íàèáîëüøèå òðóäíîñòè. Äåëî â òîì, ÷òî ïîðÿäîê àïïðîêñèìàöèè,êîòîðûé ïðåäñòàâëÿåòñÿ î÷åâèäíîé êîëè÷åñòâåííîé ìåðîé "áëèçîñòè" äèñ-êðåòíîé (ðàñ÷åòíîé) è íåïðåðûâíîé ìîäåëåé, íå ÿâëÿåòñÿ åäèíñòâåííûì �àê-òîðîì, îïðåäåëÿþùèì ïîãðåøíîñòü ðàñ÷åòà, íà òî÷íîñòü âû÷èñëåíèé âëèÿþòòàêæå ñêîðîñòü ñõîäèìîñòè, ìíîãî÷èñëåííûå è òðóäíîó÷èòûâàåìûå ïîãðåø-íîñòè, âíîñèìûå íà ðàçíûõ ýòàïàõ àëãîðèòìà, è èõ âçàèìîäåéñòâèå, óñòîé÷è-âîñòü ðàñ÷åòíîé ñõåìû. Ïåðå÷èñëåííûå �àêòîðû ïëîõî ïîääàþòñÿ òåîðåòè-÷åñêîìó ó÷åòó, îñîáåííî äëÿ ñëîæíûõ àëãîðèòìîâ. Êðîìå òîãî, ïîãðåøíîñòüïðàêòè÷åñêîãî ðàñ÷åòà ñóùåñòâåííî çàâèñèò îò ïðîãðàììíîé ðåàëèçàöèè àë-ãîðèòìà, ÷òî ñîñòàâëÿåò îòäåëüíóþ è î÷åíü ñóùåñòâåííóþ ïðîáëåìó êàê äëÿ÷èñëåííîãî ìîäåëèðîâàíèÿ, òàê è äëÿ âû÷èñëèòåëüíîé ìàòåìàòèêè â öåëîì.Òàêèì îáðàçîì, âîçíèêëà òåíäåíöèÿ ðàçäåëÿòü òåîðåòè÷åñêèå îöåíêè àë-ãîðèòìà è åãî ýêñïåðèìåíòàëüíûå èññëåäîâàíèÿ, îòíîñÿ âîïðîñ îá ý��åêòèâ-íîñòè àëãîðèòìà ïðåèìóùåñòâåííî ê ïîñëåäíèì. Íàèáîëåå ïîëíî è ïîñëåäîâà-òåëüíî ýòà òî÷êà çðåíèÿ áûëà ñ�îðìóëèðîâàíà â êíèãå Ä. Âàí Òàññåëà [5℄, ãäåâîïðîñ îá ý��åêòèâíîñòè àëãîðèòìà áûë ðàññìîòðåí êàê ÷àñòü îáùåé ïðîáëå-ìû ý��åêòèâíîñòè ïðîãðàììíîãî îáåñïå÷åíèÿ. Ýòîò ïîäõîä ïðèíöèïèàëüíîîòëè÷àëñÿ îò êëàññè÷åñêîãî òåîðåòè÷åñêîãî ïîäõîäà, äîìèíèðîâàâøåãî â òîâðåìÿ, ïîñêîëüêó îí óòâåðæäàë íåâîçìîæíîñòü íèêàêîé äðóãîé ðåàëèçàöèèàëãîðèòìà êðîìå êàê â ïðîãðàììíîì îáåñïå÷åíèè è ñâîäèë ý��åêòèâíîñòüàëãîðèòìà ê ñîñòàâíîé ÷àñòè ý��åêòèâíîñòè ïðîãðàììíîãî êîäà. Òî÷êà çðå-íèÿ Ä. Âàí Òàññåëà îòðàæàëà, ïðåæäå âñåãî, îïûò áîëüøîãî ÷èñëà ïðàê-òèêóþùèõ ïðîãðàììèñòîâ è íå áûëà ïðèíÿòà áîëüøèíñòâîì ìàòåìàòèêîâ,ðàáîòàþùèõ â îáëàñòè ÷èñëåííûõ ìåòîäîâ. Îäíàêî èìåííî ýòà òî÷êà çðåíèÿïðåäëàãàëà ïðîñòîé è ïîíÿòíûé âûõîä èç êðèçèñíîé ñèòóàöèè, âûçâàííîéóñëîæíåíèåì ðàñ÷åòíûõ àëãîðèòìîâ. Ìåòîäèêè òåñòèðîâàíèÿ ïðîãðàììíîãîîáåñïå÷åíèÿ, î êîòîðûõ ïèñàë Ä. Âàí Òàññåë, äîñòàòî÷íî ïðîñòû è î÷åâèäíû,ïîýòîìó èäåÿ òåñòèðîâàíèÿ ïðîãðàìì ñ öåëüþ îïðåäåëåíèÿ ý��åêòèâíîñòèàëãîðèòìà ïðèîáðåëà áîëüøóþ ïîïóëÿðíîñòü â ñðåäå ïðîãðàììèñòîâ. Ñïðà-



6 Ä. Â. ÅÂÄÎÊÈÌÎÂ, À. À. ÊÎ×ÓÁÅÉ, Í. Â. ÏÎËßÊÎÂâåäëèâîñòè ðàäè ñëåäóåò îòìåòèòü, ÷òî ý��åêòèâíîñòü ïðîãðàììû çàâèñèòíå òîëüêî îò ý��åêòèâíîñòè àëãîðèòìà, íî è îò "êà÷åñòâà" ïðîãðàììíîé ðå-àëèçàöèè, òî åñòü, ý��åêòèâíîñòè ïðèìåíÿåìûõ àâòîðîì ïðîãðàììû òåõ èëèèíûõ ïðèåìîâ ïðîãðàììèðîâàíèÿ. Óæå âî âðåìåíà Ä. Âàí Òàññåëà áûëè èç-âåñòíû ìíîãî÷èñëåííûå ïðèìåðû, êîãäà íåçíà÷èòåëüíûå ÷èñòî ïðîãðàììíûåóñîâåðøåíñòâîâàíèÿ, íå çàòðàãèâàþùèå àëãîðèòì, ïðèâîäèëè ê ðåçêîìó ñî-êðàùåíèþ âðåìåíè ñ÷åòà èëè çíà÷èòåëüíîìó ïîâûøåíèþ òî÷íîñòè ðàñ÷åòà.Ýòî è áûëî îñíîâíûì âîçðàæåíèåì ïðîòèâ ïîäõîäà Ä. Âàí Òàññåëà. Äèñêóñ-ñèÿ î ðîëè ÷èñëåííîãî ýêñïåðèìåíòà íà òåñòîâûõ çàäà÷àõ äëÿ îöåíêè "êà-÷åñòâà" àëãîðèòìîâ, ìàòåìàòè÷åñêèõ è ÷èñëåííûõ ìîäåëåé ïðîäîëæàåòñÿ äîñèõ ïîð, è âîïðîñ î êîððåêòíîñòè òàêîãî ïîäõîäà åùå âåñüìà äàëåê îò îêîí-÷àòåëüíîãî ðàçðåøåíèÿ.Âòîðûì ïîâîðîòíûì ìîìåíòîì â ýâîëþöèè âçãëÿäîâ íà ìåòîäû èññëåäî-âàíèÿ àëãîðèòìîâ ñòàë âûõîä êíèãè [3℄, â êîòîðîé áûë ðàññìîòðåí âîïðîñ îáèñïîëüçîâàíèè â âû÷èñëèòåëüíîé ïðàêòèêå àëãîðèòìîâ, îñíîâàííûõ íà ðàñõî-äÿùèõñÿ ðàçëîæåíèÿõ â ðÿäû, èëè àëãîðèòìîâ, î ñõîäèìîñòè êîòîðûõ íè÷åãîíå èçâåñòíî. Îñíîâûâàÿñü íà äîñòàòî÷íî øèðîêîé è óñïåøíîé ïðàêòèêå ïðè-êëàäíûõ èíæåíåðíûõ è íàó÷íûõ ðàñ÷åòîâ, àâòîðû êíèãè [3℄ ñäåëàëè âûâîäî öåëåñîîáðàçíîñòè èñïîëüçîâàíèÿ òàêèõ àëãîðèòìîâ â öåëîì ðÿäå ñëó÷àåâ,êîãäà ðåçóëüòàòû ðàñ÷åòîâ ìîãóò áûòü óäîñòîâåðåíû òåì èëè èíûì ïóòåì.Òàêèì îáðàçîì, â êíèãå [3℄ âîïðîñ âíîâü ñâåëñÿ ê ìåòîäàì òåñòèðîâàíèÿ àë-ãîðèòìà.Âïîñëåäñòâèè áûëî ìíîæåñòâî ïóáëèêàöèé, ïîñâÿùåííûõ ý��åêòèâíî-ñòè ÷èñëåííûõ àëãîðèòìîâ, âåðè�èêàöèè ðåçóëüòàòîâ ðàñ÷åòîâ, òåñòèðîâà-íèþ àëãîðèòìîâ è ïðîãðàìì è, êîíå÷íî, òåîðåòè÷åñêîìó àíàëèçó àëãîðèòìîâ.Áîëåå òîãî, ïðàêòè÷åñêè â êàæäîé ðàáîòå, ïîñâÿùåííîé ìàòåìàòè÷åñêîìó è÷èñëåííîìó ìîäåëèðîâàíèþ, ýòè âîïðîñû çàòðàãèâàþòñÿ â òîé èëè èíîé ìåðå.Íå èìåÿ âîçìîæíîñòè îõâàòèòü â äàííîì êðàòêîì îáçîðå âñþ ìàññó óïîìÿíó-òûõ ïóáëèêàöèé, ñîøëåìñÿ íà ìîíîãðà�èè [2, 13, 14, 15℄, â êîòîðûõ ðàññìàò-ðèâàåìûå ïðîáëåìû àíàëèçèðóþòñÿ áîëåå ïîäðîáíî, íî, â öåëîì, ñëåäóåò îò-ìåòèòü, ÷òî ïðèíöèïèàëüíîãî ïðîãðåññà â äàííîì íàïðàâëåíèè ïîñëå âûõîäàêíèã [3, 5℄ íå íàáëþäàëîñü, õîòÿ áûëè ïðåäëîæåíû îòäåëüíûå âûñîêîý��åê-òèâíûå ïðèåìû è ìåòîäèêè, à ðÿä äðóãèõ ïîäõîäîâ ïîëó÷èë ñóùåñòâåííîåðàçâèòèå.4. Íåðåøåííûå çàäà÷è è öåëè íàñòîÿùåé ðàáîòûÊàê îòìå÷àëîñü âûøå, äîñòàòî÷íî ïîëíûé è ïîñëåäîâàòåëüíûé àíàëèçëèòåðàòóðû, ïîñâÿùåííîé ïðîáëåìå ý��åêòèâíîñòè âû÷èñëèòåëüíûõ àëãî-ðèòìîâ, â ðàìêàõ äàííîé ðàáîòû ïðàêòè÷åñêè íåâîçìîæåí. Ïîýòîìó îãðà-íè÷èìñÿ àíàëèçîì îáùèõ òåíäåíöèé, ïðîÿâèâøèõñÿ â âû÷èñëèòåëüíîé ìà-òåìàòèêå â ïîñëåäíåå âðåìÿ. Êàê ìîæíî çàêëþ÷èòü èç âûøåèçëîæåííîãî,ñèòóàöèÿ â âîïðîñå îá ý��åêòèâíîñòè âû÷èñëèòåëüíûõ àëãîðèòìîâ çàïóòàíàè ïðîòèâîðå÷èâà. Ñóùåñòâåííûì �àêòîðîì, âëèÿþùèì íà ðàññìàòðèâàåìóþîáëàñòü, ÿâëÿåòñÿ ñòðåìèòåëüíûé ðîñò âîçìîæíîñòåé âû÷èñëèòåëüíîé òåõíè-êè. Ñîãëàñíî çàêîíó Ìóðà ïðîèçâîäèòåëüíîñòü âû÷èñëèòåëüíûõ ñèñòåì óäâà-èâàåòñÿ êàæäûå 18 ìåñÿöåâ, à ðîñò âîçìîæíîñòåé ñîîòâåòñòâóþùèõ ïàêåòîâ



ÒÅÍÄÅÍÖÈß �ÀÇÂÈÒÈß ÌÀÒÅÌÀÒÈ×ÅÑÊÎ�Î ÌÎÄÅËÈ�ÎÂÀÍÈß 7ïðèêëàäíûõ ïðîãðàìì ïðîèñõîäèò åùå áûñòðåå âñëåäñòâèå ñîâåðøåíñòâîâà-íèÿ àëãîðèòìîâ, â íèõ èñïîëüçóåìûõ. Áëàãîäàðÿ ñòîëü áûñòðîìó ðîñòó âîç-íèêëî äàæå ìíåíèå î òîì, ÷òî â íàñòîÿùåå âðåìÿ ïðîáëåìà ý��åêòèâíîñòèâû÷èñëèòåëüíûõ àëãîðèòìîâ íå ÿâëÿåòñÿ äîñòàòî÷íî àêòóàëüíîé.Ïîêàæåì îøèáî÷íîñòü ýòîé òî÷êè çðåíèÿ. Ñîãëàñíî çàêîíó Ìóðà ïðîèçâî-äèòåëüíîñòü âû÷èñëèòåëüíîé òåõíèêè çà ïîñëåäíèå 15 ëåò âûðîñëà ïðèìåðíîâ 1000 ðàç. Ýòî îçíà÷àåò, ÷òî â íàèáîëåå ñëîæíûõ èç ñóùåñòâóþùèõ âû÷èñëè-òåëüíûõ çàäà÷ � ïðîñòðàíñòâåííûõ çàäà÷àõ � ìîæíî óâåëè÷èòü êîëè÷åñòâîóçëîâ ñåòêè â 10 ðàç, òî åñòü íà ïîðÿäîê (åñëè 15 ëåò íàçàä â ðàñ÷åòàõ íàïåðñîíàëüíîì êîìïüþòåðå "õîðîøåé"ñ÷èòàëàñü ñåòêà 50 50 50, à íà áîëååìîùíûõ ñèñòåìàõ îò 150 150 150 äî 200 200 200, òî ñåé÷àñ � äàííûå âçÿòûíà ñåðåäèíó 2008 ãîäà � ñåòêà 500 500 500 âïîëíå äîñòèæèìà íà ìîùíîìïåðñîíàëüíîì êîìïüþòåðå, à íà ñèñòåìàõ áîëüøåé ìîùíîñòè ìîãóò èñïîëü-çîâàòüñÿ ñåòêè îò 1000 1000 1000 äî 2000 2000 2000). Ïîíÿòíî, ÷òî â çàäà÷àõ,ðåøàâøèõñÿ 15 è áîëåå ëåò íàçàä, ýòî óâåëè÷åíèå âû÷èñëèòåëüíûõ âîçìîæíî-ñòåé ïîçâîëèëî äîñòèãíóòü áóêâàëüíî ïîðàçèòåëüíîãî ïðîãðåññà. Òàê ñåòêè,ïðèìåíÿâøèåñÿ 15 ëåò íàçàä, ïîçâîëÿëè áîëåå èëè ìåíåå òî÷íî ðàññ÷èòûâàòüý��åêòû ãåîìåòðè÷åñêîãî ìàñøòàáà ïîðÿäêà 0,1 ðàçìåðà îáëàñòè ðåøåíèÿ,à ñåòêè, ïðèìåíÿåìûå ñåé÷àñ, ïðåäîñòàâëÿþò àíàëîãè÷íóþ âîçìîæíîñòü äëÿý��åêòîâ ìàñøòàáà 0,01�0,005 ðàçìåðà îáëàñòè. Íî çà òå æå 15 ëåò ïîÿâè-ëèñü ïðèíöèïèàëüíî íîâûå çàäà÷è, ñâÿçàííûå ñ ðàçâèòèåì ìèêðîýëåêòðîíè-êè, ìèêðîìåõàíèêè, ìèêðîáèîëîãèè è, íàêîíåö, íàíîòåõíîëîãèé, äëÿ êîòîðûõñîîòíîøåíèå õàðàêòåðíîãî ðàçìåðà èññëåäóåìûõ ý��åêòîâ ê õàðàêòåðíîìóðàçìåðó îáëàñòè íà íåñêîëüêî ïîðÿäêîâ ìåíüøå, ÷åì ëåãêî äîñòèæèìûå ñåé-÷àñ ìàñøòàáû 0,01�0,005.Òàêèì îáðàçîì, ñ ïîÿâëåíèåì íîâûõ çàäà÷ òðåáîâàíèÿ ê ïðîèçâîäèòåëü-íîñòè âû÷èñëèòåëüíîé òåõíèêè òîëüêî âîçðîñëè, ïðè÷åì äîñòàòî÷íî ñóùåñò-âåííî, à âûâîä î òîì, ÷òî âîçìîæíîñòè âû÷èñëèòåëüíîé òåõíèêè ïðàêòè÷åñêèïîëíîñòüþ óäîâëåòâîðÿþò ïîòðåáíîñòè â ðàñ÷åòàõ èëè áëèçêè ê òîìó, ñëåäóåòïðèçíàòü îïàñíîé èëëþçèåé. Ïðè÷èíàìè äàííîãî âåñüìà ðàñïðîñòðàíåííîãîçàáëóæäåíèÿ ÿâëÿþòñÿ: çíà÷èòåëüíûé ïðîãðåññ â êëàññè÷åñêèõ òåõíè÷åñêèõçàäà÷àõ, ñ�îðìóëèðîâàííûõ â 50�60-å ãîäû ïðîøëîãî âåêà, à òî è ðàíåå; íåèñ÷åðïàíèå, íî çíà÷èòåëüíîå óìåíüøåíèå ñïèñêà íåðåøåííûõ çàäà÷ ìàòåìà-òè÷åñêîãî è ÷èñëåííîãî ìîäåëèðîâàíèÿ; áûñòðûé ðîñò èíñòàëëÿöèîííîé áàçûâû÷èñëèòåëüíîé òåõíèêè, ñäåëàâøèé åå î÷åíü äîñòóïíîé äëÿ ïðîâåäåíèÿ ìàñ-ñîâûõ ðàñ÷åòîâ; ïðîãðåññ ïðîãðàììíîãî îáåñïå÷åíèÿ, èñêëþ÷èòåëüíàÿ ïðî-ñòîòà è ëåãêîñòü ðàáîòû ñ íèì ïî ñðàâíåíèþ ñ òåì, ÷òî áûëî 15 è áîëåå ëåòíàçàä.Ïðèâåäåííûå âûøå ñîîáðàæåíèÿ ïîêàçûâàþò, ÷òî ïðîáëåìà ý��åêòèâíî-ñòè ÷èñëåííûõ ìåòîäîâ, ðàâíî êàê è îáùàÿ ïðîáëåìà ý��åêòèâíîñòè ìàòå-ìàòè÷åñêîãî è ÷èñëåííîãî ìîäåëèðîâàíèÿ, åùå âåñüìà äàëåêè îò ñâîåãî ïîë-íîãî ðàçðåøåíèÿ, íåñìîòðÿ íà çíà÷èòåëüíûé ïðîãðåññ, äîñòèãíóòûé â ýòîéîáëàñòè. Áîëåå òîãî, ïðîáëåìà ýòà ïðîäîëæàåò îñòàâàòüñÿ âåñüìà àêòóàëüíîé.Êîíå÷íî, â íàñòîÿùåå âðåìÿ íåñêîëüêî èçìåíèëîñü ïîíÿòèå ý��åêòèâíîñòè�åñëè 15 è áîëåå ëåò íàçàä ïîä ý��åêòèâíîñòüþ àëãîðèòìà ïîíèìàëîñü, ïðåæ-äå âñåãî, ìèíèìàëüíîå âðåìÿ ñ÷åòà ïðè ñêîëüêî-íèáóäü ïðèåìëåìîé òî÷íîñòè,òî ñåé÷àñ ïîä ý��åêòèâíîñòüþ ïîäðàçóìåâàþò êîððåêòíîñòü è âûñîêóþ òî÷-



8 Ä. Â. ÅÂÄÎÊÈÌÎÂ, À. À. ÊÎ×ÓÁÅÉ, Í. Â. ÏÎËßÊÎÂíîñòü ðåçóëüòàòîâ, à âîïðîñ âðåìåíè óæå íå ñòîëü âàæåí.Íà çàðå ðàçâèòèÿ âû÷èñëèòåëüíîé òåõíèêè è ÷èñëåííûõ ìåòîäîâ ïîòðåá-íîñòè ïðàêòèêè âî ìíîãîì ñâîäèëè ïðîáëåìó ý��åêòèâíîñòè ÷èñëåííîãî ìî-äåëèðîâàíèÿ ê îáåñïå÷åíèþ àäåêâàòíîñòè ðàñ÷åòà, òî åñòü ñðàâíåíèþ ðåçóëü-òàòîâ ÷èñëåííîãî ðàñ÷åòà ñ ðåçóëüòàòàìè ýêñïåðèìåíòà. Âàæíîé òåíäåíöèåéâ ðàçâèòèè ìàòåìàòè÷åñêîãî è ÷èñëåííîãî ìîäåëèðîâàíèÿ óæå íà ïðîòÿæå-íèè äîñòàòî÷íî äëèòåëüíîãî âðåìåíè ÿâëÿåòñÿ èçó÷åíèå ÿâëåíèé, ýêñïåðè-ìåíòàëüíîå èññëåäîâàíèå êîòîðûõ íåâîçìîæíî â ñèëó òåõ èëè èíûõ ïðè÷èí.Èìåííî ýòî îáñòîÿòåëüñòâî îáóñëîâèëî ïîèñê êðèòåðèÿ àäåêâàòíîñòè ÷èñ-ëåííîãî ðåøåíèÿ, íå ñâÿçàííîãî ñ �èçè÷åñêèì ýêñïåðèìåíòîì. Ñëåäóåò îòìå-òèòü, ÷òî ïðîãðåññ â äàííîì íàïðàâëåíèè â íàñòîÿùåå âðåìÿ îñòàâëÿåò æå-ëàòü ìíîãî áîëüøåãî. Õîòåëîñü áû îòìåòèòü åùå îäíó òåíäåíöèþ: ïðîãðåññìåòîäîâ ÷èñëåííîãî ìîäåëèðîâàíèÿ â ïîñëåäíèå äåñÿòèëåòèÿ øåë íàìíîãîáûñòðåå ïðîãðåññà ìåòîäîâ ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé, â ðåçóëüòàòå÷åãî â ðàçíûå ìîìåíòû âðåìåíè, íî ê íàñòîÿùåìó âðåìåíè óæå â ïîäàâëÿþ-ùåì áîëüøèíñòâå íàïðàâëåíèé íàóêè è òåõíèêè òî÷íîñòü ÷èñëåííîãî ðàñ÷å-òà ïðåâûñèëà òî÷íîñòü ýêñïåðèìåíòàëüíîãî èññëåäîâàíèÿ. Áîëåå òîãî, ñåé÷àñòèïè÷íîé ñëåäóåò ñ÷èòàòü ñèòóàöèþ, êîãäà ïîãðåøíîñòü ÷èñëåííîãî ðàñ÷å-òà ìîæåò áûòü íà íåñêîëüêî ïîðÿäêîâ ìåíüøåé, íåæåëè ïîãðåøíîñòü ñîîò-âåòñòâóþùåãî íàòóðíîãî èëè ëàáîðàòîðíîãî ýêñïåðèìåíòà. Â ñèëó âûñêàçàí-íûõ ñîîáðàæåíèé èñïîëüçîâàíèå ýêñïåðèìåíòàëüíûõ äàííûõ äëÿ êîíòðîëÿòî÷íîñòè ÷èñëåííûõ ðàñ÷åòîâ ïðåäñòàâëÿåòñÿ íåëåïûì, â êàêîé-òî ñòåïåíèïîñëåäíèå ìîæíî èñïîëüçîâàòü ëèøü äëÿ îöåíêè àäåêâàòíîñòè ÷èñëåííîãîðåçóëüòàòà, äà è òî ñ èçâåñòíûìè îãîâîðêàìè.Âûøåïåðå÷èñëåííûå òðóäíîñòè, ïðîòèâîðå÷èÿ è ïðîáëåìû ñòèìóëèðîâà-ëè íàïèñàíèå íàñòîÿùåé ñòàòüè, î÷åâèäíîé öåëüþ êîòîðîé ÿâëÿåòñÿ âûäå-ëåíèå ïåðñïåêòèâíûõ íàïðàâëåíèé ðàçâèòèÿ ìàòåìàòè÷åñêîãî è ÷èñëåííîãîìîäåëèðîâàíèÿ ñ ó÷åòîì ïåðå÷èñëåííûõ âûøå íåîäíîçíà÷íûõ òåíäåíöèé ðàç-âèòèÿ òàêîâûõ. Âïåðâûå àâòîðû îáðàòèëèñü ê ýòèì âîïðîñàì â ðàáîòå [12℄,åñòåñòâåííûì ëîãè÷åñêèì ïðîäîëæåíèåì êîòîðîé ÿâëÿåòñÿ íàñòîÿùàÿ ñòà-òüÿ.5. Ïðîáëåìû àäåêâàòíîñòè, òî÷íîñòè è ý��åêòèâíîñòèðåçóëüòàòîâ ÷èñëåííîãî ìîäåëèðîâàíèÿ�àññìîòðèì òðàäèöèîííóþ ñõåìó ìàòåìàòè÷åñêîãî è ÷èñëåííîãî ìîäåëè-ðîâàíèÿ: "�èçè÷åñêîå ÿâëåíèå � �èçè÷åñêàÿ ìîäåëü � ìàòåìàòè÷åñêàÿ ìî-äåëü � ÷èñëåííûé ìåòîä � ÷èñëåííàÿ ìîäåëü � ðåçóëüòàòû ÷èñëåííûõ ðàñ-÷åòîâ" (ñïðàâåäëèâîñòè ðàäè ñëåäóåò îòìåòèòü, ÷òî, êàê ïðàâèëî, ýòà ñõåìàâ ëèòåðàòóðå ïðèâîäèòñÿ â óñå÷åííîì âèäå, íî ïðèâåäåííûé âàðèàíò âûäå-ëÿåò ðÿä îñîáåííîñòåé, âàæíûõ äëÿ àíàëèçà ïîãðåøíîñòåé). Â ëèòåðàòóðåîñíîâíîå âíèìàíèå ïðè àíàëèçå ïðèâåäåííîé ëîãè÷åñêîé ñõåìû ïî íåïîíÿò-íûì ïðè÷èíàì óäåëÿåòñÿ âîïðîñàì íååäèíñòâåííîñòè �èçè÷åñêèõ è, ñîîòâåò-ñòâåííî, ìàòåìàòè÷åñêèõ ìîäåëåé ÿâëåíèé è âçàèìîîòíîøåíèé ìåæäó àëü-òåðíàòèâíûìè ìîäåëÿìè. Íå óìàëÿÿ ìåòîäîëîãè÷åñêîãî è îáùå�èëîñî�ñêîãîçíà÷åíèÿ óêàçàííîé ïðîáëåìû, àâòîðû íàñòîÿùåé ñòàòüè îòíþäü íå ñ÷èòàþòåå êëþ÷åâîé äëÿ ðàçâèòèÿ ìàòåìàòè÷åñêîãî è ÷èñëåííîãî ìîäåëèðîâàíèÿ.



ÒÅÍÄÅÍÖÈß �ÀÇÂÈÒÈß ÌÀÒÅÌÀÒÈ×ÅÑÊÎ�Î ÌÎÄÅËÈ�ÎÂÀÍÈß 9Ïî ìíåíèþ àâòîðîâ, ïåðìàíåíòíûå òðåáîâàíèÿ ïîâûøåíèÿ òî÷íîñòè ðàñ-÷åòîâ, âîçíèêàþùèå â ñîâðåìåííûõ íàó÷íûõ èññëåäîâàíèÿõ è ïðè ðàçðàáîò-êå íîâûõ òåõíîëîãèé, äåëàþò êëþ÷åâîé ïðîáëåìó âîçíèêíîâåíèÿ è íàêîï-ëåíèÿ ïîãðåøíîñòè â ðàìêàõ óêàçàííîé ñõåìû. Èìåííî ïîýòîìó ïðîâåäåíîðàçãðàíè÷åíèå ýòàïîâ "ìàòåìàòè÷åñêàÿ ìîäåëü � ÷èñëåííûé ìåòîä � ÷èñ-ëåííàÿ ìîäåëü � ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ" , âåäü êàæäûé èç ýòèõýòàïîâ èññëåäîâàíèÿ âíîñèò â ðåøåíèå ñïåöè�è÷åñêóþ ïîãðåøíîñòü. Ïðåæäå÷åì ðàññìàòðèâàòü ãåíåðàöèþ ïîãðåøíîñòè â óêàçàííîé ñõåìå, ñëåäóåò ðàçðå-øèòü ñëåäóþùåå êëàññè�èêàöèîííîå ïðîòèâîðå÷èå: â ñõåìó ðàñ÷åòà íåèçáåæ-íî âõîäÿò ïîëó÷åííûå ýìïèðè÷åñêèì ïóòåì ïàðàìåòðû è çàâèñèìîñòè, îòðà-æàþùèå ñâîéñòâà ñðåäû (�èçè÷åñêèå, õèìè÷åñêèå, ãåîìåòðè÷åñêèå è ïðî÷èå),â êîòîðîé ïðîèñõîäèò èññëåäóåìûé ïðîöåññ. Çàáåãàÿ âïåðåä, óêàæåì, ÷òî çà-÷àñòóþ íà ñîâðåìåííîì ýòàïå èìåííî ýòè çàâèñèìîñòè îêàçûâàþòñÿ íàèáîëååñóùåñòâåííûì èñòî÷íèêîì ïîãðåøíîñòè, ïîñêîëüêó, êàê îòìå÷àëîñü âûøå,ïîãðåøíîñòè ýêñïåðèìåíòàëüíûõ ìåòîäîâ îêàçûâàþòñÿ äîñòàòî÷íî áîëüøè-ìè (à èíîãäà è íåäîïóñòèìî áîëüøèìè) ïî ñðàâíåíèþ ñ ïîãðåøíîñòÿìè, âíî-ñèìûìè íà äðóãèõ ýòàïàõ èññëåäîâàíèÿ.Àâòîðû íàñòîÿùåé ðàáîòû ñ÷èòàþò ïðàâèëüíûì îòíåñòè îïðåäåëåíèå óïî-ìÿíóòûõ ïàðàìåòðîâ è �îðìèðîâàíèå óêàçàííûõ ýìïèðè÷åñêèõ çàâèñèìî-ñòåé ê ýòàïó �îðìèðîâàíèÿ �èçè÷åñêîé ìîäåëè ÿâëåíèÿ, à íå ê ìàòåìàòè-÷åñêîé ìîäåëè, êàê ýòî èíîãäà äåëàåòñÿ. Ïðèâåäåííàÿ êëàññè�èêàöèÿ, îä-íàêî, íå ñíèìàåò îñòðîòû âîçíèêøåé ïðîáëåìû [12℄: îáùèå ìàòåìàòè÷åñêèåìîäåëè îòäåëüíûõ êëàññîâ �èçè÷åñêèõ ÿâëåíèé, â êîòîðûõ �èçè÷åñêèå ñâîé-ñòâà ñðåäû îòðàæåíû â âèäå �îðìàëüíûõ ïàðàìåòðîâ, íàìíîãî òî÷íåå, ÷åììàòåìàòè÷åñêèå ìîäåëè èíäèâèäóàëüíûõ �èçè÷åñêèõ ÿâëåíèé èç ýòèõ êëàñ-ñîâ, âêëþ÷àþùèõ ýêñïåðèìåíòàëüíî îïðåäåëåííûå ïàðàìåòðû è çàâèñèìî-ñòè. Îòìåòèì, ÷òî àíàëèòè÷åñêèå ðåøåíèÿ ñòðîÿòñÿ, êàê ïðàâèëî, äëÿ îáùèõìàòåìàòè÷åñêèõ ìîäåëåé, �èçè÷åñêèå ýêñïåðèìåíòû ïðîâîäÿòñÿ òîëüêî äëÿèíäèâèäóàëüíûõ �èçè÷åñêèõ ÿâëåíèé, à ÷èñëåííûå ðàñ÷åòû, âîîáùå ãîâîðÿ,ìîãóò áûòü ïðîâåäåíû â îáîèõ ñëó÷àÿõ.Òàêèì îáðàçîì, òåçèñ î òîì, ÷òî òî÷íîñòü ÷èñëåííîãî ðàñ÷åòà íå ìîæåòïðåâûøàòü òî÷íîñòü ýêñïåðèìåíòàëüíûõ äàííûõ, ïðåäñòàâëÿåòñÿ íå âñåãäàïðàâèëüíûì. Çà÷àñòóþ ïðè ìîäåëèðîâàíèè èíäèâèäóàëüíûõ �èçè÷åñêèõ ÿâ-ëåíèé âîçíèêàåò ïàðàäîêñàëüíàÿ ñèòóàöèÿ, êîãäà â ìàòåìàòè÷åñêóþ ìîäåëüâêëþ÷àþò ðåçóëüòàòû ýêñïåðèìåíòà, à çàòåì äëÿ îïðåäåëåíèÿ àäåêâàòíîñòèè òî÷íîñòè ðåçóëüòàòîâ ÷èñëåííîãî ðåøåíèÿ èõ ñðàâíèâàþò ñ òåì æå èëè àíà-ëîãè÷íûì ýêñïåðèìåíòîì. Î÷åâèäíî, ÷òî îáùàÿ ïîãðåøíîñòü òàêîãî ÷èñëåí-íîãî ðåçóëüòàòà îïðåäåëÿåòñÿ ïðåèìóùåñòâåííî ïîãðåøíîñòüþ �èçè÷åñêîãîýêñïåðèìåíòà, à ëþáûå âûâîäû î òî÷íîñòè ÷èñëåííîãî ðàñ÷åòà â ïðèñóòñòâèèêóäà êàê áîëåå çíà÷èòåëüíîé ïîãðåøíîñòè �èçè÷åñêîãî ýêñïåðèìåíòà ïðåä-ñòàâëÿþòñÿ âåñüìà ñîìíèòåëüíûìè. Òî åñòü, â äàííîì ñëó÷àå ðå÷ü ìîæåòèäòè òîëüêî îá àäåêâàòíîñòè ïîäõîäà, íî íèêàê íå î åãî òî÷íîñòè.Ñ òî÷êè çðåíèÿ àâòîðîâ íàñòîÿùåé ñòàòüè öåëåñîîáðàçíî òåñòèðîâàíèå÷èñëåííûõ ïîäõîäîâ íà àíàëèòè÷åñêèõ ðåøåíèÿõ. �åçóëüòàòû òàêîãî òåñòè-ðîâàíèÿ áîëåå èí�îðìàòèâíû, ïîçâîëÿþò ïðÿìî ñóäèòü î òî÷íîñòè ÷èñëåí-íîãî ïîäõîäà, íå òðåáóþò ðàçäåëåíèÿ íà ïîãðåøíîñòü ÷èñëåííîãî ðåøåíèÿ èîáùóþ ïîãðåøíîñòü ÷èñëåííîãî ðåçóëüòàòà. Òàêèì îáðàçîì, â ñõåìå "�èçè-



10 Ä. Â. ÅÂÄÎÊÈÌÎÂ, À. À. ÊÎ×ÓÁÅÉ, Í. Â. ÏÎËßÊÎÂ÷åñêîå ÿâëåíèå� �èçè÷åñêàÿ ìîäåëü� ìàòåìàòè÷åñêàÿ ìîäåëü� ÷èñëåííûéìåòîä� ÷èñëåííàÿ ìîäåëü� ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ" óäàåòñÿ âûäå-ëèòü ïîãðåøíîñòè, âîçíèêàþùèå íà âñåõ ïðîìåæóòî÷íûõ ñòàäèÿõ: ïîãðåø-íîñòü �èçè÷åñêîé ìîäåëè îïðåäåëÿåòñÿ íå òîëüêî êàê ïîãðåøíîñòü, âíîñè-ìàÿ â ðåçóëüòàòå íåèçáåæíîãî óïðîùåíèÿ �èçè÷åñêèõ ïðåäñòàâëåíèé, íî èêàê ïîãðåøíîñòü ýêñïåðèìåíòàëüíûõ äàííûõ; ïîãðåøíîñòü ìàòåìàòè÷åñêîéìîäåëè ïîíèìàåòñÿ â òðàäèöèîííîì ñìûñëå. Åñëè ïîãðåøíîñòü �èçè÷åñêîéìîäåëè, â ïðèíöèïå, ìîæåò áûòü îöåíåíà, òî ïîãðåøíîñòü ìàòåìàòè÷åñêîé ìî-äåëè ñ òðóäîì ïîääàåòñÿ �îðìàëèçàöèè. Äëÿ îöåíêè ïîñëåäíåé ìîæíî ðåêî-ìåíäîâàòü ëèøü ñðàâíèòåëüíûé àíàëèç ðåçóëüòàòîâ àíàëèòè÷åñêèõ ðåøåíèé,êîíêðåòèçèðîâàííûõ äëÿ ñïåöèàëüíî ïîäîáðàííûõ �èçè÷åñêèõ ýêñïåðèìåí-òîâ, ñ ðåçóëüòàòàìè ýòèõ ýêñïåðèìåíòîâ, ÷òî, îäíàêî, âîçìîæíî ëèøü ïðèíàëè÷èè äîñòîâåðíûõ îöåíîê ïîãðåøíîñòè ñàìèõ ýêñïåðèìåíòîâ. Ïîãðåøíî-ñòè ÷èñëåííûõ àëãîðèòìîâ äîñòàòî÷íî õîðîøî èçó÷åíû â ñîîòâåòñòâóþùåéòåîðèè, ïîýòîìó íå áóäåì íà íèõ îñòàíàâëèâàòüñÿ ïîäðîáíî, îòìåòèì ëèøü,÷òî îáøèðíàÿ âû÷èñëèòåëüíàÿ ïðàêòèêà çàñòàâëÿåò ñ÷èòàòü òåîðåòè÷åñêèåîöåíêè áîëüøèíñòâà ÷èñëåííûõ àëãîðèòìîâ íåäîñòàòî÷íî òî÷íûìè, îñîáåí-íî äëÿ íåëèíåéíûõ çàäà÷. Ïðè ÷èñëåííîì ðåøåíèè ñëîæíûõ çàäà÷, òðåáóþ-ùåì ñîâìåñòíîãî èñïîëüçîâàíèÿ íåñêîëüêèõ ðàçíîïëàíîâûõ àëãîðèòìîâ, òåî-ðåòè÷åñêèå îöåíêè òî÷íîñòè îòñóòñòâóþò ñîâñåì. Ñ äðóãîé ñòîðîíû, ïðè èñ-ñëåäîâàíèè òî÷íîñòè ÷èñëåííîãî àëãîðèòìà ïóòåì ÷èñëåííîãî ýêñïåðèìåí-òà (ïðèìåíÿÿ ïðåäëîæåííîå âûøå òåñòèðîâàíèå íà ñïåöèàëüíî ïîäîáðàííûõàíàëèòè÷åñêèõ ðåøåíèÿõ, êîòîðûå íå îáÿçàòåëüíî äîëæíû áûòü àêòóàëüíû,òî åñòü, èìåòü îïðåäåëåííûé �èçè÷åñêèé ñìûñë) ïîãðåøíîñòü ÷èñëåííîãî àë-ãîðèòìà ïîäìåíÿåòñÿ ïîãðåøíîñòüþ ÷èñëåííîé (êîìïüþòåðíîé) ìîäåëè, êî-òîðàÿ âêëþ÷àåò â ñåáÿ åùå è âû÷èñëèòåëüíûå ïîãðåøíîñòè ïðîãðàììíîé ðå-àëèçàöèè. Êàê îòìå÷àëîñü âûøå, êîððåêòíîñòü òàêîãî ïîäõîäà ïîäâåðãàåòñÿîáîñíîâàííûì ñîìíåíèÿì íà ïðîòÿæåíèè óæå áîëåå 30 ëåò, ÷òî, âïðî÷åì, íåïðåïÿòñòâóåò åãî ïîïóëÿðíîñòè. Â çàùèòó äàííîãî ïîäõîäà ìîæíî âûñêàçàòüíåñêîëüêî àðãóìåíòîâ:1. Ïîãðåøíîñòü ÷èñëåííîé ìîäåëè, îïðåäåëåííóþ â ÷èñëåííîì ýêñïåðè-ìåíòå, íèêàê íå ñëåäóåò ðàññìàòðèâàòü êàê àáñîëþòíóþ êîëè÷åñòâåí-íóþ ìåðó ïîãðåøíîñòè èñïîëüçîâàííîãî ÷èñëåííîãî àëãîðèòìà, à ìîæ-íî èñïîëüçîâàòü òîëüêî ëèøü äëÿ ñðàâíåíèÿ òî÷íîñòè è ý��åêòèâíîñòèàëãîðèòìîâ.2. ×èñëåííûé àëãîðèòì áåç ïðîãðàììíîé ðåàëèçàöèè ÿâëÿåòñÿ ñëîæíûìàáñòðàêòíûì îáúåêòîì, â áîëüøèíñòâå ïðàêòè÷åñêè âàæíûõ è ñëîæíûõñëó÷àåâ ïî÷òè íå ïîääàþùèìñÿ òåîðåòè÷åñêîìó èññëåäîâàíèþ, òî åñòüàëüòåðíàòèâû ÷èñëåííîìó ýêñïåðèìåíòó �àêòè÷åñêè íåò.3. Ñòàíäàðòèçàöèÿ è óíè�èêàöèÿ ïðèåìîâ ïðèêëàäíîãî ïðîãðàììèðîâà-íèÿ â íàñòîÿùåå âðåìÿ äîñòèãëè òàêîãî óðîâíÿ, ÷òî íå ïðèõîäèòñÿ îæè-äàòü ñêîëüêî-íèáóäü ñóùåñòâåííûõ îòëè÷èé â òî÷íîñòè èëè ý��åêòèâ-íîñòè ðàñ÷åòà â çàâèñèìîñòè îò ïðîãðàììíîé ðåàëèçàöèè. Õîòÿ ïðèâå-äåííûå ñîîáðàæåíèÿ è íå ìîãóò ñëóæèòü äîêàçàòåëüñòâîì êîððåêòíîñòèîáñóæäàåìîãî ïîäõîäà, àâòîðàì íàñòîÿùåé ðàáîòû îíè êàæóòñÿ äîñòà-



ÒÅÍÄÅÍÖÈß �ÀÇÂÈÒÈß ÌÀÒÅÌÀÒÈ×ÅÑÊÎ�Î ÌÎÄÅËÈ�ÎÂÀÍÈß 11òî÷íî óáåäèòåëüíûìè.6. Äðóãèå ïðîáëåìû ìàòåìàòè÷åñêîãî è ÷èñëåííîãîìîäåëèðîâàíèÿÍàèáîëåå øèðîêî èçâåñòíîé è íàèáîëåå èññëåäóåìîé â íàñòîÿùåå âðåìÿÿâëÿåòñÿ ïðîáëåìà íåëèíåéíîñòè ìàòåìàòè÷åñêèõ ìîäåëåé. Òðàäèöèîííî âìàòåìàòè÷åñêîì ìîäåëèðîâàíèè âûäåëÿþò ñèëüíûå è ñëàáûå íåëèíåéíîñòè.Ïåðâûå ìîãóò ïðèâåñòè ê íååäèíñòâåííîñòè ðåøåíèÿ, ïîÿâëåíèþ íåóñòîé÷è-âîñòåé è áè�óðêàöèé, à çàòåì è õàîòè÷åñêîìó ïîâåäåíèþ èññëåäóåìîé ñèñòå-ìû, âîçíèêíîâåíèþ ðàçðûâîâ ðåøåíèÿ. Òðóäíîñòè, ñâÿçàííûå ñ ïðåîäîëåíèåìïåðå÷èñëåííûõ ïðîáëåì, îáùåèçâåñòíû, ïîýòîìó íå áóäåì íà íèõ îñòàíàâëè-âàòüñÿ ïîäðîáíî. Îòìåòèì òîëüêî, ÷òî âáëèçè íåóñòîé÷èâûõ ñîñòîÿíèé è òî-÷åê áè�óðêàöèè òàêèå ñèñòåìû ñòàíîâÿòñÿ âåñüìà ÷óâñòâèòåëüíû ê ìàëûìâîçìóùåíèÿì, â òîì ÷èñëå è ê âîçìóùåíèÿì, âíîñèìûì ÷èñëåííûì àëãîðèò-ìîì, ïîýòîìó â ðÿäå ñëó÷àåâ âû÷èñëèòåëüíàÿ ïðîáëåìà ñèëüíîé íåëèíåéíî-ñòè òåñíî ñâÿçàíà ñ ïðîáëåìîé êîððåêòíîãî ó÷åòà ìàëûõ âîçìóùåíèé, êîòîðàÿáóäåò ðàññìîòðåíà íèæå. Îäíàêî äàæå â ñëó÷àå, êîãäà íåëèíåéíîñòü íå ïðè-âîäèò ê ïåðå÷èñëåííûì âûøå ÿâëåíèÿì, îíà âñå ðàâíî ñóùåñòâåííî óäëèíÿåòïðîöåäóðó ðàñ÷åòà, à èíîãäà è ñíèæàåò åãî òî÷íîñòü.Äðóãîé âàæíîé ïðîáëåìîé, ÷àñòî ñâÿçàííîé ñ ïðîÿâëåíèåì ñèëüíîé íåëè-íåéíîñòè, ïðåäñòàâëÿþòñÿ çàäà÷è ñ ìàëûì ïàðàìåòðîì ïðè ñòàðøåé ïðîèç-âîäíîé. Òàêèå çàäà÷è åñòåñòâåííûì îáðàçîì âîçíèêàþò â ãèäðîàýðîäèíàìèêåáîëüøèõ ñêîðîñòåé. Ìàëûé ïàðàìåòð ïðè ñòàðøåé ïðîèçâîäíîé ïðèâîäèò êïîÿâëåíèþ ïîãðàíè÷íûõ ñëîåâ, òî åñòü òîíêèõ çîí ñ áîëüøèìè ïîïåðå÷íûìèãðàäèåíòàìè èñêîìûõ âåëè÷èí. Äâà îñíîâíûõ ïîäõîäà � àäàïòèâíûå ñåòêèè ñåãìåíòàöèÿ îáëàñòè ðåøåíèÿ � ïîçâîëÿþò óñïåøíî ïðåîäîëåâàòü òðóäíî-ñòè, ñâÿçàííûå ñ ìàëûì ïàðàìåòðîì ïðè ñòàðøåé ïðîèçâîäíîé, îäíàêî îáàóêàçàííûõ ïîäõîäà ÿâëÿþòñÿ èñêëþ÷èòåëüíî ðåñóðñîåìêèìè, ïîýòîìó â íà-ñòîÿùåå âðåìÿ ïðîãðåññ â äàííîì íàïðàâëåíèè ïî÷òè ïîëíîñòüþ ñâÿçàí ñðîñòîì âîçìîæíîñòåé âû÷èñëèòåëüíîé òåõíèêè.Ñîâðåìåííûå ÷èñëåííûå ïîäõîäû íå ïðåäóñìàòðèâàþò äëÿ àíàëèçà ñèëü-íûõ íåëèíåéíîñòåé ñïåöèàëüíûõ ñðåäñòâ. Â ðåçóëüòàòå àïïðîêñèìàöèè íåëè-íåéíàÿ çàäà÷à ñâîäèòñÿ ê ëèíåàðèçîâàííîìó èëè íåëèíåéíîìó äèñêðåòíîìóàíàëîãó, îáëàäàþùåìó íåêîòîðûìè ñïåöè�è÷åñêèìè ñâîéñòâàìè, è îñòàåòñÿòîëüêî íàäåÿòüñÿ, ÷òî "ïîâåäåíèå" äèñêðåòíîãî àíàëîãà áóäåò ñîîòâåòñòâî-âàòü "ïîâåäåíèþ" ìîäåëèðóåìîé ñèñòåìû. Íàïðèìåð, â íåóñòîé÷èâîì ñîñòî-ÿíèè âáëèçè òî÷êè áè�óðêàöèè ïîâåäåíèå ñèñòåìû îïðåäåëÿåòñÿ ìàëûìè,èíîãäà ñëó÷àéíûìè, èíîãäà ñèñòåìàòè÷åñêèìè �èçè÷åñêèìè âîçìóùåíèÿìè.Îäíàêî âîçìóùåíèÿ, íåèçáåæíî âíîñèìûå ïîãðåøíîñòüþ ÷èñëåííîãî ðåøå-íèÿ, ìîãóò îêàçàòüñÿ ñðàâíèìûìè ïî âåëè÷èíå èëè äàæå áîëüøèìè, íåæå-ëè �èçè÷åñêèå âîçìóùåíèÿ, îïðåäåëÿþùèå ïîâåäåíèå èññëåäóåìîé ñèñòåìû,à ïîñêîëüêó ïîãðåøíîñòü ÷èñëåííîãî ðåøåíèÿ çà÷àñòóþ èìååò ñèñòåìàòè÷å-ñêèé õàðàêòåð, òî âåñüìà âûñîêà âåðîÿòíîñòü ïîëó÷åíèÿ íåäîñòîâåðíûõ ðå-çóëüòàòîâ ìîäåëèðîâàíèÿ ïîâåäåíèÿ íåóñòîé÷èâîé ñèñòåìû âáëèçè òî÷êè áè-�óðêàöèè.



12 Ä. Â. ÅÂÄÎÊÈÌÎÂ, À. À. ÊÎ×ÓÁÅÉ, Í. Â. ÏÎËßÊÎÂÂ âû÷èñëèòåëüíîé ãèäðîìåõàíèêå è âû÷èñëèòåëüíîì òåïëîìàññîîáìåíå÷èñëåííûå àëãîðèòìû, ïðèìåíÿåìûå ïðè ðåøåíèè ñèëüíî íåëèíåéíûõ çàäà÷,ïðîøëè "åñòåñòâåííûé îòáîð" , è àëãîðèòìû, äàþùèå íåàäåêâàòíûå ðåçóëü-òàòû, áûëè ïðîñòî îòáðîøåíû. �àñøèðåíèå ñïåêòðà ñèëüíûõ íåëèíåéíîñòåéâ ïðèêëàäíûõ çàäà÷àõ, ïðîèñõîäÿùåå â íàñòîÿùåå âðåìÿ, è ñæàòûå âðåìåí-íûå ðàìêè áîëüøèíñòâà èññëåäîâàíèé íå äàþò âîçìîæíîñòè ïðîâîäèòü "åñòå-ñòâåííûé îòáîð" àëãîðèòìîâ äëÿ äðóãèõ íàïðàâëåíèé. Ïîýòîìó àâòîðàìè íà-ñòîÿùåé ðàáîòû ïðåäëîæåí àëüòåðíàòèâíûé ïîäõîä. Ïîëàãàÿ, ÷òî äëÿ ðàçíûõ÷èñëåííûõ ìåòîäîâ ïîãðåøíîñòè ÷èñëåííîãî ðåøåíèÿ ÿâëÿþòñÿ íåçàâèñèìû-ìè è ìîãóò òðàêòîâàòüñÿ êàê ñëó÷àéíûå âåëè÷èíû, àâòîðû óòâåðæäàþò, ÷òî,åñëè ÷èñëåííûå ðåøåíèÿ ñèëüíî íåëèíåéíîé çàäà÷è ñóùåñòâåííî ðàçëè÷íûìè÷èñëåííûìè ìåòîäàìè (íàïðèìåð, ìåòîäàìè êîíå÷íûõ ðàçíîñòåé, êîíå÷íûõýëåìåíòîâ è ãðàíè÷íûõ ýëåìåíòîâ) ñîâïàäàþò ñ òî÷íîñòüþ äî ñïåöèàëüíî âû-áðàííîé äîñòàòî÷íî ìàëîé âåëè÷èíû, òî ýòî ñóùåñòâåííî ïîâûøàåò ñòåïåíüäîñòîâåðíîñòè òàêèõ ðåçóëüòàòîâ. Â ïðîòèâíîì ñëó÷àå ðåçóëüòàòû òàêèõ ðàñ-÷åòîâ ïðåäñòàâëÿþò øèðîêèå âîçìîæíîñòè äëÿ àíàëèçà è êàëèáðîâêè ðàñ÷åò-íûõ ñõåì. Íåñìîòðÿ íà êàæóùóþñÿ î÷åâèäíîñòü ïðèâåäåííîãî óòâåðæäåíèÿ,âû÷èñëèòåëüíàÿ ïðàêòèêà ïîêàçûâàåò, ÷òî íå òîëüêî íå ïðîèñõîäèò ìàññîâî-ãî äóáëèðîâàíèÿ ðåøåíèÿ íåëèíåéíûõ çàäà÷ àëüòåðíàòèâíûìè ÷èñëåííûìèìåòîäàìè, íî äàæå òðóäíî íàéòè ïðèìåðû òàêîãî ïîäõîäà â îòäåëüíûõ åäè-íè÷íûõ èññëåäîâàíèÿõ. Ïðè÷èíû ýòîé ñèòóàöèè ñîâåðøåííî î÷åâèäíû � ðàç-ðàáîòêà è ïîääåðæàíèå íåñêîëüêèõ àëüòåðíàòèâíûõ êîìïëåêñîâ ïðèêëàäíûõïðîãðàìì ñëèøêîì òðóäîåìêè è äîðîãîñòîÿùè. Òåì íå ìåíåå, àâòîðû óáåæäå-íû, ÷òî áåç øèðîêîãî ïðèìåíåíèÿ äàííîãî ïîäõîäà ñóùåñòâåííîãî ïðîãðåññà ââîïðîñàõ ÷èñëåííîãî ðåøåíèÿ ñèëüíî íåëèíåéíûõ çàäà÷ äîñòèãíóòî íå áóäåò.Ñëàáûå íåëèíåéíîñòè íå ïðåäñòàâëÿþò òàêèõ ïîòåíöèàëüíûõ óãðîç äëÿ÷èñëåííîãî àíàëèçà, êàê èõ ñèëüíûå àíàëîãè, îäíàêî òðàäèöèîííî â âû÷èñëè-òåëüíîé ïðàêòèêå ñî ñëàáûìè íåëèíåéíîñòÿìè ñâÿçàíû íåÿâíûå è íå âñåãäàäîñòàòî÷íî êîððåêòíûå ëèíåàðèçàöèè, ïðîñëåäèòü âëèÿíèå êîòîðûõ â ñëîæ-íîì âû÷èñëèòåëüíîì ïðîöåññå íå ïðåäñòàâëÿåòñÿ âîçìîæíûì. Ñ äðóãîé ñòî-ðîíû, â áîëüøèíñòâå ñëó÷àåâ ñëàáûå íåëèíåéíîñòè ñâÿçàíû ñ ýêñïåðèìåí-òàëüíî îïðåäåëÿåìûìè ñâîéñòâàìè ñðåäû, òî åñòü, ïîòåíöèàëüíî ÿâëÿþòñÿèñòî÷íèêàìè âåñüìà çíà÷èòåëüíîé ïîãðåøíîñòè, âíîñèìîé â ðàñ÷åòíóþ ñõå-ìó èçâíå. Ïîñêîëüêó îäíèì èç ìàãèñòðàëüíûõ íàïðàâëåíèé ðàçâèòèÿ áîëü-øèíñòâà îòðàñëåé íàóêè íà ïðîòÿæåíèè ïîñëåäíèõ äâóõ ñòîëåòèé ÿâëÿåòñÿóòî÷íåíèå ýêñïåðèìåíòàëüíî îïðåäåëÿåìûõ õàðàêòåðèñòèê, ïðîáëåìó ñëàáûõíåëèíåéíîñòåé è îñîáåííî ñâÿçàííûõ ñ íèìè îáðàòíûõ çàäà÷ ñëåäóåò ñ÷è-òàòü �óíäàìåíòàëüíîé ïðîáëåìîé ñîâðåìåííîãî ìàòåìàòè÷åñêîãî è ÷èñëåí-íîãî ìîäåëèðîâàíèÿ. Ê ñîæàëåíèþ, äî íàñòîÿùåãî âðåìåíè ïðîáëåìå ñëàáûõíåëèíåéíîñòåé äîëæíîãî âíèìàíèÿ íå óäåëÿëîñü. Â âû÷èñëèòåëüíîì ïëàíåïðîáëåìà ñëàáûõ íåëèíåéíîñòåé ñâÿçàíà ñ ïðîáëåìîé êîððåêòíîãî ðàñ÷åòàìàëûõ âîçìóùåíèé, î êîòîðîé áóäåò ñêàçàíî íèæå.Òðóäíîñòè, âîçíèêàþùèå ïðè ó÷åòå ìàëûõ âîçìóùåíèé è ðàñ÷åòå ý��åê-òîâ, ëîêàëèçîâàííûõ â ïðîñòðàíñòâå è âî âðåìåíè, ïðåäñòàâëÿþò ñîáîé ñëå-äóþùóþ êëþ÷åâóþ ïðîáëåìó ðàçâèòèÿ ìàòåìàòè÷åñêîãî è ÷èñëåííîãî ìîäå-ëèðîâàíèÿ. Ñëåäóåò îòìåòèòü, ÷òî ïðîáëåìà ýòà îáùåèçâåñòíà íà ïðîòÿæåíèèïðàêòè÷åñêè âñåé èñòîðèè ìàòåìàòè÷åñêîãî è ÷èñëåííîãî ìîäåëèðîâàíèÿ, îä-



ÒÅÍÄÅÍÖÈß �ÀÇÂÈÒÈß ÌÀÒÅÌÀÒÈ×ÅÑÊÎ�Î ÌÎÄÅËÈ�ÎÂÀÍÈß 13íàêî îñîáîãî âíèìàíèÿ îíà íå ïðèâëåêàëà, ïîñêîëüêó ìàëûå âîçìóùåíèÿ ìà-ëî âëèÿþò íà èíòåãðàëüíûå õàðàêòåðèñòèêè èññëåäóåìîé ñèñòåìû, çà èñêëþ-÷åíèåì íåñêîëüêèõ ñïåöèàëüíûõ ñëó÷àåâ, íàïðèìåð, ðàñïðåäåëåííûõ ìàëûõâîçäåéñòâèé. Èçìåíåíèþ ñèòóàöèè ñïîñîáñòâîâàëè òðè òåíäåíöèè, ïðîÿâèâ-øèåñÿ â ïîñëåäíåå âðåìÿ:1) ðåçêîå óæåñòî÷åíèå òðåáîâàíèé ê ñëîæíîñòè ðàñ÷åòîâ, çàñòàâëÿþùååó÷èòûâàòü âñå áîëåå ìàëûå ý��åêòû;2) ðàçâèòèå ìèêðîýëåêòðîíèêè, ìèêðîáèîëîãèè è ìèêðîìåõàíèêè, à çàòåìè íàíîòåõíîëîãèé, äëÿ êîòîðûõ ìàëûå è ëîêàëèçîâàííûå ý��åêòû ÿâ-ëÿþòñÿ îñíîâíûìè îáúåêòàìè èññëåäîâàíèÿ;3) èññëåäîâàíèÿ ïîâåäåíèÿ íåóñòîé÷èâûõ ñèñòåì âáëèçè òî÷êè áè�óðêà-öèè.Â ñîâðåìåííîì ìàòåìàòè÷åñêîì è ÷èñëåííîì ìîäåëèðîâàíèè äàæå ñ�îð-ìèðîâàëîñü îòäåëüíîå íàïðàâëåíèå, íàçûâàåìîå òåîðèåé ìíîãîìàñøòàáíûõçàäà÷ (multisale problems), î÷åâèäíûì îáðàçîì ñâÿçàííîå ñ ðàññìàòðèâàå-ìîé ïðîáëåìîé è ÿâëÿþùååñÿ, ïî íåêîòîðûì îöåíêàì, íàèáîëåå áûñòðîðàç-âèâàþùèìñÿ íàïðàâëåíèåì â äàííîé îáëàñòè íàóêè. Âûøå óæå óïîìèíàëèñüñâÿçè ðàññìàòðèâàåìîé ïðîáëåìû ñ äðóãèìè ïðîáëåìàìè ðàçâèòèÿ ìàòåìà-òè÷åñêîãî è ÷èñëåííîãî ìîäåëèðîâàíèÿ. Â âû÷èñëèòåëüíîì ïëàíå îñíîâíàÿòðóäíîñòü ïðè ðàñ÷åòå ìàëûõ è ëîêàëèçîâàííûõ ý��åêòîâ çàêëþ÷àåòñÿ âòîì, ÷òî ÷èñëåííûå ìåòîäû, îñíîâàííûå íà äèñêðåòèçàöèè îáëàñòè ðåøåíèÿ,� ìåòîäû êîíå÷íûõ ðàçíîñòåé è êîíå÷íûõ ýëåìåíòîâ � ïðèíöèïèàëüíî íåäîïóñêàþò ðàñ÷åòà ý��åêòîâ ïîäñåòî÷íîãî ìàñøòàáà (ìàñøòàáà, ìåíüøåãî,÷åì ðàçìåðû ðàçíîñòíûõ ÿ÷ååê èëè êîíå÷íûõ ýëåìåíòîâ), à ñêîëüêî-íèáóäüïðèåìëåìóþ òî÷íîñòü ðàñ÷åòà îáåñïå÷èâàþò äëÿ îáúåêòîâ, êàê ìèíèìóì, âïÿòü ðàç áîëüøèõ õàðàêòåðíûõ ðàçìåðîâ äèñêðåòèçàöèè.Àâòîðû íàñòîÿùåé ðàáîòû âèäÿò ïóòè ðàçðåøåíèÿ äàííîé ïðîáëåìû âèñïîëüçîâàíèè âû÷èñëèòåëüíîé òåîðèè ïîòåíöèàëà [10, 11, 12℄, à òàêæå â ïî-ñòðîåíèè ñïåöèàëüíûõ àñèìïòîòè÷åñêèõ ðàçëîæåíèé [4, 7℄. Äåéñòâèòåëüíî, â[10, 11℄ ïîêàçàíî, ÷òî â âû÷èñëèòåëüíîé òåîðèè ïîòåíöèàëà, îñíîâàííîé íàèíòåãðàëüíûõ ïðåäñòàâëåíèÿõ ðåøåíèé, ïîíÿòèÿ ïîäñåòî÷íîãî ìàñøòàáà íåâîçíèêàåò âîâñå, îäíàêî äëÿ ý��åêòèâíîãî ðåøåíèÿ çàäà÷ ðàññìàòðèâàåìûõêëàññîâ àëãîðèòìû óêàçàííîé òåîðèè íóæäàþòñÿ â äîïîëíèòåëüíîé ðàçðà-áîòêå. Òî æå ñàìîå ìîæíî ñêàçàòü è îá èñïîëüçîâàíèè ñïåöèàëüíûõ àñèìï-òîòè÷åñêèõ ðàçëîæåíèé. Â ñëó÷àå ðàñïðåäåëåííûõ ìàëûõ âîçäåéñòâèé, êîòî-ðûå, íàïðèìåð, èìåþò ìåñòî â ãèäðîäèíàìèêå ìíîãî�àçíûõ ñðåä, â ñîâðåìåí-íîé òåîðèè ìàòåìàòè÷åñêîãî è ÷èñëåííîãî ìîäåëèðîâàíèÿ îòäàþò ïðåäïî÷òå-íèå ìåòîäàì ãîìîãåíèçàöèè. Íå îñïàðèâàÿ ïîëåçíîñòü è ý��åêòèâíîñòü òà-êîãî ïîäõîäà, àâòîðû õîòåëè áû îòìåòèòü áîëüøóþ ïåðñïåêòèâíîñòü ïðÿìûõ÷èñëåííûõ ðàñ÷åòîâ, îñíîâàííûõ íà óæå óïîìèíàâøèõñÿ ìåòîäàõ âû÷èñëè-òåëüíîé òåîðèè ïîòåíöèàëà [10, 11℄.Íàêîíåö, ê ïîñëåäíåé èç ðàññìîòðåííûõ â íàñòîÿùåé ðàáîòå ïðîáëåì õî-òåëîñü áû îòíåñòè ìíîãî÷èñëåííûå ñèñòåìàòè÷åñêèå îøèáêè, êîòîðûå â ñî-âðåìåííûõ óñëîâèÿõ òðåáóþò èíòåíñèâíîãî èññëåäîâàíèÿ è, åñëè íå óñòðàíå-íèÿ, òî, ïî êðàéíåé ìåðå, çíà÷èòåëüíîãî óìåíüøåíèÿ. Ê ïîäîáíûì îøèáêàì



14 Ä. Â. ÅÂÄÎÊÈÌÎÂ, À. À. ÊÎ×ÓÁÅÉ, Í. Â. ÏÎËßÊÎÂñëåäóåò îòíåñòè: èçëèøíèå óïðîùåíèÿ çàâèñèìîñòåé, îïèñûâàþùèõ ñâîéñòâàñðåäû è äðóãèå �èçè÷åñêèå ïàðàìåòðû (î ÷åì óæå ãîâîðèëîñü â ñâÿçè ñîñëàáûìè íåëèíåéíîñòÿìè), ñíåñåíèå íà êîíå÷íîå ðàññòîÿíèå ãðàíè÷íûõ óñëî-âèé â áåñêîíå÷íî óäàëåííîé òî÷êå, ÷òî ðåãóëÿðíî èìååò ìåñòî ïðè ðåøåíèèâíåøíèõ çàäà÷, ñõåìàòèçàöèþ �îðìû îáëàñòè ðåøåíèÿ, ïðåíåáðåæåíèå îòíî-ñèòåëüíî ìàëûìè âëèÿíèÿìè óäàëåííûõ â ïðîñòðàíñòâå è âî âðåìåíè îáúåê-òîâ è ïðîöåññîâ. Íåîáõîäèìî îòìåòèòü, ÷òî êîíå÷íîé öåëüþ âñåõ ïåðå÷èñëåí-íûõ óïðîùåíèé ÿâëÿåòñÿ îáëåã÷åíèå ïðîöåäóðû ÷èñëåííîãî ðåøåíèÿ, íî ïðî-èçâîäÿòñÿ îíè íà óðîâíå ìàòåìàòè÷åñêîé ìîäåëè. Âñå ïåðå÷èñëåííûå âûøåèñòî÷íèêè ïîãðåøíîñòè íîñÿò ÿâíî âûðàæåííûé ñèñòåìàòè÷åñêèé õàðàêòåð,ñëåäîâàòåëüíî, ãåíåðèðóåìûå èìè îøèáêè èìåþò òåíäåíöèþ ê íàêîïëåíèþ.Êàê è ìíîãèå èç îáñóæäàâøèõñÿ âûøå, óêàçàííûå îáñòîÿòåëüñòâà â òå÷åíèåäîëãîãî âðåìåíè ñ÷èòàëèñü "íåñóùåñòâåííûìè" , è òîëüêî ïîñëåäíåå ðåçêîåóæåñòî÷åíèå òðåáîâàíèé ê òî÷íîñòè ÷èñëåííûõ ðàñ÷åòîâ çàñòàâèëî âñåðüåçîáðàòèòü íà íèõ âíèìàíèå. Ïî òîé æå ïðè÷èíå, íåñìîòðÿ íà çíà÷èòåëüíîåêîëè÷åñòâî îòäåëüíûõ, ðàçðîçíåííûõ èññëåäîâàíèé, óïîìèíàíèÿ î êîòîðûõìîæíî íàéòè â êíèãàõ [1, 6, 8, 9℄, äàííàÿ ïðîáëåìà áûëà âïåðâûå ñ�îðìóëè-ðîâàíà â îáùåì âèäå òîëüêî â ðàáîòå [12℄. Â òîé æå ðàáîòå àâòîðû óêàçàëè íàïðèìåíåíèå âû÷èñëèòåëüíîé òåîðèè ïîòåíöèàëà êàê îñíîâíîé ïóòü ïðåîäî-ëåíèÿ ðàññìàòðèâàåìûõ òðóäíîñòåé, îäíàêî ïðåäñòàâëÿåòñÿ öåëåñîîáðàçíûìïðîâåäåíèå öåëîãî ðÿäà òåîðåòè÷åñêèõ è ìåòîäîëîãè÷åñêèõ èññëåäîâàíèé, âòîì ÷èñëå è ïðè ïîìîùè ÷èñëåííîãî ýêñïåðèìåíòà, äëÿ îïðåäåëåíèÿ ñòåïå-íè âëèÿíèÿ óêàçàííûõ �àêòîðîâ íà îáùóþ òî÷íîñòü ðåçóëüòàòîâ ÷èñëåííîãîìîäåëèðîâàíèÿ è îöåíêè ý��åêòèâíîñòè ðàçëè÷íûõ ïóòåé ïðåîäîëåíèÿ íåãà-òèâíûõ ý��åêòîâ ýòîãî âëèÿíèÿ.Ïðèâåäåííûé ïåðå÷åíü ïðîáëåì ðàçâèòèÿ ìàòåìàòè÷åñêîãî è ÷èñëåííîãîìîäåëèðîâàíèÿ îòíþäü íå ïðåòåíäóåò íà ïîëíîòó è óíèâåðñàëüíîñòü, à ïðè-çâàí óêàçàòü ïóòè ðàçâèòèÿ äàííîé îòðàñëè íàóêè â ñâÿçè ñ ïåðåõîäîì îò"ýêñòåíñèâíîãî" ðàçâèòèÿ (êîãäà ðàçâèòèå ïðîèñõîäèò çà ñ÷åò ðàñøèðåíèÿïîëÿ ïðèìåíåíèÿ äèñöèïëèíû, óâåëè÷åíèÿ ÷èñëà ìàòåìàòè÷åñêèõ ìîäåëåé è�îðìóëèðóåìûõ â èõ ðàìêàõ çàäà÷) ê "èíòåíñèâíîìó" ðàçâèòèþ, ïðåäïîëà-ãàþùåìó, â ïåðâóþ î÷åðåäü, óñîâåðøåíñòâîâàíèå ñóùåñòâóþùèõ ìàòåìàòè-÷åñêèõ ìîäåëåé è ÷èñëåííûõ ìåòîäîâ.7. Êîíöåïöèÿ âû÷èñëèòåëüíîé ìîäåëèÍåñìîòðÿ íà ñäåëàííûé âûâîä î ïðåîáëàäàþùåì çíà÷åíèè ñîâåðøåíñòâî-âàíèÿ ñóùåñòâóþùèõ ïîäõîäîâ, äàëüíåéøåå ðàçâèòèå ìàòåìàòè÷åñêîãî è ÷èñ-ëåííîãî ìîäåëèðîâàíèÿ, áåçóñëîâíî, íåâîçìîæíî áåç ïîÿâëåíèÿ íîâûõ ìàòå-ìàòè÷åñêèõ ìîäåëåé ñëîæíûõ ñèñòåì, ïëîõî ïîääàþùèõñÿ èññëåäîâàíèþ âíàñòîÿùåå âðåìÿ. Äëÿ òàêèõ ñèñòåì ñóùåñòâåííûì �àêòîðîì ÿâëÿþòñÿ íåÿñ-íîñòü èëè íåçàâåðøåííîñòü �èçè÷åñêîé ìîäåëè, êîãäà íåêîòîðûå äàííûå èïàðàìåòðû ëèáî îêàçûâàþòñÿ ãèïîòåòè÷åñêèìè, ëèáî çàäàíû íåñêîëüêèìèàëüòåðíàòèâíûìè ïðåäñòàâëåíèÿìè, ëèáî âîîáùå íåèçâåñòíû. Òî åñòü ðå÷üèäåò î ñèñòåìå, íàõîäÿùåéñÿ â ñòàäèè íàó÷íîãî èññëåäîâàíèÿ. Â îáû÷íûõíàó÷íûõ èññëåäîâàíèÿõ äëÿ óòî÷íåíèÿ �èçè÷åñêîé ìîäåëè ïðîâîäÿòñÿ íà-áëþäåíèÿ, íàòóðíûå è ëàáîðàòîðíûå ýêñïåðèìåíòû, íî äëÿ ñëîæíûõ ñèñòåì,



ÒÅÍÄÅÍÖÈß �ÀÇÂÈÒÈß ÌÀÒÅÌÀÒÈ×ÅÑÊÎ�Î ÌÎÄÅËÈ�ÎÂÀÍÈß 15à îñîáåííî ñèñòåì óíèêàëüíûõ, íàïðèìåð, çåìíîé àòìîñ�åðû, êîñìè÷åñêèõîáúåêòîâ è òîìó ïîäîáíûõ, òàêîé ïîäõîä îêàçûâàåòñÿ íåâîçìîæíûì. Äëÿòàêèõ ñèñòåì ìîæíî îñóùåñòâèòü èñêîìîå óòî÷íåíèå ïóòåì ðåøåíèÿ íåêî-òîðûõ îáðàòíûõ çàäà÷ èëè ñðàâíèâàÿ ðåçóëüòàòû íàáëþäåíèé è èçìåðåíèéñ ïðåäñêàçàííûìè íà îñíîâå ÷èñëåííûõ ðàñ÷åòîâ â ðàìêàõ àëüòåðíàòèâíûõìàòåìàòè÷åñêèõ ìîäåëåé. Ïîíÿòíî, ÷òî òàêàÿ ñõåìà èññëåäîâàíèÿ âûõîäèòçà ðàìêè ïðèâåäåííîé âûøå ñõåìû "�èçè÷åñêîå ÿâëåíèå � �èçè÷åñêàÿ ìî-äåëü � ìàòåìàòè÷åñêàÿ ìîäåëü � ÷èñëåííûé ìåòîä � ÷èñëåííàÿ ìîäåëü � ðå-çóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ" . Ïîýòîìó àâòîðàìè íàñòîÿùåé ðàáîòû ïðåä-ëîæåíà êîíöåïöèÿ âû÷èñëèòåëüíîé ìîäåëè, êîòîðàÿ îáúåäèíÿåò â ñåáå íàáîðàëüòåðíàòèâíûõ ìàòåìàòè÷åñêèõ ìîäåëåé, ñîîòâåòñòâóþùèõ ðàçíûì �èçè÷å-ñêèì ïðåäñòàâëåíèÿì, ïðîãðàììíûå ðåàëèçàöèè ÷èñëåííûõ àëãîðèòìîâ (æå-ëàòåëüíî íåñêîëüêèõ) ðåøåíèÿ ïðÿìûõ è îáðàòíûõ çàäà÷, îöè�ðîâàííûå ðå-çóëüòàòû ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé. Âû÷èñëèòåëüíàÿ ìîäåëü îáåñïå-÷èâàåò âçàèìîäåéñòâèå ìåæäó ïåðå÷èñëåííûìè âûøå ýëåìåíòàìè ñ èñïîëüçî-âàíèåì ñðåäñòâ èñêóññòâåííîãî èíòåëëåêòà, à òàêæå îáåñïå÷èâàåò èíòåð�åéñäëÿ âíåñåíèÿ äàííûõ íîâûõ ýêñïåðèìåíòîâ è íàáëþäåíèé. Âû÷èñëèòåëüíàÿìîäåëü äîëæíà îáåñïå÷èâàòü óòî÷íåíèå �èçè÷åñêèõ è ìàòåìàòè÷åñêèõ ìî-äåëåé íà îñíîâå ïîñòóïàþùèõ äàííûõ, òî åñòü îáåñïå÷èâàòü ðàçâèòèå ñèñòå-ìû. Êîíå÷íî, âû÷èñëèòåëüíàÿ ìîäåëü íàìíîãî ñëîæíåå, ÷åì ðàñïðîñòðàíåí-íûå ñåé÷àñ ÷èñëåííûå ìîäåëè, è òðåáóåò íàìíîãî áîëüøèõ êîìïüþòåðíûõðåñóðñîâ, îäíàêî âû÷èñëèòåëüíàÿ ìîäåëü ïðåäñòàâëÿåòñÿ óíèâåðñàëüíûì èí-ñòðóìåíòîì àâòîìàòèçàöèè íàó÷íîãî èññëåäîâàíèÿ è ïðàêòè÷åñêè íå èìååòàëüòåðíàòèâû ïðè àíàëèçå ñëîæíûõ ñèñòåì.8. Âûâîäû�åçêîå óñèëåíèå òðåáîâàíèé ê òî÷íîñòè ðåçóëüòàòîâ ìàòåìàòè÷åñêîãî è÷èñëåííîãî ìîäåëèðîâàíèÿ, ïîâñåìåñòíîå ðàñïðîñòðàíåíèå ÷èñëåííîãî ìîäå-ëèðîâàíèÿ â ïðàêòèêå èíæåíåðíûõ è íàó÷íûõ èññëåäîâàíèé, ïîÿâëåíèå íà-ñòîÿòåëüíîé íåîáõîäèìîñòè â ìîäåëèðîâàíèè ñëîæíûõ ñèñòåì ñóùåñòâåííîèçìåíèëè ïàðàäèãìó ðàçâèòèÿ ìàòåìàòè÷åñêîãî è ÷èñëåííîãî ìîäåëèðîâà-íèÿ. Âûâîä î ïåðåõîäå ê "èíòåíñèâíîìó" ðàçâèòèþ â ñîâðåìåííîì ìàòåìàòè-÷åñêîì è ÷èñëåííîì ìîäåëèðîâàíèè óæå áûë ñäåëàí âûøå. Òàêæå âûøå áûëñäåëàí âûâîä î íåîáõîäèìîñòè ïåðåõîäà îò ìàòåìàòè÷åñêîãî è ÷èñëåííîãî ìî-äåëèðîâàíèÿ ê âû÷èñëèòåëüíûì ìîäåëÿì. Â ñâÿçè ñ ïîÿâëåíèåì íîâûõ öåëåéðàçâèòèÿ äèñöèïëèíû íåîáõîäèìî ïðîâåäåíèå îáøèðíûõ ìåòîäîëîãè÷åñêèõèññëåäîâàíèé, êîòîðûå îáåñïå÷èëè áû âûðàáîòêó ý��åêòèâíûõ êðèòåðèåâîïðåäåëåíèÿ äîñòîâåðíîñòè ðåçóëüòàòîâ ìàòåìàòè÷åñêîãî è ÷èñëåííîãî ìîäå-ëèðîâàíèÿ. Ïåðå÷èñëåííûå ïðîáëåìû ðàçâèòèÿ ìàòåìàòè÷åñêîãî è ÷èñëåííî-ãî ìîäåëèðîâàíèÿ ñòîëü òåñíî ñâÿçàíû ìåæäó ñîáîé, ÷òî áûëî áû íåâåðíûìîæèäàòü óñïåõà â ðåøåíèè îäíîé èç ýòèõ ïðîáëåì áåç îáùåãî ïðîãðåññà âðåøåíèè îñòàëüíûõ.Âàæíûì ïðèíöèïèàëüíûì âûâîäîì íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ çàêëþ-÷åíèå î ïðåâàëèðóþùåé ðîëè ÷èñëåííîãî ýêñïåðèìåíòà â ðàçâèòèè íå òîëüêî÷èñëåííûõ ìåòîäîâ, íî è ìàòåìàòè÷åñêèõ ìîäåëåé.



16 Ä. Â. ÅÂÄÎÊÈÌÎÂ, À. À. ÊÎ×ÓÁÅÉ, Í. Â. ÏÎËßÊÎÂ9. Äàëüíåéøåå ðàçâèòèå èññëåäîâàíèé â äàííîì íàïðàâëåíèèÑðåäè âîïðîñîâ, ðàññìîòðåííûõ â íàñòîÿùåé ñòàòüå, íå íàøëè äîëæíî-ãî îòðàæåíèÿ ïðîáëåìû ðàçâèòèÿ ÷èñëåííûõ ìåòîäîâ, ÷òî, âåðîÿòíî, ñòà-íåò ïðåäìåòîì ñëåäóþùèõ ðàáîò àâòîðîâ. Íå ïðîàíàëèçèðîâàíû òàêæå è âî-ïðîñû, ñâÿçàííûå ñ ÷èñëåííîé ðåàëèçàöèåé ìàòåìàòè÷åñêèõ ìîäåëåé è ÷èñ-ëåííûõ àëãîðèòìîâ, êîòîðûå, áåçóñëîâíî, âàæíû äëÿ ðåàëèçàöèè ÷èñëåííûõìîäåëåé, íî ñ ýòîé òî÷êè çðåíèÿ ïðàêòè÷åñêè íå îñâåùåíû â ëèòåðàòóðå.Ïðèíöèïèàëüíûì ïîñëåäóþùèì ìîìåíòîì ðàçâèòèÿ äàííîãî íàïðàâëåíèÿ,ïî ìíåíèþ àâòîðîâ, ñòàíåò ìàññîâîå âíåäðåíèå ÷èñëåííûõ ìîäåëåé ñíà÷àëà âèíæåíåðíî-òåõíè÷åñêóþ äåÿòåëüíîñòü, à çàòåì è â äðóãèå îáëàñòè äåÿòåëüíî-ñòè ÷åëîâåêà. Äëÿ ýòîãî ýòàïà ñòàíåò õàðàêòåðíûì ïðåäúÿâëåíèå åùå áîëååæåñòêèõ òðåáîâàíèé ê äîñòîâåðíîñòè ðåçóëüòàòîâ ìîäåëèðîâàíèÿ ïðîöåññîâ,à òàêæå òðåáîâàíèé ê ý��åêòèâíîñòè ÷èñëåííîãî ìîäåëèðîâàíèÿ, ÷òî, êîíå÷-íî, ïîòðåáóåò äàëüíåéøåãî ðàçâèòèÿ èäåé, èçëîæåííûõ â äàííîé ðàáîòå.Áûëî áû öåëåñîîáðàçíî ïðîâåäåíèå ñïåöèàëüíûõ ìåòîäè÷åñêèõ èññëåäî-âàíèé è ñîçäàíèå îáùåé êîíöåïöèè âû÷èñëèòåëüíîé ìîäåëè ñ ðàçðàáîòêîéêîìïüþòåðíîãî ïðîòîòèïà íà ïðèìåðå êàêîãî-ëèáî äîñòàòî÷íî õîðîøî èçó-÷åííîãî ðàçäåëà ìåõàíèêè æèäêîñòè èëè òåîðèè òåïëîìàññîîáìåíà.Áèáëèîãðà�è÷åñêèå ññûëêè1. Àíäåðñîí Ä. Âû÷èñëèòåëüíàÿ ãèäðîìåõàíèêà è òåïëîîáìåí / Ä. Àíäåðñîí,Äæ. Òàííåíõèë, �. Ïëåò÷åð. � Ì. : Ìèð.� 1990, Ò. 1.�364 ñ., Ò. 2.� 332 ñ.2. Àõî À. Ïîñòðîåíèå è àíàëèç âû÷èñëèòåëüíûõ àëãîðèòìîâ / À. Àõî, Äæ. Õîïê-ðî�ò, Äæ. Óëüìàí. � Ì. : Ìèð.� 1979.� 536 ñ.3. Áëåõìàí È. È. Ìåõàíèêà è ïðèêëàäíàÿ ìàòåìàòèêà: Ëîãèêà è îñîáåííîñòè ïðè-ëîæåíèé ìàòåìàòèêè / È. È. Áëåõìàí, À. Ä. Ìûøêèñ, ß. �. Ïàíîâêî. � Ì. :Íàóêà, 1983.� 328 ñ.4. Áðàçàëóê Þ. Â. Ñîâìåñòíîå ïðèìåíåíèå ìåòîäà ìàëîãî ïàðàìåòðà è ìåòîäà ãðà-íè÷íûõ ýëåìåíòîâ äëÿ ÷èñëåííîãî ðåøåíèÿ ýëëèïòè÷åñêèõ çàäà÷ ñ ìàëûìè âîç-ìóùåíèÿìè / Þ. Â. Áðàçàëóê, Ä. Â. Åâäîêèìîâ, Í. Â. Ïîëÿêîâ // ÂåñòíèêÕÍÓ. � 2005. � � 703. � Ñ. 50�66.5. Âàí Òàññåë Ä. Ñòèëü, ðàçðàáîòêà, ý��åêòèâíîñòü, îòëàäêà è èñïûòàíèå ïðî-ãðàìì / Ä. Âàí Òàññåë. � Ì. : Ìèð.� 1985.� 332 ñ.6. Âû÷èñëèòåëüíûå ìåòîäû â äèíàìèêå æèäêîñòåé. � Ì. : Ìèð, 1991, Ò. 1.�504 ñ.,Ò. 2.�552 ñ.7. Åâäîêèìîâ Ä. Â. �àñ÷åò ñòàöèîíàðíûõ òåìïåðàòóðíûõ ïîëåé â îáëàñòÿõ ñ ìàëû-ìè âîçìóùåíèÿìè ãðàíèöû / Ä. Â. Åâäîêèìîâ, Í. Â. Ïîëÿêîâ, Ò. È. Òàðàñîâà //Äè�åðåíöiàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ, Ä. : ÄÍÓ. � 2006. � Ñ. 167�176.8. Îðàí Ý. ×èñëåííîå ìîäåëèðîâàíèå ðåàãèðóþùèõ ïîòîêîâ / Ý. Îðàí, Äæ. Áî-ðèñ. � Ì. : Ìèð.� 1990.� 660 ñ.9. Ïåéðå �. Âû÷èñëèòåëüíûå ìåòîäû â çàäà÷àõ ìåõàíèêè æèäêîñòè / �. Ïåéðå,Ò. Ä. Òåéëîð. � Ë. : �èäðîìåòåîèçäàò.� 1986.� 352 ñ.10. Ïîëÿêîâ Í. Â. Âû÷èñëèòåëüíàÿ òåîðèÿ ïîòåíöèàëà. Ñîâðåìåííîå ñîñòîÿíèåè ïåðñïåêòèâû èñïîëüçîâàíèÿ â ìåõàíèêå ñïëîøíîé ñðåäû / Í. Â. Ïîëÿêîâ,Ä. Â. Åâäîêèìîâ // Âåñòíèê ÄÍÓ, Ñåð. Ìåõàíèêà. � 2006. � ×. 1, � 2/1. �Ñ. 7�25.11. Ïîëÿêîâ Í. Â. Âû÷èñëèòåëüíàÿ òåîðèÿ ïîòåíöèàëà. Ñîâðåìåííîå ñîñòîÿíèåè ïåðñïåêòèâû èñïîëüçîâàíèÿ â ìåõàíèêå ñïëîøíîé ñðåäû / Í. Â. Ïîëÿêîâ,Ä. Â. Åâäîêèìîâ // Âåñòíèê ÄÍÓ, Ñåð.Ìåõàíèêà. � 2006. � ×. 2, � 2/1. �Ñ. 25�42.
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∗∗ Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Òàðàñà Øåâ÷åíêà,Êè¨â 03022. E-mail: danilov�ukr.netÄëÿ íåëiíiéíîãî ðiâíÿííÿ ðåàêöi¨-äè�óçi¨ ç ïðàâîþ ÷àñòèíîþ òèïó Êàðàòå-îäîði, óìîâè íà ÿêó íå çàáåçïå÷óþòü ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i Êîøi, äîâåäåíîãëîáàëüíó ðîçâ'ÿçíiñòü ó êëàñi ñóìîâíèõ iç êâàäðàòîì �óíêöié, ùî íàáóâàþòüíåâiä'¹ìíèõ çíà÷åíü.Êëþ÷îâi ñëîâà. �iâíÿííÿ ðåàêöi¨-äè�óçi¨, íåâiä'¹ìíi ðîçâ'ÿçêè, óìîâè ðîçâ'ÿçíîñòi.1. Âñòóïßê âiäîìî, äëÿ áàãàòüîõ íåëiíiéíèõ åâîëþöiéíèõ ðiâíÿíü ìàòåìàòè÷íî¨�içèêè âàæëèâèì ¹ äîâåäåííÿ òîãî, ùî ðîçâ'ÿçîê iç ïî÷àòêîâèìè äàíèìè iççàäàíî¨ ïiäìíîæèíè �àçîâîãî ïðîñòîðó çàëèøà¹òüñÿ â öié ìíîæèíi äëÿ âñiõ
t ≥ 0 (ðiâíÿííÿ ç iíâàðiàíòíîþ îáëàñòþ). Â êëàñi ñèñòåì òèïó ðåàêöi¨�äè�óçi¨íàéâiäîìiøèìè ïðèêëàäàìè ¹ ðiâíÿííÿ Õîäãêiíà�Õàñëi, ùî îïèñóþòü ïåðå-äà÷ó íåðâîâèõ iìïóëüñiâ, ðiâíÿííÿ Ñìîëëåðà â òåîði¨ íàäïðîâiäíîñòi, ðiâíÿí-íÿ òåîði¨ ãîðiííÿ, ðiâíÿííÿ Áiëîóñîâà�Æàáîòèíñüêîãî â õiìi÷íié äèíàìiöi,äè�óçiéíi ñèñòåìè òèïó Ëîòêè�Âîëüòåððà òà áàãàòî iíøèõ [1℄. Ïðè öüîìó âóñiõ ïåðåðàõîâàíèõ çàäà÷àõ iíâàðiàíòíà îáëàñòü çíàõîäèòüñÿ çàâäÿêè ÿâíîçàäàíèì êîå�iöi¹íòàì ïîëiíîìiàëüíî¨ ïðàâî¨ ÷àñòèíè. ×àñòèííèì âèïàäêîìöi¹¨ çàäà÷i ¹ äîâåäåííÿ ðîçâ'ÿçíîñòi â êëàñi íåâiä'¹ìíèõ �óíêöié. Ó âèïàäêóãëàäêîãî ïî �àçîâié çìiííié íåëiíiéíîãî äîäàíêà íàéáiëüø çàãàëüíi ðåçóëü-òàòè ùîäî iñíóâàííÿ íåâiä'¹ìíîãî ðîçâ'ÿçêó áóëè îòðèìàíi â [2℄. Äëÿ ñèñòåìiç íåãëàäêîþ ïî �àçîâié çìiííié ïðàâîþ ÷àñòèíîþ âèäó f = f(u) âiäïîâiäíiðåçóëüòàòè îäåðæàíi â [3℄. Ïðîòå çíà÷íó êiëüêiñòü ïðèêëàäíèõ çàäà÷, çîêðåìài äåÿêèõ ç íàçâàíèõ êëàñè÷íèõ ñèñòåì, äîñòàâëÿþòü ïðèêëàäè ìàòåìàòè÷íèõìîäåëåé, â ÿêèõ íåëiíiéíèé äîäàíîê f = f(x, u) ¹ âiäîáðàæåííÿì òèïó Êà-ðàòåîäîði. Ñàìå ç'ÿñóâàííþ óìîâ, çà ÿêèõ ðiâíÿííÿ ðåàêöi¨-äè�óçi¨ ç òàêîþíåëiíiéíiñòþ äîïóñêàþòü íåâiä'¹ìíi ðîçâ'ÿçêè, i ïðèñâÿ÷åíà äàíà ðîáîòà.1�îáîòà âèêîíàíà çà �iíàíñîâî¨ ïiäòðèìêè Äåðæàâíîãî �îíäó �óíäàìåíòàëüíèõ äî-ñëiäæåíü, ãðàíò No. 29.1/025© Î. Â. Êàïóñòÿí, Â. ß. Äàíiëîâ, 2009



Ï�Î ÄÎÄÀÒÍI �ÎÇÂ'ßÇÊÈ �IÂÍßÍÍß �ÅÀÊÖI�-ÄÈÔÓÇI� 192. Ïîñòàíîâêà çàäà÷à i äîïîìiæíi ðåçóëüòàòè�îçãëÿäà¹òüñÿ çàäà÷à




∂u(t, x)

∂t
= a△u(t, x) − f(x, u(t, x)) + h(x), (t, x) ∈ (0, T ) × Ω,

u(t, x)|x∈∂Ω = 0,

(2.1)äå êîíñòàíòà a > 0, Ω ⊂ Rn � îáìåæåíà îáëàñòü, h ∈ L2(Ω), f : Ω×R 7→ R ��óíêöiÿ òèïó Êàðàòåîäîði, òîáòî
f(x, ·) : R 7→ R − íåïåðåðâíà äëÿ ì. â. x ∈ Ω,
f(·, u) : Ω 7→ R − âèìiðíà äëÿ âñiõ u ∈ R,i âèêîíàíi òàêi óìîâè:

∃ C1, C2 > 0, α > 0, p ≥ 2 ∀ u ∈ R äëÿ ì. â. x ∈ Ω,

|f(x, u)| ≤ C1(1 + |u|p−1), f(x, u)u ≥ α|u|p −C2.



 (2.2)Íàäàëi a,Ω, C1, C2, α, p áóäåìî íàçèâàòè êîíñòàíòàìè çàäà÷i (2.1).Ôàçîâèì ïðîñòîðîì çàäà÷i (2.1) ¹ ïðîñòið L2(Ω), íîðìó i ñêàëÿðíèé äîáó-òîê â ÿêîìó áóäåìî ïîçíà÷àòè ‖ · ‖ i (·, ·) âiäïîâiäíî.Îñêiëüêè â ñèëó óìîâ (2.2) |f(x, u)|q ≤ C̃1(1+ |u|p), äå 1

p + 1
q = 1, òî ìà¹ìîòàêå îçíà÷åííÿ ðîçâ'ÿçêó (2.1):Îçíà÷åííÿ 1. Ôóíêöiÿ u = u(t, x) ∈ L2(0, T ;H1

0 (Ω)) ∩ Lp(0, T ;Lp(Ω)) íàçè-âà¹òüñÿ ðîçâ'ÿçêîì (2.1) íà (0, T ), ÿêùî äëÿ äîâiëüíèõ v ∈ H1
0 (Ω) ∩ Lp(Ω),

η ∈ C∞
0 (0, T )

−
∫ T

τ
(u, v)ηtdt+

∫ T

τ
(a((u, v)) + (f(x, u), v) − (h, v))ηdt = 0. (2.3)Âiäîìî [1℄, ùî áóäü-ÿêèé ðîçâ'ÿçîê çàäà÷i (2.1) íàëåæèòü C([0, T ];L2(Ω)),òîìó ïðèðîäíèì êëàñîì ãëîáàëüíî¨ ðîçâ'ÿçíîñòi çàäà÷i (2.1) ¹ �óíêöiîíàëü-íèé êëàñ

W = L2(0, T ;H1
0 (Ω)) ∩ Lp(0, T ;Lp(Ω)) ∩ C([0, T ];L2(Ω)).Òåîðåìà 1. [1℄ Äëÿ äîâiëüíèõ u0 ∈ L2(Ω) çàäà÷à (2.1) çà óìîâ (2.2) ìà¹ïðèíàéìíi îäèí ðîçâ'ÿçîê ó êëàñi W , äëÿ ÿêîãî u(0) = u0.Êðiì òîãî, äëÿ äîâiëüíîãî u ∈W - ðîçâ'ÿçêó (2.1) ñïðàâåäëèâi îöiíêè:

‖u(t)‖2 + a

∫ t

s
‖u(τ)‖2

H1
0
dτ + 2α

∫ t

s
‖u(τ)‖p

Lpdτ ≤

‖u(s)‖2 + C3(t− s)(‖h‖2 + 1), (2.4)
‖u(t)‖2 ≤ ‖u(s)‖2 +

∫ t

s
(h, u(p))dp + C4|Ω|(t− s), (2.5)

∀ t ≥ s, t, s ∈ [0, T ], ïðè÷îìó äîäàòíi êîíñòàíòè C3, C4 çàëåæàòü ëèøå âiäêîíñòàíò çàäà÷i (2.1).
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H = {u ∈ L2(Ω) | u(x) ≥ 0 äëÿ ì.â. x ∈ Ω}.Îñíîâíîþ ìåòîþ ðîáîòè ¹ ç'ÿñóâàííÿ óìîâ, çà ÿêèõ äëÿ äîâiëüíèõ u0 ∈ Hiñíó¹ ïðèíàéìíi îäèí ðîçâ'ÿçîê u = u(x, t) çàäà÷i (2.1) ç u(0) = u0, äëÿ ÿêîãî

u(t) ∈ H ∀ t ∈ [0, T ]. (2.6)Äëÿ öüîãî áóäåìî êîíñòðóþâàòè àïðîêñèìàòèâíi çàäà÷i äëÿ (2.1), ïðàâi÷àñòèíè ÿêèõ ó ïåâíîìó ñåíñi çáiãàþòüñÿ äî ïðàâî¨ ÷àñòèíè (2.1), i ïðè öüîìó¹ ãëàäêèìè �óíêöiÿìè, ùî çàäîâîëüíÿþòü óìîâè ç [2℄.Ç öi¹þ ìåòîþ ðîçãëÿíåìî ïîñëiäîâíiñòü çàäà÷ (2.1) (áóäåìî ïîçíà÷àòè ¨õ
(2.1)n, n ≥ 0, (2.1)0 = (2.1)), äå çàìiñòü �óíêöié f(x, u), h(x) ñòîÿòü �óíêöi¨
fn(x, u), hn(x) âiäïîâiäíî, ùî ìàþòü òàêi âëàñòèâîñòi: ∀ n ≥ 1 fn çàäîâîëüíÿ¹óìîâè (2.2) ç êîíñòàíòàìè, ùî íå çàëåæàòü âiä n i äëÿ äîâiëüíèõ A > 0,
θ ∈ L2(Ω)

sup
|v|≤A

ess sup
x∈Ω

|fn(x, v) − f(x, v)| → 0, n→ ∞,
∫

Ω
(hn(x) − h(x))θ(x)dx → 0, n→ ∞.





(2.7)Òîäi ç òåîðåìè 1 äëÿ äîâiëüíèõ n ≥ 0, un
0 ∈ L2(Ω) çàäà÷à (2.1)n ìà¹ ïðèíàéìíiîäèí ðîçâ'ÿçîê ó êëàñi W .Íàñòóïíèé ðåçóëüòàò ¹ àíàëîãîì òåîðåìè ïðî íåïåðåðâíó çàëåæíiñòü âiäïî÷àòêîâèõ äàíèõ i äîçâîëèòü çäiéñíþâàòè ãðàíè÷íèé ïåðåõiä â àïðîêñèìà-òèâíèõ çàäà÷àõ.Òåîðåìà 2. [3℄,[4℄ Íåõàé {un} ⊂W � ïîñëiäîâíiñòü ðîçâ'ÿçêiâ çàäà÷ (2.1)n,ïðè÷îìó un(0) → u0 ñëàáî â L2(Ω). Íåõàé çàäàíà ïîñëiäîâíiñòü {tn} ⊂ [0, T ]òàêà, ùî tn → t0 ∈ [0, T ]. Òîäi iñíó¹ u ∈ W � ðîçâ'ÿçîê (2.1) òàêèé, ùî

u(0) = u0 i ïðèíàéìíi ïî ïiäïîñëiäîâíîñòi un(tn) → u(t0) ñëàáî â L2(Ω).ßêùî t0 ∈ (0, T ), òî ïî ïiäïîñëiäîâíîñòi un(tn) → u(t0) ñèëüíî â L2(Ω).ßêùî æ un(0) → u0 ñèëüíî â L2(Ω), òî äëÿ tn ց 0 ïî ïiäïîñëiäîâíîñòi
un(tn) → u0 ñèëüíî â L2(Ω).3. Îñíîâíèé ðåçóëüòàòÏåðåä �îðìóëþâàííÿì îñíîâíîãî ðåçóëüòàòó íàâåäåìî äîïîìiæíó ëåìó,ùî äîçâîëèòü ñòâåðäæóâàòè âëàñòèâiñòü (2.6).Ëåìà 1. Íåõàé äëÿ çàäà÷i âèêîíàíi óìîâè (2.2), f(x, ·) ∈ C1(R) äëÿ ì. â.
x ∈ Ω,

f ′u(x, u) ≥ −C, (3.1)
−f(x, 0) + h(x) ≥ 0 äëÿ ì. â. x ∈ Ω. (3.2)Òîäi äëÿ äîâiëüíèõ u0 ∈ H iñíó¹ ¹äèíèé ðîçâ'ÿçîê u = u(x, t) çàäà÷i (2.1) ç

u(0) = u0, äëÿ ÿêîãî u(t) ∈ H ∀ t ∈ [0, T ].



Ï�Î ÄÎÄÀÒÍI �ÎÇÂ'ßÇÊÈ �IÂÍßÍÍß �ÅÀÊÖI�-ÄÈÔÓÇI� 21Òåîðåìà 3. Íåõàé âèêîíàíi óìîâè (2.2) i íàñòóïíi:
∀ ǫ > 0 ∀ A > 0 ∃ δ > 0 ∀ u, v, |u| ≤ A, |u− v| < δ

ess sup
x∈Ω

|f(x, u) − f(x, v)| < ǫ,
(3.3)

−f(x, 0) + h(x) ≥ 0 äëÿ ì. â. x ∈ Ω. (3.4)Òîäi äëÿ äîâiëüíèõ u0 ∈ H iñíó¹ ïðèíàéìíi îäèí ðîçâ'ÿçîê u = u(x, t) çàäà÷i(2.1), u(0) = u0, äëÿ ÿêîãî u(t) ∈ H ∀ t ∈ [0, T ].Äîâåäåííÿ. Äëÿ öüîãî äëÿ êîæíîãî k ≥ 1 ïîêëàäåìî
fk(x, u) =





f(x, u), |u| ≤ k,
f(x, k)(u

k )p−1, u > k,
f(x,−k)(−u

k )p−1, u < −k.Òîäi fk � �óíêöiÿ Êàðàòåîäîði, i ∀ A > 0

sup
|u|≤A

ess sup
x∈Ω

|fk(x, u) − f(x, u)| → 0, k → ∞.Íåõàé ρǫ ≥ 0 � ñòàíäàðòíà ðåãóëÿðèçóþ÷à ïîñëiäîâíiñòü. Îçíà÷èìî �óíêöi¨
f ǫ

k(x, u) =

∫ +∞

−∞
ρǫ(s)fk(x, u− s)ds.Â ñèëó óìîâè (3.3) iñíó¹ ǫk ∈ (0, 1), ǫk → 0 òàêå, ùî ∀ u, |u| ≤ k, ∀ s, |u−s| < ǫk

ess sup
x∈Ω

|fk(x, u) − fk(x, s)| ≤
1

k
.Ïîêëàäåìî fk(x, u) = f ǫk

k (x, u). Çà ïîáóäîâîþ ∀ k ≥ 1 fk(x, ·) ∈ C∞(R).Òîäi ëåãêî ïîêàçàòè, ùî äëÿ âñiõ k ≥ k0, äå k0 çàëåæèòü ëèøå âiä êîíñòàíòçàäà÷i (2.1), ñïðàâåäëèâi íàñòóïíi òâåðäæåííÿ:
∀ A > 0 sup

|u|≤A
ess sup

x∈Ω
|fk(x, u) − f(x, u)| → 0, k → ∞,

‖fk(x, u)| ≤ D1(1 + |u|p−1), fk(x, u)u ≥ β|u|p −D2, (3.5)
∂fk(x, u)

∂u
≥ −D3(k),äå D3(k) � íåâiä'¹ìíå ÷èñëî, ñâî¹ äëÿ êîæíîãî k ≥ k0, à äîäàòíi êîíñòàíòè

D1, D2 ≥ C2, β íå çàëåæàòü âiä k.Òåïåð äëÿ êîæíîãî k ≥ 1 ìà¹ìî
fk(x, 0) =

∫ +∞

−∞
ρǫk

(s)f(x,−s)ds.Ïîêëàäåìî
hk(x) :=

∫ +∞

−∞
ρǫk

(s)(f(x, 0) − f(x,−s)ds,
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F k(x, u) = fk(x, u) + hk(x).Òîäi

−F k(x, 0) + h(x) ≥ 0.Òåïåð ïðè �iêñîâàíèõ k > 1 ðîçãëÿíåìî çàäà÷ó




∂u(t,x)
∂t = a△u(t, x) − F k(x, u(t, x)) + h(x), (t, x) ∈ (0, T ) × Ω,

u(t, x)|x∈∂Ω = 0, u(0, x) = u0(x) ∈ H.
(3.6)Îñêiëüêè |hk(x)| ≤ 1

k , òî äëÿ F k âèêîíóþòüñÿ óìîâè (3.5). Îòæå, çàäà÷à (3.6)ìà¹ ¹äèíèé ðîçâ'ÿçîê uk(x, t) ≥ 0 â êëàñi W i â ñèëó òåîðåìè 2 ∀ t ∈ [0, T ]
uk(t) → u(t) â L2(Ω), äå u(·) � ðîçâ'ÿçîê (2.1), u(0) = u0, äëÿ ÿêîãî â ñèëóçàìêíåíîñòi H ìà¹ìî u(t) ∈ H ∀ t ∈ [0, T ]. Òåîðåìà äîâåäåíà.Íàâåäåìî ïðèêëàä, ÿêèé iëþñòðó¹, ùî ÿêùî â óìîâàõ òåîðåìè íå âèìàãàòè¹äèíîñòi ðîçâ'ÿçêó çàäà÷i Êîøi, òî ìîæóòü iñíóâàòè ðîçâ'ÿçêè, ùî íå ìàþòüâëàñòèâîñòi (2.6). Äëÿ öüîãî ðîçãëÿíåìî çàäà÷ó (2.1) ç a = 1, Ω = (0, π), T = 1,
h(x) ≡ 0,

f(x, u) =

{
−4u− 3(sin 2x)1/3u2/3, u ∈ [0, 1],

(−4 − 3(sin 2x)1/3)u+ u(u2 − 1), u 6∈ [0, 1].Òîäi f � �óíêöiÿ Êàðàòåîäîði i âèêîíàíi óìîâè (2.2), (3.3) i f(x, 0) = 0, òîáòîâèêîíóþòüñÿ âñi óìîâè òåîðåìè. Ïîêëàäåìî u0(x) = 0 ∈ H. Òîäi u(t, x) ≡
0 � î÷åâèäíèé ðîçâ'ÿçîê (2.1) iç êëàñó H. Ôóíêöiÿ u(t, x) = t3 sin 2x òàêîæðîçâ'ÿçîê (2.1) íà (0, 1). Ïðîòå, ∀ t ∈ (0, 1) u(t) 6∈ H.Áiáëiîãðà�i÷íi ïîñèëàííÿ1. Temam R. In�nite dimensional dynamial systems in mehanis and physis. � NewYork : Springer, 1988. � 600 ñ.2. Chepyzhov V. V., Vishik M. I. Attrators for equations of mathematial physis. �Providene : AMS, 2002. � 400 ñ.3. Kapustyan O. V., Valero J. On the Kneser property for the omplex Ginzburg-Landau equation and the Lotka-Volterra system with di�usion // Journal ofMathematial Analysis and Appliations. � 2009. � � 357. � Ñ. 254�272.4. Kapustyan O. V., Melnik V. S., Valero J., Yasinsky V. V. Global attratorsof multi-valued dynamial systems and evolution equations without uniqueness /O. V. Kapustyan, V. S. Melnik, J. Valero, V. V. Yasinsky. � Ê. : Íàóêîâà äóìêà,2008. � 215 ñ. Íàäiéøëà äî ðåäàêöi¨ 01.09.2009



ISSN � 9125 0912. ÂIÑÍÈÊ ÄÍÓ. Ñåðiÿ "Ìîäåëþâàííÿ". � 8. 2009. Âèï. 1. C. 23�41Ïðîáëåìè ìàòåìàòè÷íîãî ìîäåëþâàííÿòà òåîði¨ äè�åðåíöiàëüíèõ ðiâíÿíüÓÄÊ 519.6Ï�Î ÑÒIÉÊIÑÒÜ ÄÎ ÇÁÓ�ÅÍÜ ÎÁËÀÑÒI ÎÄÍÎ�ÎÊËÀÑÓ ÇÀÄÀ× ÎÏÒÈÌÀËÜÍÎ�Î ÊÅ�ÓÂÀÍÍßÎ. Ï. ÊîãóòIíñòèòóò ïðèêëàäíîãî ñèñòåìíîãî àíàëiçó ÍÀÍ Óêðà¨íè òà ÌÎÍ Óêðà¨íè,ÍÒÓÓ "ÊÏI êîðï.35, ïðîñï. Ïåðåìîãè, 37, Êè¨â. E-mail: kogut_olga�bk.ruÄëÿ ðîçãëÿíóòîãî êëàñó çàäà÷ îïòèìàëüíîãî êåðóâàííÿ êîå�iöi¹íòàìè íå-ëiíiéíîãî åëiïòè÷íîãî ðiâíÿííÿ ç óìîâàìè Äiðiõëå íà ãðàíèöi îçíà÷åíå ïîíÿòòÿñòiéêîñòi òàêî¨ çàäà÷i âiäíîñíî çáóðåíü îáëàñòi. Çàïðîïîíîâàíi äîñòàòíi óìîâèíà çáóðåííÿ îáëàñòi, çà ÿêèõ ñòiéêiñòü ðîçãëÿíóòî¨ çàäà÷i ìà¹ ìiñöå.Êëþ÷îâi ñëîâà. Çáóðåííÿ îáëàñòi, Ìîñêî-çáiæíiñòü ïðîñòîðiâ Ñîáîë¹âà, êåðóâàííÿ â êî-å�iöi¹íòàõ, çàäà÷à Äiðiõëå, óìîâè ñòiéêîñòi.1. ÂñòóïÇàçâè÷àé, ìàòåìàòè÷íà ìîäåëü îïòèìiçàöiéíî¨ çàäà÷i (íàäàëi OCP ) ñêëà-äà¹òüñÿ ç äåêiëüêîõ íåçàëåæíèõ ìàòåìàòè÷íèõ îá'¹êòiâ: ðiâíÿííÿ ñòàíó, îá-ìåæåííÿ íà ñòàí ñèñòåìè òà êåðóâàííÿ, �óíêöiîíàëó ÿêîñòi. Äëÿ ñèñòåì çðîçïîäiëåíèìè ïàðàìåòðàìè êîæíà ç öèõ ñêëàäîâèõ çàëåæèòü âiä îáëàñòi
Ω, íà ÿêié âèâ÷à¹òüñÿ îá'¹êò êåðóâàííÿ. Îòæå, ÿêùî îáëàñòü Ω çìiíþ¹òüñÿ,òî ïðèõîäèìî äî àáñîëþòíî iíøî¨ çàäà÷i îïòèìàëüíîãî êåðóâàííÿ OCP (Ω),ìîæëèâî ç iíàêøèìè îáìåæåííÿìè, iíàêøèì �óíêöiîíàëîì ÿêîñòi i iíøîþêðàéîâîþ çàäà÷åþ.Íåõàé ïîñëiäîâíiñòü ìíîæèí {Ωε}ε>0 çáiãà¹òüñÿ â äåÿêîìó ñåíñi äî Ω. Òîäi,âèõîäÿ÷è ç êëàñè÷íîãî ïiäõîäó (äèâ., íàïðèêëàä, [6, 7, 10, 12, 13℄), îïòèìiçà-öiéíó çàäà÷ó OCP (Ω) íàçèâàþòü ñòiéêîþ âiäíîñíî çàäàíîãî çáóðåííÿ {Ωε}ε>0îáëàñòi Ω, ÿêùî ïîñëiäîâíiñòü îïòèìàëüíèõ ïàð çáóðåíèõ çàäà÷ OCP (Ωε) çái-ãà¹òüñÿ (â ïåâíié òîïîëîãi¨) äî ïàðè, ÿêà ¹ îïòèìàëüíîþ äëÿ âèõiäíî¨ çàäà÷i
OCP (Ω). Ïðîòå îïòèìàëüíó ïàðó íå ìîæíà íàçâàòè âè÷åðïíîþ òà âñåái÷íîþõàðàêòåðèñòèêîþ îïòèìiçàöiéíî¨ çàäà÷i. ßê ïðàâèëî, ïîâíà iäåíòè�iêàöiÿ çà-äà÷i îïòèìàëüíîãî êåðóâàííÿ (âêëþ÷àþ÷è �óíêöiîíàë ÿêîñòi, ðiâíÿííÿ ñòàíóòà iñíóþ÷i îáìåæåííÿ íà êåðóâàííÿ i ñòàí) çà äîïîìîãîþ ñàìîãî òiëüêè îïòè-ìàëüíîãî ðîçâ'ÿçêó ¹ íåìîæëèâîþ. Áiëüøå òîãî, çãàäàíèé ìåòîä äîñëiäæåííÿíà ñòiéêiñòü íå ïðàöþ¹ ó âèïàäêó, êîëè îïòèìàëüíîãî ðîçâ'ÿçêó â çàäà÷i ìî-æå íå iñíóâàòè [6℄ àáî êîëè öi ðîçâ'ÿçêè ìàþòü íåêëàñè÷íèé, íåâàðiàöiéíèéõàðàêòåð [5℄.Ó äàíié ðîáîòi ðîçãëÿíóòî êëàñ çàäà÷ îïòèìàëüíîãî êåðóâàííÿ êîå�iöi-¹íòàìè íåëiíiéíîãî åëiïòè÷íîãî ðiâíÿííÿ ç óìîâàìè Äiðiõëå íà ãðàíèöi ç òàêçâàíèìè óçàãàëüíåíî-ñîëåíî¨äàëüíèìè êåðóâàííÿìè. Äëÿ òàêîãî êëàñó çàäà÷îçíà÷åíî ïîíÿòòÿ Ìîñêî-ñòiéêîñòi âiäíîñíî çáóðåíü îáëàñòi, ÿêå âêëþ÷à¹ â© Î. Ï. Êîãóò, 2009



24 Î. Ï. ÊÎ�ÓÒñåáå Ìîñêî-ñòiéêiñòü ìíîæèíè äîïóñòèìèõ ïàð çáóðþâàíî¨ çàäà÷i òà âiäïî-âiäíi âëàñòèâîñòi �óíêöiîíàëiâ ÿêîñòi. Ñòàâèòüñÿ çà ìåòó îòðèìàòè äîñòàòíióìîâè òàêî¨ ñòiéêîñòi. Ïîêàçàíî, ùî îñíîâó òàêèõ óìîâ ñêëàäàþòü òàê çâàíiçáóðåííÿ â õàóñäîð�îâié òîïîëîãi¨ äîïîâíåíü, çàïðîïîíîâàíi Áàêóðîì (äèâ.[6℄). Äîñëiäæåíî âàðiàöiéíi âëàñòèâîñòi Ìîñêî-ñòiéêèõ çàäà÷ îïòèìàëüíîãîêåðóâàííÿ. Îòðèìàíi ðåçóëüòàòè ìîæóòü ñëóæèòè îñíîâîþ äëÿ ïîáóäîâè ñóá-îïòèìàëüíèõ êåðóâàíü ó çàäà÷àõ iç íåðåãóëÿðíèìè îáëàñòÿìè òà îáëàñòÿìèñêëàäíî¨ �îðìè.2. Ïîñòàíîâêà çàäà÷iÍåõàé Ω ¹ �iêñîâàíîþ âiäêðèòîþ ïiäìíîæèíîþ ïåâíî¨ îáìåæåíî¨ âiäêðè-òî¨ ìíîæèíè D ⊂ Rn ç ðåãóëÿðíîþ ãðàíèöåþ.Äëÿ çàäàíèõ z∂ ∈ Lp(D) òà f ∈ Lq(Ω) ðîçãëÿíåìî òàêó çàäà÷ó îïòèìàëüíî-ãî êåðóâàííÿ:
LΩ =

∫

Ω
|y(x) − z∂(x)|p dx+

∫

Ω
|∇y(x)|p dx (2.1)ïðè îáìåæåííÿõ

U ∈ Ln×n
∞ (D), U ∈ Usol, y ∈

◦

W 1
p (Ω), (2.2)

−div
(
U(x) |∇y|p−2∇y

)
+ a0(x)|y|p−2y = f â Ω, (2.3)äå a0(x) ≥ 0. ×åðåç Usol ïîçíà÷åíî êëàñ óçàãàëüíåíî ñîëåíî¨äàëüíèõ ìàòðèöü:

Usol =




{aij}1≥i,j≥n

∣∣∣∣∣∣∣∣

ai j ∈ L∞(D)
0 < δ ≤ ξ1(x) ≤ ai j(x) ≤ ξ2(x) ì.ñ. â D,

∃α > 0, ∀ η ∈ Rn
∑n

i,j=1 aij(x)|η|p−2 ηj ηi ≥ α |η|p ì. ñ. â D 



∩ V. (2.4)Òóò ξ 1, ξ2 � çàäàíi �óíêöi¨ ç ïðîñòîðó L∞(D) òàêi, ùî
0 < δ ≤ ξ 1(x) ≤ ξ2(x) ìàéæå ñêðiçü â D, (2.5)à ìíîæèíà V âèçíà÷à¹òüñÿ ÿê

V = {U = [u1,u2, . . . ,un] |divui ∈ Qi, ∀ i = 1, . . . , n},äå {Q1, . . . , Qn} � êîìïàêòíi ìíîæèíè â ïðîñòîði W−1
q (D). Ìíîæèíîþ äîïó-ñòèìèõ ðîçâ'ÿçêiâ Ξ çàäà÷i (2.1)�(2.3) áóäåìî íàçèâàòè ñóêóïíiñòü ïàð (U , y) ∈

Ln×n
∞ (Ω)×

◦

W 1
p (Ω), ÿêi ïîâ'ÿçàíi ñïiââiäíîøåííÿìè (2.2)�(2.3). ×åðåç τ áóäå-ìî ïîçíà÷àòè òîïîëîãiþ â ïðîñòîði Ln×n

∞ (Ω)×
◦

W 1
p (Ω) ÿê äîáóòîê ∗−ñëàáêî¨òîïîëîãi¨ â Ln×n

∞ (Ω) òà ñëàáêî¨ òîïîëîãi¨ â ïðîñòîði ◦

W 1
p (Ω).Âèõîäÿ÷è ç (2.4)�(2.5), ëåãêî áà÷èòè, ùî íåëiíiéíèé åëiïòè÷íèé îïåðàòîðó ðiâíÿííi (2.3) ¹ êîåðöèòèâíèì, ñòîðîãî ìîíîòîííèì òà äåìiíåïåðåðâíèì.Öüîãî äîñòàòíüî, ùîá ñòâåðäæóâàòè îäíîçíà÷íó ðîçâ'ÿçíiñòü êðàéîâî¨ çàäà÷i



Ï�Î ÑÒIÉÊIÑÒÜ ÄÎ ÇÁÓ�ÅÍÜ ÎÁËÀÑÒI 25(2.2)�(2.4) (äèâ. [2℄). Òîäi, çà àíàëîãi¹þ ç [3℄, ëåãêî ïîêàçàòè, ùî çàäà÷à (2.1)�(2.3) ¹ ðîçâ'ÿçíîþ ó êëàñi óçàãàëüíåíî-ñîëåíî¨äàëüíèõ êåðóâàíü (äèâ. òàêîæ[1℄).Ìåòîþ äàíî¨ ðîáîòè ¹ äîñëiäèòè àñèìïòîòè÷íó ïîâåäiíêó ðîçâ'ÿçêiâ çàäà÷îïòèìàëüíîãî êåðóâàííÿ
LΩε(Uε, yε) =

∫

Ωε

|yε(x) − z∂(x)|p dx+

∫

Ωε

|∇yε(x)|p dx −→ inf, (2.6)
−div

(
Uε(x)|∇yε|p−2∇yε

)
+ a0|yε|p−2yε = f â Ωε, (2.7)

yε ∈
◦

W 1
p (Ωε), Uε ∈ Usol (2.8)âiäíîñíî çáóðåíü {Ωε}ε>0 îáëàñòi Ω ⊆ D. Äàëi ε îçíà÷àòèìå ìàëèé ïàðàìåòð,ùî çìiíþ¹òüñÿ â ìåæàõ ñòðîãî ñïàäíî¨ ïîñëiäîâíîñòi äîäàòíèõ ÷èñåë, ÿêi ïðÿ-ìóþòü äî íóëÿ. Áóäåìî ïðèïóñêàòè, ùî ìíîæèíà äîïóñòèìèõ êåðóâàíü Usoli, âiäïîâiäíî, ìíîæèíà äîïóñòèìèõ ðîçâ'ÿçêiâ Ξε ⊂ Ln×n

∞ (D)×
◦

W 1
p (Ωε) íåïî-ðîæíi äëÿ êîæíîãî ε > 0.Íàäàëi ïðîáëåìó îïòèìàëüíîãî êåðóâàííÿ (2.1)�(2.3) áóäåìî ðîçãëÿäàòèÿê ïàðàìåòðèçîâàíó âiäíîñíî îáëàñòi Ω i ïîçíà÷àòè ¨¨ ÿê OCP (Ω). Áiëüøåòîãî, ïðèïóñêàòèìåìî, ùî îáëàñòü Ω, ÿê ïiäìíîæèíà åâêëiäîâîãî ïðîñòî-ðó, ¹ îáìåæåíîþ, âiäêðèòîþ, òà ìà¹ äîñòàòíüî ðåãóëÿðíó (ïðèíàéìíi, ëiï-øèöåâó) ãðàíèöþ. Ïðîòå ñóêóïíiñòü òàêèõ ïiäìíîæèí åâêëiäîâîãî ïðîñòîðó,â çàãàëüíîìó âèïàäêó, íå óòâîðþ¹ ëiíiéíèé ïðîñòið. Îòæå, îáëàñòü Ω, ÿêïàðàìåòð, íàëåæàòèìå äåÿêîìó àáñòðàêòíîìó ïðîñòîðó, âçàãàëi êàæó÷è, áåçëiíiéíî¨ ñòðóêòóðè, â ÿêîìó, äî òîãî æ, íå ìà¹ "õîðîøî¨" òîïîëîãi¨. Ìà¹òüñÿíà óâàçi òàêå: ÿêùî îçíà÷èòè òîïîëîãiþ íà ïîñëiäîâíîñòi ìíîæèí {Ωk}k≥1ÿê òàêó, ùî óçãîäæåíà çi ñëàáêîþ çáiæíiñòþ âiäïîâiäíèõ õàðàêòåðèñòè÷íèõ�óíêöié χΩk

(·), òî ëåãêî áà÷èòè, ùî òàêà òîïîëîãiÿ íå áóäå õàóñäîð�îâîþ.Îêðiì òîãî, íàâiòü ÿêùî ñëàáêà ãðàíèöÿ õàðàêòåðèñòè÷íèõ �óíêöié iñíó¹,âîíà íå îáîâ'ÿçêîâî ñàìà ¹ õàðàêòåðèñòè÷íîþ �óíêöi¹þ, òîáòî ç íåþ íå çà-âæäè âäà¹òüñÿ ïîâ'ÿçàòè ìíîæèíó, ÿêó ìîæíà áóëî á òðàêòóâàòè â äåÿêîìóñåíñi ÿê ãðàíèöþ ïîñëiäîâíîñòi ìíîæèí {Ωk}k≥1. Ó çâ'ÿçêó ç öèì áóäåìî äî-òðèìóâàòèñü òàêèõ ïðèïóùåíü. Íåõàé íà ïiäìíîæèíàõ ìíîæèíè D ¹ çàäàíèìïåâíèé òèï çáiæíîñòi σ.Îçíà÷åííÿ 1. Íåõàé Ω,Ωk ⊂ D � âiäêðèòi ìíîæèíè ç äîñòàòíüî ðåãóëÿð-íèìè ìåæàìè. Áóäåìî êàçàòè, ùî ïîñëiäîâíiñòü {Ωk}k≥1 óòâîðþ¹ σ-çáóðåííÿìíîæèíè Ω, ÿêùî Ωk
σ−→ Ω ïðè k → ∞.Çàóâàæåííÿ 1. Ñóòò¹âî, ùî òåðìií "σ-çáóðåííÿ" áóäå îçíà÷àòè íå òiëüêèíàÿâíiñòü ïîñëiäîâíîñòi ìíîæèí {Ωk}k≥1, à é òîïîëîãiþ σ, â ÿêié öi ìíîæèíèçáiãàþòüñÿ äî Ω.Àíàëiç iñíóþ÷èõ ïóáëiêàöié ïîêàçó¹ (äèâ., çîêðåìà, ðîáîòè Ìàð÷åíêî &Õðóñëîâà [4℄, Buttazzo & Bour [6℄, Dal Maso & Murat [11℄), ùî òèïîâîþ ñè-òóàöi¹þ äëÿ êðàéîâèõ çàäà÷ âèäó (2.2)�(2.3) ç óìîâàìè Äiðiõëå íà ãðàíèöi¹ íàÿâíiñòü âëàñòèâîñòi "íåñòiéêîñòi" âiäíîñíî çáóðåíü îáëàñòi (ç'ÿâëÿòüñÿíîâi âàãîâi êîå�iöi¹íòè òà äîäàòêîâi ÷ëåíè â ðiâíÿííi ñòàíó). Ó çâ'ÿçêó ç öèì



26 Î. Ï. ÊÎ�ÓÒçàóâàæèìî, ùî ìåòîþ äàíî¨ ðîáîòè ¹ îòðèìàííÿ äîñòàòíiõ óìîâ íà çáóðåí-íÿ {Ωε}ε>0, çà ÿêèõ çàäà÷à îïòèìàëüíîãî êåðóâàííÿ (à íå ëèøå âiäïîâiäíàêðàéîâà çàäà÷à) áóäå çàäîâîëüíÿòè ïåâíèì óìîâàì ñòiéêîñòi.3. Îñíîâíi ïîíÿòòÿ òà ïîïåðåäíi ðåçóëüòàòèÓ öüîìó ïàðàãðà�i íàâåäåìî êëþ÷îâi ïîíÿòòÿ òà îçíà÷åííÿ, íåîáõiäíi íàìó ïîäàëüøîìó. Çîêðåìà, íàâåäåìî âèçíà÷åííÿ ïîíÿòòÿ ëîêàëüíî¨ ñîáîë¹âñüêî¨¹ìíîñòi, ïîíÿòòÿ Ìîñêî çáiæíîñòi ïðîñòîðiâ Ñîáîë¹âà òà ïîíÿòòÿ çáóðåíüîáëàñòi â õàóñäîð�îâié òîïîëîãi¨ äîïîâíåíü.3.1. Ïîíÿòòÿ ñîáîë¹âñüêî¨ ¹ìíîñòi ìíîæèíè. Çáiæíiñòüñîáîë¹âñüêèõ ïðîñòîðiâ ó ñåíñi ÌîñêîÍàäàëi íàì çíàäîáèòüñÿ ïîíÿòòÿ ëîêàëüíî¨ ñîáîë¹âñüêî¨ p-¹ìíîñòi:Îçíà÷åííÿ 2. Äëÿ êîìïàêòíî¨ ìíîæèíè K, ùî ìiñòèòüñÿ ó äîâiëüíié êóëi
B ¹ìíiñòü K â B âèçíà÷à¹òüñÿ òàêèì ÷èíîì:

Cp(E,B) = inf

{∫

B
|∇φ|p dx, ∀φ ∈ C∞

0 (B), φ ≥ 1 íà K} .Òàêîæ íàì áóäå ïîòðiáíå ïîíÿòòÿ Ìîñêî-çáiæíîñòi ñîáîë¹âñüêèõ ïðîñòî-ðiâ.Îçíà÷åííÿ 3. [15℄ Áóäåìî êàçàòè, ùî ïîñëiäîâíiñòü { ◦

W 1
p (Ωε)

}

ε>0

ïðîñòîðiâÑîáîë¹âà çáiãà¹òüñÿ â ñåíñi Ìîñêî äî ïðîñòîðó ◦

W 1
p (Ω) ÿêùî âèêîíóþòüñÿ òàêióìîâè:

(M1) äëÿ äîâiëüíîãî y ∈
◦

W 1
p (Ω), çíàéäåòüñÿ òàêà ïîñëiäîâíiñòü{

yε ∈
◦

W 1
p (Ωε)

}

ε>0

, ùî ỹε → ỹ ñèëüíî â W 1
p (Rn);

(M2) ÿêùî {εk}k∈N
� çáiæíà äî íóëÿ ïîñëiäîâíiñòü iíäåêñiâ, {yk}k∈N

� ïîñ-ëiäîâíiñòü òàêà, ùî yk ∈
◦

W 1
p (Ωεk

) äëÿ êîæíîãî k ∈ N òà ỹk → ψ ñëàáêîâ W 1
p (Rn), òîäi iñíó¹ �óíêöiÿ y ∈

◦

W 1
p (Ω) òàêà, ùî y = ψ|Ω.Òóò i äàëi, ÷åðåç ỹε (âiäïîâiäíî ỹ) áóäå ïîçíà÷àòèñÿ òðèâiàëüíî ïîøèðåííÿíà Rn �óíêöié, âèçíà÷åíèõ íà Ωε (âiäïîâiäíî íà Ω), à ñàìå, ỹε = ỹεχΩε i ỹ =

ỹχΩ. ßêùî ïîñëiäîâíiñòü {Ωε}ε>0 çáiãà¹òüñÿ äî Ω â äåÿêîìó "ðiâíîìiðíîìó"ñåíñi, òî ëåãêî ïîêàçàòè, ùî óìîâè (M1) òà (M2) áóäóòü âèêîíóâàòèñü. Ïðè-ðîäíèì ïèòàííÿì ¹ ïîøóê ìiíiìàëüíèõ óìîâ íà ìíîæèíè {Ωε}ε>0 òà Ω, çàÿêèõ çáiæíiñòü ïðîñòîðiâ Ñîáîë¹âà ó ñåíñi Ìîñêî áóäå ìàòè ìiñöå.Ç âèêîðèñòàííÿì ïîíÿòòÿ ¹ìíîñòi òà òåîði¨ G-çáiæíîñòi, ó ðîáîòàõ [9, 10,11℄ íàäàíi íåîáõiäíi i äîñòàòíi óìîâè Ìîñêî-çáiæíîñòi.



Ï�Î ÑÒIÉÊIÑÒÜ ÄÎ ÇÁÓ�ÅÍÜ ÎÁËÀÑÒI 273.2. Çáóðåííÿ îáëàñòi â õàóñäîð�îâié òîïîëîãi¨ äîïîâíåíüÏåðåä òèì ÿê ãîâîðèòè ïðî çáóðåííÿ îáëàñòi, íåîáõiäíî ââåñòè òîïîëîãiþíà ïðîñòîði âiäêðèòèõ ïiäìíîæèí ìíîæèíè D. Äëÿ öüîãî äàìî âèçíà÷åííÿõàóñäîð�îâî¨ òîïîëîãi¨ äîïîâíåíü (ïîçíà÷èìî ¨¨ ÷åðåç Hc), ÿêà çàäà¹òüñÿ çàäîïîìîãîþ òàêî¨ ìåòðèêè:
dHc(Ω1,Ω2) = sup

x∈Rn

|d(x,Ωc
1) − d(x,Ωc

2)| ,äå ÷åðåç Ωc
i ïîçíà÷åíî äîïîâíåííÿ ìíîæèí Ωi â Rn.Îçíà÷åííÿ 4. [8℄ Áóäåìî ãîâîðèòè, ùî ïîñëiäîâíiñòü {Ωε}ε>0 âiäêðèòèõ ïiä-ìíîæèí D çáiãà¹òüñÿ äî âiäêðèòî¨ ìíîæèíè Ω ⊆ D â Hc-òîïîëîãi¨, ÿêùî

dHc(Ωε,Ω) çáiãà¹òüñÿ äî íóëÿ 0 ïðè ε→ 0.
Hc-òîïîëîãiÿ ìà¹ äåêiëüêà õîðîøèõ âëàñòèâîñòåé, à ñàìå, ïðîñòið âiäêðè-òèõ ïiäìíîæèí ìíîæèíè D ¹ êîìïàêòíèì âiäíîñíî Hc-çáiæíîñòi, òàêîæ, ÿê-ùî Ωε

Hc

−→ Ω, òîäi äëÿ äîâiëüíî¨ êîìïàêòíî¨ ìíîæèíè K ⊂⊂ Ω òà äîñòàòíüîìàëèõ çíà÷åíü ïàðàìåòðà ε ìàòèìåìî K ⊂⊂ Ωε . Áiëüøå òîãî, ïîñëiäîâíiñòüâiäêðèòèõ ìíîæèí {Ωε}ε>0 ⊂ D Hc-çáiãà¹òüñÿ äî âiäêðèòî¨ ìíîæèíè Ω, òîäii òiëüêè òîäi, êîëè ïîñëiäîâíiñòü äîïîâíåíü {Ωc
ε}ε>0 çáiãà¹òüñÿ äî Ωc â ñåíñiÊóðàòîâñüêîãî [14℄.Âiäîìî (äèâ. [6℄), ùî ó âèïàäêó êîëè p > n, Hc-çáiæíiñòü âiäêðèòèõ ìíî-æèí {Ωε}ε>0 ⊂ D åêâiâàëåíòíà çáiæíîñòi â ñåíñi Ìîñêî âiäïîâiäíèõ ïðîñòîðiâÑîáîë¹âà.Ó çàãàëüíîìó âèïàäêó (p ≤ n), ìà¹ ìiñöå:Òåîðåìà 1. [7℄ Íåõàé {Ωε}ε>0 � öå ïîñëiäîâíiñòü âiäêðèòèõ ïiäìíîæèí Dòàêà, ùî Ωε

Hc

−→ Ω i Ωε ∈ Ww(D) äëÿ âñiõ ε > 0, äå êëàñ Ww(D) âèçíà÷à¹òü-ñÿ òàêèì ÷èíîì:
Ww(D) =





Ω ⊆ D : ∀x ∈ ∂Ω,∀ 0 < r < R < 1;
∫ R

r

(
Cp(Ω

c ∩B(x, t);B(x, 2t))

Cp(B(x, t);B(x, 2t))

)1/(p−1)
dt

t
≥ w(r,R, x)




, (3.1)òóò ÷åðåç B(x, t) ïîçíà÷åíî êóëþ ç öåíòðîì â x òà ðàäióñîì t, à

w : (0, 1) × (0, 1) ×D → R+¹ òàêîþ, ùî1. limr→0w(r,R, x) = +∞, ëîêàëüíî ðiâíîìiðíî íà D;2. w íàïiâíåïåðåðâíà çíèçó çà òðåòiì àðãóìåíòîì.Òîäi Ω ∈ Ww(D), à ïîñëiäîâíiñòü ïðîñòîðiâ Ñîáîë¹âà { ◦

W 1
p (Ωε)

}

ε>0

çái-ãà¹òüñÿ â ñåíñi Ìîñêî äî ◦

W 1
p (Ω).



28 Î. Ï. ÊÎ�ÓÒÒåîðåìà 2. [7℄ Íåõàé n ≥ p > n − 1, i íåõàé {Ωε}ε>0 � öå ïîñëiäîâíiñòüâiäêðèòèõ ïiäìíîæèí D òàêà, ùî Ωε
Hc

−→ Ω i Ωε ∈ Ol(D) äëÿ äîâiëüíîãî
ε > 0, äå êëàñ Ol(D) âèçíà÷à¹òüñÿ ÿê

Ol(D) = {Ω ⊆ D : ♯Ωc ≤ l} (3.2)(òóò ÷åðåç ♯ ïîçíà÷åíî êiëüêiñòü çâ'ÿçíèõ êîìïoíåíò). Òîäi Ω ∈ Ol(D) òàïîñëiäîâíiñòü ïðîñòîðiâ Ñîáîë¹âà { ◦

W 1
p (Ωε)

}

ε>0

çáiãà¹òüñÿ â ñåíñi Ìîñêî äîïðîñòîðó ◦

W 1
p (Ω).ßê ïðèêëàä Hc-çáiæíèõ ïiäìíîæèí ðîçãëÿíåìî ìíîæèíè {Ωε}ε>0, ùîìiñòÿòü îñöèëþþ÷èé "êðåê"(òðiùèíó) ç çàòóõàþ÷îþ àìïëiòóäîþ ε (äèâ. ðèñ. 1).
�èñ. 1. Ïîñëiäîâíiñòü ìíîæèí, êîìïàêòíà â Hc-òîïîëîãi¨Ïåðåä òèì ÿê ââåñòè ñòðîãå îçíà÷åííÿ ïîíÿòòÿ ñòiéêîñòi ðîçãëÿíóòî¨ çà-äà÷i îïòèìàëüíîãî êåðóâàííÿ âiäíîñíî çáóðåíü îáëàñòi òà âèçíà÷èòè äîïóñòè-ìi çáóðåííÿ âiäêðèòî¨ ìíîæèíè Ω, çàóâàæèìî, ùî çáiæíiñòü ìíîæèí Ωε

Hc

−→
Ω â õàóñäîð�îâié òîïîëîãi¨ äîïîâíåíü íå ¹ äîñòàòíüîþ óìîâîþ äëÿ äîâåäåííÿñòiéêîñòi çàäà÷i

LΩ(U , y) =

∫

Ω
|y(x) − z∂(x)|p dx+

∫

Ω
|∇y(x)|p dx −→ inf, (3.3)

−div
(
U(x)|∇y|p−2∇y

)
+ a0|y|p−2y=f â Ω, (3.4)

y ∈
◦

W 1
p (Ω), U ∈ Usol. (3.5)Ó çàãàëüíîìó âèïàäêó, ãðàíè÷íà ïàðà ïîñëiäîâíîñòi {(Uopt

ε , yopt
ε )
}

ε>0
, ïðè Hc-çáóðåííi ìíîæèíè Ω, ìîæå íå áóòè äîïóñòèìîþ äëÿ âèõiäíî¨ çàäà÷i (3.3)�(3.5). Êîíòðïðèêëàäè íàâåäåíi â ðîáîòi [11℄ (äèâ. òàêîæ [6, 10℄). Îòæå, íåîá-õiäíî ââåñòè äåÿêi äîäàòêîâi îáìåæåííÿ íà ðóõîìó îáëàñòü.4. Äîïóñòèìi çáóðåííÿ îáëàñòi. Àñèìïòîòè÷íà ïîâåäiíêàìíîæèí äîïóñòèìèõ ïàð çáóðåíèõ çàäà÷Ó öüîìó ðîçäiëi áóäóòü îçíà÷åíi äîïóñòèìi çáóðåííÿ âèõiäíî¨ îáëàñòi iâiäíîñíî òàêèõ çáóðåíü áóäå äîñëiäæåíà àñèìïòîòè÷íà ïîâåäiíêà ìíîæèí äî-ïóñòèìèõ ïàð çáóðåíèõ çàäà÷.



Ï�Î ÑÒIÉÊIÑÒÜ ÄÎ ÇÁÓ�ÅÍÜ ÎÁËÀÑÒI 29Îçíà÷åííÿ 5. Íåõàé Ω òà {Ωε}ε>0 � âiäêðèòi ïiäìíîæèíè D. Áóäåìî êàçàòè,ùî ïîñëiäîâíiñòü {Ωε}ε>0 óòâîðþ¹ Hc-äîïóñòèìå çáóðåííÿ ìíîæèíè Ω, ÿêùî:(i) Ωε
Hc

−→ Ω ïðè ε→ 0;(ii) Ωε ∈ Ww(D) äëÿ âñiõ ε > 0, äå êëàñ Ww(D) âèçíà÷åíî â (3.1).Çàóâàæåííÿ 2. ßê ñòâåðäæó¹ òåîðåìà 1, ïiäìíîæèíà Ω ⊂ D äîïóñêà¹ iñíó-âàííÿ Hc-äîïóñòèìèõ çáóðåíü òîäi i òiëüêè òîäi, êîëè Ω íàëåæèòü äî êëàñó
Ww(D). Îäíàê öÿ óìîâà ¹ íå äóæå îáìåæëèâîþ. Ñïðàâäi, âèÿâëÿ¹òüñÿ, ùîòâåðäæåííÿ:

” ÿêùî y ∈W 1
p (Rn), Ω ∈ Ww(D), i supp y ⊂ Ω, òî y ∈

◦

W 1
p (Ω) ”¹, â çàãàëüíîìó âèïàäêó, íåïðàâèëüíèì. Çîêðåìà, âèùåíàâåäåíå íå ìà¹ ìiñöÿ,êîëè âiäêðèòà ìíîæèíà Ω ìà¹ "êðåê". Îòæå, Ww(D) ¹ äîñòàòíüî øèðîêèìêëàñîì âiäêðèòèõ ïiäìíîæèí ìíîæèíè D.Òåîðåìà 3. Ïðèïóñòèìî, ùî Ω ∈ Ww(D) � äåÿêà �iêñîâàíà ïiäîáëàñòü D,à {Ωε}ε>0 � äåÿêå Hc-äîïóñòèìå çáóðåííÿ Ω. Íåõàé òàêîæ

{(Uε, yΩε,Uε) ∈ ΞΩε}ε>0 � öå ïîñëiäîâíiñòü äîïóñòèìèõ ïàð çàäà÷ (2.6)�(2.8).Òîäi ïîñëiäîâíiñòü {(Uε, ỹΩε,Uε)}ε>0 ¹ ðiâíîìiðíî îáìåæåíîþ â Ln×n
∞ (D)×

◦

W 1
p

(D) i äëÿ äîâiëüíî¨ ¨¨ ÷àñòêîâî¨ τ -ãðàíèöi (τ -êëàñòåðíî¨ ïàðè)
(U∗, y∗) ∈ Ln×n

∞ (D)×
◦

W 1
p (D), ìàòèìåìî

U∗ ∈ Usol, (4.1)
∫

D

(
U∗|∇y∗|p−2∇y∗,∇ϕ̃

)
Rn dx+

∫

D
a0|y∗|p−2y∗ϕ̃ dx =

=

∫

D
fϕ̃ dx, ∀ϕ ∈ C∞

0 (Ω). (4.2)Äîâåäåííÿ. Äëÿ ïðîñòîòè áóäåìî ïèñàòè yε = yΩε,Uε . ßê çàâæäè, òðèâiàëüíåïîäîâæåííÿ �óíêöi¨ yε íà Rn ïîçíà÷àòèìåìî ÷åðåç ỹε. Îñêiëüêè êîæíà çïàð (Uε, yε) ¹ äîïóñòèìîþ äî âiäïîâiäíî¨ çàäà÷i (2.6)�(2.8), òî ïîñëiäîâíiñòü
{(Uε, ỹε)}ε>0 ¹ ðiâíîìiðíî îáìåæåíîþ âiäíîñíî íîðìè â Ln×n

∞ (D)×
◦

W 1
p (D)(äèâ. (2.4) òà [3℄). Ñïðàâäi, âèõîäÿ÷è ç êîåðöèòèâíîñòi ðîçãëÿíóòîãî îïåðàòî-ðà, ëåãêî áà÷èòè, ùî ïîñëiäîâíiñòü {yε}ε>0 ¹ îáìåæåíîþ â ◦

W 1
p (Ω). Ïðè÷îìó

∫

Ωε

|∇yε|p dx ≤ C‖f‖q

W−1
q (D)

. (4.3)Îòæå, ìîæåìî ïðèïóñêàòè, ùî iñíó¹ ïàðà (U∗, y∗) òàêà, ùî (ç òî÷íiñòþ äî ïiä-ïîñëiäîâíîñòi, ÿêó òàêîæ áóäåìî ïîçíà÷àòè iíäåêñîì ε) (Uε, ỹε)
τ−→ (U∗, y∗) â

Ln×n
∞ (D)×

◦

W 1
p (D). Òîäi, êîðèñòóþ÷èñü òèì, ùî ìíîæèíà Usol ¹ ñåêâåíöiéíîêîìïàêòíîþ ïiäìíîæèíîþ â Ln×n

∞ (D) (äèâ. [3℄), ìà¹ìî: U∗ ∈ Usol.



30 Î. Ï. ÊÎ�ÓÒÂiçüìåìî ÿê ïðîáíó �óíêöiþ ϕ ∈ C∞
0 (Ω). Îñêiëüêè Ωε

Hc

−→ Ω, òî, çà òåî-ðåìîþ 1, ïîñëiäîâíiñòü ïðîñòîðiâ Ñîáîë¹âà { ◦

W 1
p (Ωε)

}

ε>0

çáiãà¹òüñÿ â ñåíñiÌîñêî äî ◦

W 1
p (Ω). Öå îçíà÷à¹, ùî äëÿ çà�iêñîâàíî¨ âèùå �óíêöi¨ ϕ ∈

◦

W 1
p (Ω)iñíó¹ ïîñëiäîâíiñòü {ϕε ∈

◦

W 1
p (Ωε)

}

ε>0

òàêà, ùî ϕ̃ε → ϕ̃ ñèëüíî â ◦

W 1
p (D)(äèâ. âëàñòèâiñòü (M1)). Îñêiëüêè (Uε, yε) ¹ äîïóñòèìîþ ïàðîþ äëÿ âiäïîâiä-íî¨ çàäà÷i íà Ωε, ìîæåìî çàïèñàòè:

∫

Ωε

(
Uε |∇yε|p−2 ∇yε,∇ϕε

)

Rn
dx+

∫

Ωε

a0|yε|p−2yε ϕε dx =

∫

Ωε

f ϕε dx,à, îòæå,
∫

D

(
Uε |∇ỹε|p−2 ∇ỹε,∇ϕ̃ε

)

Rn
dx+

∫

D
a0|ỹε|p−2ỹε ϕ̃ε dx =

=

∫

D
f ϕ̃ε dx, ∀ ε > 0. (4.4)Äëÿ òîãî, ùîá äîâåñòè ðiâíiñòü (4.2), ïåðåéäåìî äî ãðàíèöi â iíòåãðàëüíiéòîòîæíîñòi (4.4) ïðè ε → 0. Âèêîðèñòîâóþ÷è àðãóìåíòàöiþ òåîðåìè 3 ç [3℄,ìà¹ìî

divui ε → divu
∗
i ñèëüíî â W−1

q (D), ∀ i = 1, . . . , n;
{
|∇ỹε|p−2∇ỹε

}
ε>0

îáìåæåíà â Ln
q (D), q = p/(p− 1);

{
|ỹε|p−2ỹε

}
ε>0

îáìåæåíà â Lq(D);

ỹε → y∗ ñèëüíî â Lp(D), ỹε(x) → y∗(x) ì.ñ. x ∈ D;

|ỹε|p−2ỹε → |y∗|p−2y∗ ñëàáêî â Lq(D),äå Uε = [u1 ε, . . . ,un ε], U∗ = [u∗
1, . . . ,u

∗
n].�îçãëÿíåìî ïîñëiäîâíiñòü {fε := f − a0|ỹε|p−2ỹε

}
ε>0

. Ëåãêî áà÷èòè, ùî
fε → f0 = f − a0|y∗|p−2y∗ ñèëüíî â W−1

q (D).Çâiäñè òà ç îöiíêè (4.3), âèïëèâà¹, ùî ïîñëiäîâíiñòü {A(Uε(x),∇ ỹε)}ε>0 îá-ìåæåíà â Ln
q (D). Îòæå, ç òî÷íiñòþ äî ïiäïîñëiäîâíîñòi ìîæåìî ïðèïóñòèòè,ùî iñíó¹ âåêòîð-�óíêöiÿ ξ ∈ Ln

q (D) òàêà, ùî
ξε := A(Uε(x),∇ ỹε) = Uε |∇ ỹε|p−2 ∇ ỹε → ξ ñëàáêî â Ln

q (D).Âðàõîâóþ÷è öå òà ñèëüíó çáiæíiñòü ϕ̃ε → ϕ̃ â ◦

W 1
p (D), â ðåçóëüòàòi ãðàíè÷-íîãî ïåðåõîäó ïðè ε→ 0 ó ñïiââiäíîøåííi (4.4) îòðèìà¹ìî:

∫

D
(ξ,∇ϕ̃)

Rn dx =

∫

D

(
f − a0|y∗|p−2y∗

)
ϕ̃ dx. (4.5)Çàëèøà¹òüñÿ ïîêàçàòè, ùî

ξ = U∗ |∇ y∗|p−2 ∇y∗. (4.6)



Ï�Î ÑÒIÉÊIÑÒÜ ÄÎ ÇÁÓ�ÅÍÜ ÎÁËÀÑÒI 31À öå ìîæíà çðîáèòè òàê ñàìî, ÿê i â äîâåäåííi àíàëîãi÷íî¨ ðiâíîñòi â òåîðåìi 3ç [3℄. Çîêðåìà, íåîáõiäíî ïîâòîðèòè âñi àðãóìåíòè òîãî äîâåäåííÿ, çàìiíèâøè
Ω íà D, Uk íà Uε, yk íà ỹε, U0 íà U∗, y0 íà y∗, i φ íà ϕ̃.Â ðåçóëüòàòi, îñêiëüêè ïðåäñòàâëåííÿ (4.6) ñïðàâåäëèâå, iíòåãðàëüíà òî-òîæíiñòü (4.5) íàáóâà¹ âèãëÿäó áàæàíî¨ ðiâíîñòi (4.2). Òâåðäæåííÿ äîâåäåíå.Äàëi, äîâåäåìî, ùî êîæíà τ -êëàñòåðíà ïàðà (U∗, y∗) ∈ Ln×n

∞ (D)×
◦

W 1
p (D)ïîñëiäîâíîñòi {(Uε, yΩε,Uε) ∈ ΞΩε}ε>0 (äèâ. òâåðäæåííÿ 3) ¹ äîïóñòèìîþ äëÿâèõiäíî¨ çàäà÷i îïòèìàëüíîãî êåðóâàííÿ (3.3)�(3.5). ßê âèïëèâà¹ ç (4.1)�(4.2),çàëèøà¹òüñÿ ïîêàçàòè, ùî y∗|Ω ∈

◦

W 1
p (Ω), à îòæå (U∗, y∗|Ω) ∈ Ξ. Äëÿ öüîãîñêîðèñòà¹ìîñÿ íàñòóïíèì ðåçóëüòàòîì, ÿêèé ¹ ïðÿìèì íàñëiäêîì Òåîðåìè 1.1ç [7℄.Ëåìà 1. [7℄ Íåõàé Ω, {Ωε}ε>0 ∈ Ww(D), i Ωε

Hc

−→ Ω ïðè ε→ 0. Íåõàé òàêîæ
U0 � äîâiëüíà �iêñîâàíà ìàòðèöÿ ç ìíîæèíè U∂ . Òîäi

ṽΩε, h → ṽΩ, h ñèëüíî â ◦

W 1
p (D) ∀h ∈

◦

W 1
p (D), (4.7)äå ÷åðåç vΩε, h i vΩ, h ïîçíà÷åíî ¹äèíi ñëàáêi ðîçâ'ÿçêè êðàéîâèõ çàäà÷

−div
(
U0|∇v|p−2∇v

)
+ a0|v|p−2v = 0 â Ωε,

v − h ∈
◦

W 1
p (Ωε)



 (4.8)i

−div
(
U0|∇v|p−2∇v

)
+ a0|v|p−2v = 0 â Ω,

v − h ∈
◦

W 1
p (Ω),



 (4.9)âiäïîâiäíî, à ÷åðåç ṽΩε, h òà ṽΩ, h � ïîøèðåííÿ íà îáëàñòü D �óíêöié vΩε, hòà vΩ, h, ùî ñïiâïàäàþòü ç h ïîçà ìíîæèíàìè Ωε òà Ω âiäïîâiäíî.Òåïåð äîâåäåìî áàæàíó âëàñòèâiñòü.Òåîðåìà 4. Íåõàé {(Uε, yΩε,Uε) ∈ ΞΩε}ε>0 � öå ïîñëiäîâíiñòü äîïóñòèìèõïàð çàäà÷ (2.6)�(2.8), äå {Ωε}ε>0 � öå äåÿêå Hc-äîïóñòèìå çáóðåííÿ ìíî-æèíè Ω ∈ Ww(D). ßêùî äëÿ ïiäïîñëiäîâíîñòi ç {(Uε, yΩε,Uε) ∈ ΞΩε}ε>0 (ÿêóìè áóäåìî ïîçíà÷àòè òèì ñàìèì iíäåêñîì ε) ìà¹ ìiñöå (Uε, ỹΩε,Uε)

τ−→
(U∗, y∗), òî öå îçíà÷à¹, ùî

y∗ = ỹΩ,U∗ , à îòæå (U∗, y∗|Ω) ∈ Ξ,äå ÷åðåç yΩ,U∗ ïîçíà÷åíî ñëàáêèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (3.4)�(3.5) ïðè
U = U∗.Äîâåäåííÿ. Äëÿ çðó÷íîñòi áóäåìî âèêîðèñòîâóâàòè òàêi ïîçíà÷åííÿ: yε =
yΩε,Uε , y = yΩ,U∗.



32 Î. Ï. ÊÎ�ÓÒÇ ðiâíîìiðíî¨ îáìåæåíîñòi ïîñëiäîâíîñòi {yε}ε>0 òà 3 ìà¹ìî (ïåðåõîäÿ÷èäî ïiäïîñëiäîâíîñòi, ÿêùî öå íåîáõiäíî):
Uε → U∗ = [u∗

1, . . . ,u
∗
n] ∈ Usol ∗ −ñëàáêî â Ln×n

∞ (D), (4.10)
ỹε → y∗ ñëàáêî â ◦

W 1
p (D), (4.11)

y ∈
◦

W 1
p (Ω), ỹ ∈

◦

W 1
p (D).Äîâåäåìî, ùî y∗ = ỹ. Ïîäiáíî äî D. Buur, P. Trebeshi [7℄, äëÿ äîâiëüíîãî

ε > 0 ðîçãëÿíåìî íîâó êðàéîâó çàäà÷ó:
−div

(
U∗|∇ϕε|p−2∇ϕε

)
+ a0|ϕε|p−2ϕε = 0 â Ωε,

ϕ̃ε = −y∗ â D \ Ωε.

} (4.12)Ó ñëàáêîìó ñåíñi öå îçíà÷àòèìå, ùî
∫

D

(
U∗ |∇ ϕ̃ε|p−2 ∇ϕ̃ε,∇ψ̃ε

)
Rn

dx+

∫

D
a0|ϕ̃ε|p−2ϕ̃ε ψ̃ε dx = 0,

∀ψ ∈ C∞
0 (Ωε), ∀ ε > 0. (4.13)Ïîêëàäàþ÷è ó (4.13) ÿê ïðîáíó �óíêöiþ ψ̃ε = ϕ̃ε + y∗ − ỹε, ìà¹ìî:

∫

D

(
U∗ |∇ ϕ̃ε|p−2 ∇ϕ̃ε,∇ (ϕ̃ε + y∗ − ỹε)

)
Rn

dx+

+

∫

D
a0|ϕ̃ε|p−2ϕ̃ε (ϕ̃ε + y∗ − ỹε) dx = 0, ∀ ε > 0. (4.14)Íåõàé ϕ ∈W 1

p (Ω) � öå ñëàáêèé ðîçâ'ÿçîê çàäà÷i
−div

(
U∗|∇ϕ|p−2∇ϕ

)
+ a0|ϕ|p−2ϕ = 0 â Ω,

ϕ̃ = −y∗ â D \ Ω.

}

Òîäi çà ëåìîþ 1, ìà¹ìî ϕ̃ε → ϕ̃ ñèëüíî â ◦

W 1
p (D). Îòæå,

∇ ϕ̃ε → ∇ ϕ̃ ñèëüíî â Ln
p(D),

‖ |∇ ϕ̃ε|p−2 ∇ϕ̃ε‖q
Ln

q (D) = ‖∇ ϕ̃ε‖p
Ln

p (D) → ‖∇ ϕ̃‖p
Ln

p (D) = ‖ |∇ ϕ̃|p−2 ∇ϕ̃‖q
Ln

q (D),

∇ ϕ̃ε(x) → ∇ ϕ̃(x) ì. ñ. â D,
ϕ̃ε → ϕ̃ ñèëüíî â Lp(D),

‖ |ϕ̃ε|p−2 ϕ̃ε‖q
Lq(D) = ‖ϕ̃ε‖p

Lp(D) → ‖ϕ̃‖p
Lp(D) = ‖ |ϕ̃|p−2 ϕ̃‖q

Lq(D),

ϕ̃ε(x) → ϕ̃(x) ì. ñ. â D.



Ï�Î ÑÒIÉÊIÑÒÜ ÄÎ ÇÁÓ�ÅÍÜ ÎÁËÀÑÒI 33Îñêiëüêè çáiæíiñòü íîðì ðàçîì iç ïîòî÷êîâîþ çáiæíiñòþ äàþòü ñèëüíóçáiæíiñòü, îòðèìà¹ìî:
|∇ ϕ̃ε|p−2 ∇ϕ̃ε → |∇ ϕ̃|p−2 ∇ϕ̃ ñèëüíî â Ln

q (D),

|ϕ̃ε|p−2 ϕ̃ε → |ϕ̃|p−2 ϕ̃ ñèëüíî â Lq(D),

∇ (ϕ̃ε + y∗ − ỹε) → ∇ϕ̃ ñëàáêî â Ln
p (D) ( äèâ. (4.11)),

(ϕ̃ε + y∗ − ỹε) → ϕ̃ ñèëüíî â Lp(D),Îòæå, iíòåãðàëüíà òîòîæíiñòü (4.14) ìiñòèòü òiëüêè äîáóòêè ñëàáêî òà ñèëüíîçáiæíèõ ïîñëiäîâíîñòåé, i, ïåðåõîäÿ÷è äî ãðàíèöi â (4.14) ïðè ε ïðÿìóþ÷îìóäî íóëÿ, îòðèìà¹ìî:
∫

D

(
U∗ |∇ ϕ̃|p−2 ∇ϕ̃,∇ϕ̃

)
Rn

dx+

∫

D
a0|ϕ̃|p dx = 0.Ç óðàõóâàííÿì âëàñòèâîñòi ìàòðèöi U∗ i a0, ç ïîïåðåäíüî¨ ðiâíîñòi âèïëèâà¹,ùî ϕ̃ = 0 ì.ñ. â D. À, çà îçíà÷åííÿì ϕ̃ = −y∗ â D \ Ω. Îòæå y∗ = 0 â

D \ Ω, i áàæàíà âëàñòèâiñòü îòðèìàíà: yU∗,Ω = y∗|Ω ∈
◦

W 1
p (Ω). Òâåðäæåííÿäîâåäåíå.Íàñëiäîê 1. Íåõàé {Uε ≡ U∗}ε>0 � ñòàëà ïîñëiäîâíiñòü, äå U∗ ∈ Usol �äîâiëüíå äîïóñòèìå êåðóâàííÿ. Íåõàé {yΩε,U∗ ∈

◦

W 1
p (Ωε)

}

ε>0

� âiäïîâiäíiðîçâ'ÿçêè (2.7)�(2.8). Òîäi, â óìîâàõ òâåðäæåííÿ 4, ìà¹ìî:
ỹΩε,U∗ → ỹΩ,U∗ ñèëüíî â ◦

W 1
p (D).Äîâåäåííÿ. ßê âèïëèâà¹ ç òâåðäæåííÿ 4, äëÿ ïîñëiäîâíîñòi äîïóñòèìèõ ïàð

{(U∗, yΩε,U∗) ∈ ΞΩε}ε>0 iñíó¹ τ -ãðàíè÷íà ïàðà (U∗, y∗) òàêà, ùî y∗|Ω = yU∗, Ω.Ñëàáêà çáiæíiñòü äàíî¨ ïîñëiäîâíîñòi âèïëèâà¹ ç òâåðäæåííÿ 4. Çãiäíî ç óìî-âàìè íà êîå�iöi¹íòè ìàòðèöi U∗, ÿê åêâiâàëåíòíó íîðìó ïðîñòîðó ◦

W 1
p (D)ìîæíà âçÿòè òàêó:

|||y||| ◦

W 1
p (D)

=

(∫

D

(
U∗|∇y|p−2∇y,∇y

)
Rn dx+

∫

D
a0(x)|y|p dx

)1/pÄîñòàòíüî âñòàíîâèòè, ùî
|||ỹε||| ◦

W 1
p (D)

→ |||y∗||| ◦

W 1
p (D)

ïðè ε→ 0. (4.15)Ó ðiâíÿííÿõ (3.4) òà (2.7), çà ïðîáíi �óíêöi¨ âiçüìåìî y∗ i ỹε, âiäïîâiäíî.



34 Î. Ï. ÊÎ�ÓÒÏåðåõîäÿ÷è äî ãðàíèöi â (2.7), îòðèìà¹ìî:
lim
ε→0

(∫

D

(
Uε|∇ỹε|p−2∇ỹε,∇ỹε

)
Rn dx+

∫

D
a0|ỹε|p dx

)

= lim
ε→0

(∫

D

(
U∗|∇ỹε|p−2∇ỹε,∇ỹε

)
Rn dx+

∫

D
a0|ỹε|p dx

)

= lim
ε→0

(
|||ỹε||| ◦

W 1
p (D)

)p

= lim
ε→0

∫

D
f ỹε dx =

∫

D
fy∗ dx

=

∫

D

(
U∗|∇y∗|p−2∇y∗,∇y∗

)
Rn dx+

∫

D
a0|y∗|p dx =

=

(
|||y∗||| ◦

W 1
p (D)

)p

.Îòæå, (4.15), ðàçîì çi ñëàáêîþ çáiæíiñòþ â ◦

W 1
p (D) äà¹ ñèëüíó çáiæíiñòüðîçâ'ÿçêiâ. Îñêiëüêè yΩ,U∗ � ¹äèíèé ðîçâ'ÿçîê çàäà÷i (2.1)�(2.3), à (U∗, y∗|Ω)íàëåæèòü ìíîæèíi ΞΩ, öå îçíà÷à¹, ùî y∗|Ω = yΩ,U∗ . Òàêèì ÷èíîì,

(U∗, ỹε) −→ (U∗, y∗) ñèëüíî â Ln×n
∞ (D)×

◦

W 1
p (D).Òâåðäæåííÿ äîâåäåíå.Òåïåð ìîæåìî ñ�îðìóëþâàòè íàñòóïíèé ðåçóëüòàò.Òåîðåìà 5. Íåõàé Ω, {Ωε}ε>0 � âiäêðèòi ïiäìíîæèíè D. Íåõàé òàêîæ

ΞΩε ⊂ Ln×n
∞ (D)×

◦

W 1
p (Ωε) i ΞΩ ⊂ Ln×n

∞ (D)×
◦

W 1
p (Ω)¹ ìíîæèíàìè äîïóñòèìèõ ðîçâ'ÿçêiâ çàäà÷ îïòèìàëüíîãî êåðóâàííÿ (2.6)�(2.8) òà (3.3)�(3.5), âiäïîâiäíî. Ïðèïóñòèìî, ùî Ω ∈ Ww(D) i {Ωε}ε>0 ¹

Hc-äîïóñòèìèì çáóðåííÿì îáëàñòi Ω.Òîäi ïîñëiäîâíiñòü {ΞΩε}ε>0 çáiãà¹òüñÿ äî ΞΩ â ñåíñi Ìîñêî, à ñàìå, âè-êîíóþòüñÿ íàñòóïíi âëàñòèâîñòi:
(ΞM1) äëÿ äîâiëüíî¨ ïàðè (U , y) ∈ ΞΩ, çíàéäåòüñÿ òàêà ïîñëiäîâíiñòü

{(Uε, yε) ∈ ΞΩε}ε>0òàêà, ùî Uε → U ñèëüíî â Ln×n
∞ (D) i ỹε → ỹ ñèëüíî â ◦

W 1
p (D);

(ΞM2) ÿêùî ÷èñëîâà ïîñëiäîâíiñòü {εk}k∈N
çáiãà¹òüñÿ äî 0, à {(Uk, yk)}k∈N

�ïîñëiäîâíiñòü òàêà, ùî
(Uk, yk) ∈ ΞΩεk

∀ k ∈ N, i
(Uk, ỹk)

τ−→ (U , ψ) â Ln×n
∞ (D)×

◦

W 1
p (D),òî iñíó¹ �óíêöiÿ y ∈

◦

W 1
p (Ω) òàêà, ùî y = ψ|Ω i (U , y) ∈ ΞΩ.



Ï�Î ÑÒIÉÊIÑÒÜ ÄÎ ÇÁÓ�ÅÍÜ ÎÁËÀÑÒI 35Äîâåäåííÿ. Ñïî÷àòêó çàóâàæèìî, ùî âëàñòèâiñòü (ΞM2) ¹ ïðÿìèì íàñëiäêîìòâåðäæåííÿ 4. Îòæå, çàëèøà¹òüñÿ ïåðåâiðèòè ëèøå âëàñòèâiñòü (ΞM1).Çà âèõiäíèìè ïðèïóùåííÿìè, ìíîæèíà äîïóñòèìèõ ïàð ΞΩ äëÿ çàäà÷i(3.3)�(3.5) íåïîðîæíÿ. Íåõàé (U , y) ∈ ΞΩ � ¨¨ äîâiëüíèé åëåìåíò. Ïîáóäó¹ìîïîñëiäîâíiñòü {(Uε, yε) ∈ ΞΩε}ε>0, ùî áóäå çàäîâîëüíÿòè âëàñòèâiñòü (ΞM1)òàêèì ÷èíîì: Uε = U ∀ ε > 0, a yε = yΩε,U � âiäïîâiäíèé ðîçâ'ÿçîê êðàéîâî¨çàäà÷i (2.7)�(2.8). Çàóâàæèìî, ùî òàêèé âèáið ìîæëèâèé, îñêiëüêè ìàòðèöÿ
U ¹ äîïóñòèìèì êåðóâàííÿì äëÿ çàäà÷i (2.6)�(2.8) ïðè êîæíîìó ε > 0. Òîäi,çãiäíî ç íàñëiäêîì 1, îòðèìà¹ìî

ỹΩε,U → ỹΩ,U ñèëüíî â ◦

W 1
p (D).Îñêiëüêè yΩ,U � ¹äèíèé ðîçâ'ÿçîê çàäà÷i (3.4)�(3.5) à (U , y) ∈ ΞΩ, öå îçíà÷à¹,ùî y = yΩ,U ìîæíà çðîáèòè áàæàíèé âèñíîâîê:

(U , ỹε) −→ (U , ỹ) ñèëüíî â Ln×n
∞ (D)×

◦

W 1
p (D).Òåîðåìó äîâåäåíî.5. Ïîíÿòòÿ Ìîñêî-ñòiéêîñòi äëÿ çàäà÷i îïòèìàëüíîãîêåðóâàííÿÂâåäåìî òàêå ïîíÿòòÿ:Îçíà÷åííÿ 6. Áóäåìî ãîâîðèòè, ùî çàäà÷à îïòèìàëüíîãî êåðóâàííÿ (2.1)�(2.3) ¹ Ìîñêî-ñòiéêîþ â Ln×n

∞ (D)×
◦

W 1
p (D) âiäíîñíî çáóðåííÿ {Ωε}ε>0 îáëàñòi

Ω, ÿêùî:(MS1) ìíîæèíà äîïóñòèìèõ ïàð ΞΩ äëÿ (2.1)�(2.3) ¹ ãðàíèöåþ â ñåíñi Ìîñêîïîñëiäîâíîñòi {ΞΩε}ε>0 ìíîæèí äîïóñòèìèõ ïàð çáóðåíèõ çàäà÷ (2.6)�(2.8);(MS2) ÿêùî {εk}k∈N
� ÷èñëîâà ïîñëiäîâíiñòü, ÿêà çáiãà¹òüñÿ äî 0, a ïîñëiäîâ-íiñòü {(Uk, yk)}k∈N

¹ òàêîþ, ùî
(Uk, yk) ∈ ΞΩεk

∀ k ∈ N, i
(Uk, ỹk)

τ−→ (U , y) â Ln×n
∞ (D)×

◦

W 1
p (D), äå (U , y|Ω) ∈ ΞΩ,òî lim infk→∞LΩεk

(Uk, yk) ≥ LΩ(U , y|Ω);(MS3) äëÿ êîæíî¨ ïàðè (U , y) ∈ ΞΩ, çíàéäåòüñÿ ïîñëiäîâíiñòü
{(Uε, yε) ∈ ΞΩε}ε>0 òàêà, ùî Uε → U ñèëüíî â Ln×n

∞ (D), ỹε → ỹ ñèëüíî â
◦

W 1
p (D), i

lim sup
ε→0

LΩε(Uε, yε) ≤ LΩ(U , y).



36 Î. Ï. ÊÎ�ÓÒÒåîðåìà 6. Ïðèïóñòèìî, ùî äëÿ çàäàíîãî çáóðåííÿ {Ωε}ε>0 îáëàñòi Ω, çà-äà÷à îïòèìàëüíîãî êåðóâàííÿ (3.3)�(3.5) ¹ Ìîñêî-ñòiéêîþ â ïðîñòîði
Ln×n
∞ (D)×

◦

W 1
p (D).Íåõàé {(U0

ε , y
0
ε ) ∈ ΞΩε

}
ε>0

� öå ïîñëiäîâíiñòü îïòèìàëüíèõ ðîçâ'ÿçêiâ âiä-ïîâiäíèõ çáóðåíèõ çàäà÷ (2.6)�(2.8). Òîäi öÿ ïîñëiäîâíiñòü ¹ âiäíîñíî τ -êîì-ïàêòíîþ â Ln×n
∞ (D)×

◦

W 1
p (D) òà êîæíà ¨¨ τ -ãðàíè÷íà ïàðà ¹ îïòèìàëüíèìðîçâ'ÿçêîì âèõiäíî¨ çàäà÷i (3.3)�(3.5). Áiëüøå òîãî, ÿêùî

(U0
ε , ỹ

0
ε )

τ−→ (U0, y 0), (5.1)òî (U0, y 0
∣∣
Ω
) ∈ ΞΩ i

inf
(U , y)∈ΞΩ

LΩ(U , y) = LΩ(U0, y 0
∣∣
Ω
) = lim

ε→0
inf

(Uε,yε)∈ΞΩε

LΩε(Uε, yε). (5.2)Äîâåäåííÿ. ßê óæå íå ðàç íàãîëîøóâàëîñü, äîâiëüíà ïîñëiäîâíiñòü äîïóñòè-ìèõ ïàð çáóðåíèõ çàäà÷ (2.6)�(2.8) ¹ ðiâíîìiðíî îáìåæåíîþ ó ïðîñòîði
Ln×n
∞ (D)×

◦

W 1
p (D),à, îòæå, òå ñàìå òîðêà¹òüñÿ i ïîñëiäîâíîñòi îïòèìàëüíèõ ïàð

{
(U0

ε , y
0
ε ) ∈ ΞΩε

}
ε>0

.Îòæå, ìîæíà çðîáèòè âèñíîâîê, ùî äàíà ïîñëiäîâíiñòü ¹ âiäíîñíî τ -êîìïàêò-íîþ â Ln×n
∞ (D)×

◦

W 1
p (D), i ïðèïóñòèòè, ùî iñíó¹ ïiäïîñëiäîâíiñòü

{
(U0

εk
, y 0

εk
)
}

k∈Ni ïàðà (U∗, y∗) òàêi, ùî (U0
εk
, ỹ 0

εk
)

τ−→ (U∗, y∗) ïðè k → ∞. Òîäi çà òåîðåìîþ 5(äèâ. âëàñòèâiñòü (ΞM2)), îòðèìà¹ìî (U∗, y∗|Ω) ∈ ΞΩ. À òîäi, çãiäíî ç óìîâîþ(MS2) îçíà÷åííÿ 6, ìà¹ìî:
lim inf
k→∞

min
(U , y)∈ΞΩεk

LΩεk
(U , y) = lim inf

k→∞
LΩεk

(U0
εk
, y 0

εk
) ≥

≥ LΩ(U∗, y∗|Ω) ≥ min
(U , y)∈ΞΩ

LΩ(U , y) = LΩ(Uopt, yopt). (5.3)Ç iíøîãî áîêó, óìîâà (MS3) ñòâåðäæó¹ iñíóâàííÿ òàêî¨ ïîñëiäîâíîñòi{
(Ûε, ŷε) ∈ ΞΩε

}

ε>0
, ùî

(Ûε, ˜̂yε)
τ−→ (Uopt, ỹopt), i LΩ(Uopt, yopt) ≥ lim sup

ε→0
LΩε(Ûε, ŷε).Âèêîðèñòîâóþ÷è öåé �àêò, ìà¹ìî

min
(U , y)∈ΞΩ

LΩ(U , y) = LΩ(Uopt, yopt) ≥ lim sup
ε→0

LΩε(Ûε, ŷε) ≥

≥ lim sup
ε→0

min
(U , y)∈ΞΩε

LΩε(U , y) ≥ lim sup
k→∞

min
(U , y)∈ΞΩεk

LΩεk
(U , y) =

= lim sup
k→∞

LΩεk
(U0

εk
, y 0

εk
). (5.4)



Ï�Î ÑÒIÉÊIÑÒÜ ÄÎ ÇÁÓ�ÅÍÜ ÎÁËÀÑÒI 37Çâiäñè i ç (5.3), ðîáèìî âèñíîâîê, ùî
lim inf
k→∞

LΩεk
(U0

εk
, y 0

εk
) ≥ lim sup

k→∞
LΩεk

(U0
εk
, y 0

εk
).Òåïåð, îá'¹äíóþ÷è ñïiââiäíîøåííÿ (5.3) òà (5.4), i ïåðåïèñóþ÷è ¨õ ó �îðìiðiâíîñòåé, îòðèìà¹ìî

LΩ(U∗, y∗|Ω) = LΩ(Uopt, yopt) = min
(U , y)∈ΞΩ

LΩ(U , y), (5.5)
LΩ(Uopt, yopt) = lim

k→∞
min

(U , y)∈ΞΩεk

LΩεk
(U , y). (5.6)Îñêiëüêè ðiâíîñòi (5.5)�(5.6) ñïðàâåäëèâi äëÿ êîæíî¨ τ -çáiæíî¨ ïiäïîñëiäîâ-íîñòi âèõiäíî¨ ïîñëiäîâíîñòi {(U0

ε , y
0
ε ) ∈ ΞΩε

}
ε>0

îïòèìàëüíèõ ðîçâ'ÿçêiâ , ðî-áèìî âèñíîâîê, ùî ãðàíèöi â (5.5)�(5.6) ñïiâïàäàþòü, à îòæå, LΩ(Uopt, yopt) ¹ãðàíèöåþ âñi¹¨ ïîñëiäîâíîñòi ìiíiìàëüíèõ çíà÷åíü
{
LΩε(U0

ε , y
0
ε ) = inf

(U ,y)∈ΞΩε

LΩε(U , y)
}

ε>0

.Òåîðåìó äîâåäåíî.6. Äîñòàòíi óìîâè Ìîñêî-ñòiéêîñòiÍàñòóïíîþ ìåòîþ ¹ âèâåäåííÿ äîñòàòíiõ óìîâ äëÿ Ìîñêî-ñòiéêîñòi çàäà-÷i îïòèìàëüíîãî êåðóâàííÿ (3.3)�(3.5). Äëÿ öüîãî âèêîðèñòà¹ìî íàñòóïíèéðåçóëüòàò.Ëåìà 2. Íåõàé Ω � âiäêðèòà ïiäìíîæèíà D. Ïðèïóñòèìî, ùî ïîñëiäîâ-íiñòü {Ωε}ε>0 óòâîðþ¹ äåÿêå äîïóñòèìå çáóðåííÿ îáëàñòi Ω (â ñåíñi îçíà-÷åííÿ 5). Íåõàé {χΩε}ε>0 � öå ïîñëiäîâíiñòü âiäïîâiäíèõ õàðàêòåðèñòè÷íèõ�óíêöié. Íåõàé χ∗ � ¨¨ ∗-ñëàáêà ãðàíèöÿ â L∞(D; [0, 1]). Òîäi
χΩ (1 − χ∗) = 0 ì. ñ. â D. (6.1)Äîâåäåííÿ. Ëåãêî áà÷èòè, ùî äëÿ �iêñîâàíîãî çáóðåííÿ {Ωε}ε>0 ìíîæèíè

Ω, ç òî÷íiñòþ äî ïiäïîñëiäîâíîñòi, iñíó¹ �óíêöiÿ χ∗ òàêà, ùî χΩε çáiãà¹òüñÿ
∗-ñëàáêî äî χ∗ â L∞(D; [0, 1]).Íåõàé {yε ∈

◦

W 1
p (Ωε)

}

ε>0

� äîâiëüíà ïîñëiäîâíiñòü, òàêà ùî ỹε ⇀ y∗ â ◦

W 1
p

(D) i y∗|Ω ∈
◦

W 1
p (Ω). Çãiäíî ç òâåðäæåííÿì 4 òàêèé âèáið ¹ çàâæäè ìîæëèâèì.Òîäi

lim
ε→0

∫

D
ỹεϕdx =

∫

D
y∗ϕdx =

∫

D
χΩy

∗ϕdx ∀ϕ ∈ Lq(D).Ç iíøîãî áîêó, âèêîðèñòîâóþ÷è òîé �àêò, ùî ỹε → y∗ ñèëüíî â Lp(D), ìà¹ìî
lim
ε→0

∫

D
ỹεϕdx = lim

ε→0

∫

D
χΩε ỹεϕdx =

∫

D
χ∗y∗ϕdx =

=

∫

D
χ∗χΩy

∗ϕdx, ∀ϕ ∈ Lq(D)ÿê ãðàíèöÿ äîáóòêó ñèëüíî òà ∗-ñëàáêî çáiæíèõ ïîñëiäîâíîñòåé. Ëåìó äîâå-äåíî.



38 Î. Ï. ÊÎ�ÓÒÍàñòóïíà òåîðåìà òîðêàòèìåòüñÿ äîñòàòíiõ óìîâ Ìîñêî-ñòiéêîñòi êëàñóçàäà÷ îïòèìàëüíîãî êåðóâàííÿ (3.3)�(3.5).Òåîðåìà 7. Íåõàé Ω � âiäêðèòà ïiäìíîæèíà D. Ïðèïóñòèìî, ùî ðîçïîäi-ëåííÿ z∂ ∈ Lp(D) ó �óíêöiîíàëi ÿêîñòi (3.3) ¹ òàêèì, ùî
z∂(x) = z∂(x)χΩ(x) äëÿ ì. â. x ∈ D. (6.2)I íåõàé âèêîíó¹òüñÿ ïðèíàéìíi îäíà ç óìîâ Ω ∈ Ww(D) i {Ωε}ε>0 ¹ Hc-äî-ïóñòèìèì çáóðåííÿì îáëàñòi Ω.Òîäi çàäà÷à îïòèìàëüíîãî êåðóâàííÿ (3.3)�(3.5) ¹ Ìîñêî-ñòiéêîþ â ïðî-ñòîði Ln×n

∞ (D)×
◦

W 1
p (D).Äîâåäåííÿ. Ïåðåâiðèìî ïóíêòè (MS1)�(MS3) îçíà÷åííÿ 6.Óìîâà (MS1) áóëà äîâåäåíà â òåîðåìi 5. Íåõàé {(Uk, yk)}k∈N

� ïîñëiäîâ-íiñòü, ùî çàäîâîëüíÿ¹ âëàñòèâîñòi, îïèñàíi â ïóíêòi (MS2), i íåõàé (U , y) ¹ ¨¨
τ -ãðàíèöåþ. Òîäi |ỹk − z∂ |p → |y − z∂ |p ñèëüíî â L1(D), i

lim inf
k→∞

‖∇ỹk‖p
Lp(D) ≥ ‖∇y‖p

Lp(D),îñêiëüêè íîðìà ¹ íàïiâíåïåðåðâíîþ çíèçó �óíêöi¹þ âiäíîñíî ñëàáêî¨ çáiæíî-ñòi. Îòæå,
lim inf
k→∞

LΩεk
(Uk, yk) =

= lim inf
k→∞

(∫

D
χΩεk

|ỹk − z∂ |p dx+

∫

D
|∇ỹk|p dx

)
≥

≥
∫

D
χ∗|y − z∂ |p dx+

∫

D
|∇y|p dx =

= { çãiäíî (6.2) } =

∫

D
χΩχ

∗|y − z∂ |p dx+

∫

Ω
|∇y|p dx =

= { çãiäíî (6.1) } =

∫

Ω
|y − z∂ |p dx+

∫

Ω
|∇y|p dx = LΩ(U , y|Ω).Îòæå, ïóíêò (MS2) ïåðåâiðåíî. Çàëèøà¹òüñÿ çðîáèòè ïåðåâiðêó îñòàííüî¨óìîâè îçíà÷åííÿ 6. Îäíàê öå ëåãêî âèïëèâà¹ iç ñèëüíî¨ çáiæíîñòi (Uε, yε) →

(U , y) â Ln×n
∞ (D)×

◦

W 1
p (D) òà âëàñòèâîñòåé (6.1)�(6.2). Ñïðàâäi, â öüîìó âè-ïàäêó ìà¹ìî:

lim sup
ε→0

LΩε(Uε, yε) = lim
ε→0

(∫

D
χΩε |ỹε − z∂ |p dx+

∫

D
|∇ỹε|p dx

)
=

=

∫

D
χ∗|y − z∂ |p dx+

∫

D
|∇y|p dx =

=

∫

D
χΩχ

∗|y − z∂ |p dx+

∫

Ω
|∇y|p dx =

=

∫

Ω
|y − z∂ |p dx+

∫

Ω
|∇y|p dx = LΩ(U , y|Ω).Òåîðåìó äîâåäåíî.



Ï�Î ÑÒIÉÊIÑÒÜ ÄÎ ÇÁÓ�ÅÍÜ ÎÁËÀÑÒI 39Íàïðèêiíöi íàâåäåìî ùå îäíå òâåðäæåííÿ, ÿêå òîðêà¹òüñÿ âàðiàöiéíèõâëàñòèâîñòåé çàäà÷i îïòèìàëüíîãî êåðóâàííÿ (3.3)�(3.5) ïðè Ìîñêî-ñòiéêèõçáóðåííÿõ.Òåîðåìà 8. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ âñi ïðèïóùåííÿ òåîðåìè 6. Íå-õàé (U0, y 0) � îïòèìàëüíà ïàðà çàäà÷i îïòèìàëüíîãî êåðóâàííÿ (3.3)�(3.5),à {(U0
ε , y

0
ε ) ∈ ΞΩε

}
ε>0

� ïîñëiäîâíiñòü îïòèìàëüíèõ ïàð äëÿ çàäà÷ (2.6)�(2.8) òàêà, ùî
(U0

ε , ỹ
0
ε )

τ−→ (U0, ỹ 0) â Ln×n
∞ (D)×

◦

W 1
p (D). (6.3)Òîäi ç óìîâè (6.2) âèïëèâà¹, ùî

ỹ 0
ε → ỹ 0 ñèëüíî â ◦

W 1
p (D), (6.4)i

lim
ε→0

∫

Ωε

(
U 0

ε |∇y 0
ε |p−2∇y 0

ε ,∇y 0
ε

)
Rn dx =

=

∫

Ω

(
U 0|∇y 0|p−2∇y 0,∇y 0

)
Rn dx. (6.5)Äîâåäåííÿ. ßê âèïëèâà¹ ç äîâåäåííÿ òåîðåìè 7, äëÿ çàäàíîãî çáóðåííÿ îá-ëàñòi Ω çàäà÷à îïòèìàëüíîãî êåðóâàííÿ (3.3)�(3.5) íà Ω ¹ Ìîñêî-ñòiéêîþ â

Ln×n
∞ (D)×

◦

W 1
p (D). Áiëüøå òîãî, çãiäíî ç òåîðåìîþ 6, äîâiëüíà ïîñëiäîâ-íiñòü îïòèìàëüíèõ ïàð çáóðåíèõ çàäà÷ (2.6)�(2.8) ¹ âiäíîñíî τ -êîìïàêòíîþâ Ln×n

∞ (D)×
◦

W 1
p (D) i êîæíà ¨¨ τ -ãðàíè÷íà òî÷êà ¹ îïòèìàëüíèì ðîçâ'ÿçêîìäëÿ âèõiäíî¨ çàäà÷ (3.3)�(3.5). Îòæå, ïðèïóùåííÿ (6.3) íå ¹ îáìåæëèâèì.Äëÿ äîâåäåííÿ (6.4), ñêîðèñòà¹ìîñü ñïiââiäíîøåííÿì (5.2). Òîäi

lim
ε→0

(∫

D
χΩε |ỹ 0

ε − z∂ |p dx+

∫

D
|∇ỹ 0

ε |p dx
)

=

=

∫

D
χΩ|ỹ 0 − z∂ |p dx+

∫

D
|∇ỹ 0|p dx. (6.6)Çà òåîðåìîþ âêëàäåííÿ Ñîáîë¹âà, ìà¹ìî ỹ 0

ε → ỹ 0 ñèëüíî â Lp(D). Çâiäñè,êîðèñòóþ÷èñü âëàñòèâîñòÿìè (6.1)�(6.2), îòðèìà¹ìî:
lim
ε→0

∫

D
χΩε |ỹ 0

ε − z∂ |p dx =

∫

D
χ∗χΩ|ỹ 0 − z∂ |p dx =

=

∫

D
χΩ|ỹ 0 − z∂ |p dx. (6.7)Ïî¹äíóþ÷è öå ç (6.6), ïðèõîäèìî äî ñïiââiäíîøåííÿ

lim
ε→0

∫

D
|∇ỹ 0

ε |p dx =

∫

D
|∇ỹ 0|p dx,



40 Î. Ï. ÊÎ�ÓÒÿêå ðàçîì çi ñëàáêîþ çáiæíiñòþ â ◦

W 1
p (D) äà¹ (6.4).Çàëèøà¹òüñÿ äîâåñòè çáiæíiñòü åíåðãié (6.5). Äëÿ öüîãî ñêîðèñòà¹ìîñüðiâíîñòÿìè (3.4) i (2.7), çàìiíèâøè òàì y íà y 0, òà yε íà y 0

ε , âiäïîâiäíî. Òîäiäëÿ âiäïîâiäíèõ iíòåãðàëüíèõ òîòîæíîñòåé âiçüìåìî çà ïðîáíi �óíêöi¨ ỹ 0 òà
ỹ 0

ε , âiäïîâiäíî. Â ðåçóëüòàòi ãðàíè÷íîãî ïåðåõîäó â (2.7) îòðèìà¹ìî:
lim
ε→0

(∫

D

(
U0

ε |∇ỹ 0
ε |p−2∇ỹ 0

ε ,∇ỹ 0
ε

)
Rn dx+

∫

D
a0|ỹ 0

ε |p dx
)

=

= lim
ε→0

∫

D
f ỹ 0

ε dx =

∫

D
f ỹ 0 dx =

=

∫

D

(
U0|∇ỹ 0|p−2∇ỹ 0,∇ỹ 0

)
Rn dx+

∫

D
a0|ỹ 0|p dx.Òåïåð çàëèøà¹òüñÿ òiëüêè ñêîðèñòàòèñÿ ðiâíiñòþ

lim
ε→0

∫

D
a0|ỹ 0

ε |p dx =

∫

D
a0|ỹ 0|p dx(äèâ. (6.7)). Òâåðäæåííÿ äîâåäåíå.7. ÂèñíîâêèÓ ðîáîòi îòðèìàíî äîñòàòíi óìîâè íà çáóðåííÿ îáëàñòi, çà âèêîíàííÿÿêèõ ïîñëiäîâíiñòü ìíîæèí äîïóñòèìèõ ðîçâ'ÿçêiâ çáóðåíèõ çàäà÷ Ìîñêî-çáiãà¹òüñÿ â Ln×n

∞ (D)×
◦

W 1
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ISSN � 9125 0912. ÂIÑÍÈÊ ÄÍÓ. Ñåðiÿ "Ìîäåëþâàííÿ". � 8. 2009. Âèï. 1. C. 42�46Ïðîáëåìè ìàòåìàòè÷íîãî ìîäåëþâàííÿòà òåîði¨ äè�åðåíöiàëüíèõ ðiâíÿíüÓÄÊ 519.6ON THE EXISTENCE OF H1-SOLUTIONS TO CERTAINIMAGE REGISTRATION PROBLEMSO. MuseykoInstitute of Medial Physis, University of Erlangen-Nuremberg,Erlangen 91052, Germany. E-mail: museyko�gmx.deThe solubility of the lass of nonlinear optimization problems arising in imageregistration is disussed. The neessary optimality onditions (Euler-Lagrange equa-tion) for suh kind of problems is a nonlinear Neumann boundary value problemwhih is not known to have a solution in general. However, in the image registrationontext some assumptions an be made that let us move a little bit further in thisquestion.Key words. Image registration, nonlinear optimization problem, nonlinear Neumann boundaryvalue problem, existene of H1-solutions.1. IntrodutionConsider the following optimization problem:
J(u) =

∫

Ω
|IT (x− u(x)) − IR(x)|2 dx+ a(u, u) → inf, (1.1)where u(x) is an o�set �eld assoiated with the transformation ϕ(x) = x−u(x), uis an element of a ertain lass of admissible displaementsW ; and the appliationdependent regularizing term a(·, ·) is a bilinear bounded form in W × W . Theimages IT (template) and IR (referene) are nonnegative funtions in Ω. Thedomain Ω in Rd where images are de�ned is assumed to be bounded and Lipshitz.We also assume that IT an be extended by zero to Rd so that IT (x−u(x)) makessense for any u.This is a so-alled image registration problem for the monomodal images,i.e. obtained on the same hardware so that the intensity of their pixels an beompared diretly, as in the �rst term in J whih is a sum of squared di�erenes(SSD). An example of referene and template images is in Figure 1 whih showstwo sets of orthogonal multiplanar projetions of a human femur taken withtinthe interval of one year. The purpose of monomodal registration in this aseis to ompare hanges in di�erent subvolumes of interest aused by a medialtreatment.From this point on, the referene image IR(x) is supposed to be an elementof the spae L∞(Ω). The template image IT (x) is an element of C(Ω) ∩ C1(Ω).The regularizing term a(·, ·), a bilinear form, penalizes the undesired propertiesof u.© O. Museyko, 2009
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Fig. 1. Example of a template and a referene image in R3: Orthogonal multiplanar projetionsof a CT-san of human femur. Left and right show slies from two volumes taken withtin thetime interval of one year, extrated at approximately the same anatomial position.The existene of solutions to the problem (1.1) for several onventional regula-rizers a(·, ·) (di�usion, elasti, et) an be readily stated in Sobolev spae W =
H1

0 (Ω)d sine the funtional J(u) is lower semiontinuous and oerive in theweak topology of this spae (see [3℄, where also lassial solutions are onsidered).See also [2℄, where the well-posedness of the Euler-Lagrange system for (1.1) isonsidered in abstrat Banah spae (of ourse, the solubility of the system doesn'tguarantee the existene of minimizers for original problem).However, when omputing numerial solutions to an image registration prob-lem, one usually works in the spae W = H1(Ω)d, see [1℄ for instane. The reasonis that the Euler-Lagrange system for the problem of type (1.1), used to omputea solution, is usually supplied with homogenous Neumann boundary onditionson u. These onditions are natural in image registration. Indeed, looking for thesuitable registration transformation ϕ(x) = x − u(x) whih makes a templatebeing similar to a referene (in the sense of our image similarity measure (1.1)),we would like to admit a non-zero o�set for every pixel in a moving templateimage: onsider the rigid rotation as a typial example in image mathing. Suha possibility would be lost with the homogenous Dirihlet boundary onditions,whih are applied in a ase of the spae H1
0 (Ω)d. To the best knowledge of theauthor, the existene of H1-solutions to the problem (1.1) was not yet established.Summarizing, we an say that in the image registration area the problem(1.1) is de fato onsidered in H1(Ω)d, whih is, despite of the great amount ofimportant pratial results, remains formal problem. The purpose of the paperis to �ll up this gap between the theoretial and pratial parts of the imageregistration problem.2. Assumptions and the proof of existeneAording to the diret methods in the alulus of variations, the weak lowersemiontinuity and oeriveness of the funtional are su�ient to state the exis-tene of the minimizers. We are going to show the weak lower semiontinuity of the



44 O. MUSEYKOfuntional J(u) in H1(Ω) and the weak sequential ompatness of the minimizingsequene un only, not the oerivity of the funtional J . The argument of thediret methods is then equally appliable.The hek of the lower semiontinuity is almost straightforward, whih is notthe ase with the ompatness. To obtain the ompatness we apply the idea ofthe proof of the Poinar�e inequality for the sequene of funtions un whih areknown to be bounded in H1(D) where D is a subset of Ω.First of all we establish the following auxiliary result.Proposition 1. Let a sequene {Un} of subsets in Ω be suh that there exist asequene of points {xn} in Ω whih, together with the balls of some radius ε > 0around them, belong to the orresponding sets Un: Bε(xn) ⊂ Un for all n.Then there exist a point y and a ball Bδ(y) in Ω whih belong to every set ina subsequene of the sets Un:
Bδ(y) ⊂ Unk

, k = 1, 2 . . .for some δ > 0.Proof. Let us �x a number δ < ε and onsider a mesh with grid points yi ∈ Ω,
i ∈ 1, l suh that the distane between any two points in a single ell is less then
ε− δ. Assume that the orollary laimed in Proposition is false. For the point y1it means that there exists an index m suh that Bδ(y1) 6⊂ Uk for all k > m. Thatis, |xk − y1| > ε − δ. Now take the rest points y2, y3, ...yl ∈ Ω in turn. Sine thedomain Ω is bounded, only a �nite number of balls Bε(xk) an belong to Ω. Thisontradition onludes the proof.The following lemma is used to prove the boundedness of the minimizingsequene un in the spae H1(D) where D is a ertain subset of Ω.Lemma 1. Let Ω be bounded. Let for a sequene {un ∈ L2(Ω)d} there exists ε > 0and a sequene of balls Bε(xn) of radius ε in Ω suh that

sup
n

‖un‖L2(Bε(xn))d <∞. (2.1)Then there exist a subsequene unk
and suh a set D ⊂ Ω that its Lebesguevolume is positive Ld(D) > 0 and

sup
k

‖unk
‖L2(D)d <∞.Proof. From Proposition 1 we readily get the existene of a ball Bδ(y) in Ω suhthat Bδ(y) ⊂ Bε(xnk

) for a ertain subsequene of the set sequene Bε(xn). Thatis,
sup

k
‖unk

‖L2(Bδ(y))d <∞ for all n,whih onludes the proof with D = Bδ(y).To get use of Lemma 1 and ensure the boundedness of gradients of the mini-mizing sequene, we suppose appropriate properties of the registration problem(1.1).



EXISTENCE OF SOLUTIONS TO IMAGE REGISTRATION PROBLEMS 45(A) There exist ε > 0, δ > 0, C > 0 and a sequene of balls Bε(xn) of radius εin Ω suh that if
‖u‖L2(Bε(xn))d > C for all Bε(xn)then

∫

Ω

|IT (x− u(x)) − IR(x)|2 dx ≥ inf
u∈H1(Ω)d

∫

Ω

|IT (x− u(x)) − IR(x)|2 dx+ δ.(B) The ontinuous bilinear form a(·, ·) is oerive in H1
0 -norm.Remark 1. In fat, it is natural even to assume that ‖u‖L∞(Bε(x))d > C inassumption (A) above, sine otherwise we admit the existene of a mapping

u whih is (sub)optimal (the value of the funtional on it an be arbitrarilylose to the in�mum) and suh that any neighbourhood in Ω ontains anotherneighbourhood whih is sent outside of Ω by u.The ondition (B) is ful�lled in the above mentioned ases (elasti, di�usionregistration, et).We are now in a position to establish the main result.Theorem 1. Given the problem (1.1) let the onditions (A)�(B) are satis�ed.Then there is a funtion u0 ∈ H1(Ω)d suh that J(u0) ≤ J(u) for all u ∈
H1(Ω)d.Proof. Let un ∈ H1(Ω)d be a minimizing sequene for the problem (1.1).Compatness of the minimizing sequene. Sine the bilinear form a(u, u) isoerive inH1

0 -norm (ondition (B)), the sequenes {∇ui
n} are bounded in L2(Ω)d,

i ∈ 1, d. Thus, we need to establish the boundedness of {un} in L2(Ω)d to ensurethe ompatness of the minimizing sequene in H1(Ω)d. Using ondition (A), wehave from Lemma 1 the boundedness of {un} in L2(D)d for some D ⊂ Ω (up to asubsequene). Then the boundedness in L2(Ω)d diretly follows from the Poinar�einequality.Consequently, one an �nd a subsequene of {un} (not relabelled), whihonverges weakly in H1(Ω)d to some u0.Weak lower semiontinuity. Sine un is weakly onvergt in H1(Ω)d, it is alsostrongly onvergent in L2(Ω)d and, therefore, is onvergent in measure. Then, bythe virtue of Fatou's Lemma and ontinuity of a(·, ·) we obtain
∫

Ω

|IT (x− u0) − IR(x)|2 dx+ a(u0, u0)

≤ lim inf
n→∞

∫

Ω

|IT (x− un) − IR(x)|2 dx+ a(un, un).That is, u0 is a minimizer for J(u).



46 O. MUSEYKO3. Closing remarksThe existene of solutions for a ertain lass of image registration problemsis established. To this end, a strong assumption on the behaviour of minimizingsequene is done whih however relates to the spei�s of the registration problem.The result an be extended to other registration problems whih are basednot on SSD-term but on the mutual information (MI) or the ross-orrelation(CC), for example. On the other hand, the proposed argument is also appliablefor the registration problem with ertain other regularizers when formulated inan appropriate spae. One example is a urvature registration problem in H2(Ω)dwith a(u, u) =
∫
Ω

|∆u|2 dx.The ondition (A), although being quite natural, is hard to verify. Therefore,the future e�orts will be to �nd an alternative assumption whih is based on theproperties of images only and doesn't use variational properties of the registrationproblem. Referenes1. Jan Modertsitzki Numerial Methods for Image Registration. � Oxford : OxfordUniversity Press, 2004. � 199 p.2. U. Clarenz, M. Droske, M. Rumpf Towards fast non-rigid registration. � Duisburg,2002. � (Preprint / University of Duisburg).3. Gerardo Hermosillo Valadez Variational methods for multimodal image mathing:PhD thesis May 2002 � Nie, 2002. Íàäiéøëà äî ðåäàêöi¨ 28.09.2009
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∂y

∂t
=

∂2y

∂x2
, (x, t) ∈ Π, (1.1)

y(x, t0) = ϕ(x), 0 ≤ x ≤ 1, (1.2)
y(0, t) = 0,

∂y(0, t)

∂x
=

∂y(1, t)

∂x
+ α y(1, t), t > 0, (1.3)ãäå Π = {(x, t) : 0 < x < 1, t > t0 ≥ 0}, α ∈ R.Ïðè α = 0 çàäà÷à (1.1)�(1.3) èçâåñòíà êàê çàäà÷à Ñàìàðñêîãî�Èîíêèíà.Ïîñëåäíèé â [4℄, èñïîëüçóÿ ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ, äîêàçàë òåîðåìóåäèíñòâåííîñòè ðåøåíèÿ, ïðåäñòàâèë åãî â âèäå �óíêöèîíàëüíîãî ðÿäà è òåìñàìûì ïîëó÷èë äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ êëàññè÷åñêîãî ðåøåíèÿ.Îñíîâíàÿ òðóäíîñòü ïðèìåíåíèÿ ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ çàêëþ÷à-ëàñü â òîì, ÷òî ñèñòåìà ñîáñòâåííûõ �óíêöèé îïåðàòîðà âòîðîé ïðîèçâîäíîé,ïîä÷èíåííîãî êðàåâûì óñëîâèÿì, íå îáðàçóåò áàçèñ �èññà â L2(0, 1) è äàæåíå ÿâëÿåòñÿ ïîëíîé. Äëÿ ïîëó÷åíèÿ óêàçàííûõ âûøå ðåçóëüòàòîâ ñèñòåìàñîáñòâåííûõ �óíêöèé äîïîëíÿëàñü ïðèñîåäèíåííûìè �óíêöèÿìè.Ïðèâåäåì çäåñü îñíîâíûå ðåçóëüòàòû ðàáîòû [6℄. Äëÿ îïåðàòîðà âòîðîéïðîèçâîäíîé (Lu = − u′′) ñ êðàåâûìè óñëîâèÿìè (1.3) çàäà÷à íà ñîáñòâåííûå÷èñëà èìååò äâå ñåðèè ðåøåíèé:

λ
(1)
k = (2 π k)2, u

(1)
k (x) = sin(2 π k x), k = 1, 2, ... . (1.4)© Â. Å. Êàïóñòÿí, È. Ñ. Ëàçàðåíêî, 2009
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λ

(2)
k = (2 γk)

2, u
(2)
k (x) = sin(2 γk x), k = 1, 2, ... , (1.5)ãäå γk �ðåøåíèÿ óðàâíåíèÿ

tg γ = 0.5
α

γ
, γ = 0.5

√
λ. (1.6)Ïðè α > 0 óðàâíåíèå (1.6) äîïîëíèòåëüíî èìååò êîðåíü γ0. Åìó îòâå÷àþòñîáñòâåííîå çíà÷åíèå λ0 = (2γ0)

2 è ñîáñòâåííàÿ �óíêöèÿ u0(x) = sin(2γ0x).Ïðè α > 0 îòðèöàòåëüíûõ ñîáñòâåííûõ çíà÷åíèé íå ñóùåñòâóåò, à ïðè
α < 0 ñóùåñòâóåò åäèíñòâåííîå ñîáñòâåííîå çíà÷åíèå λ0 = −(2γ0)

2 < 0,ãäå γ0 � êîðåíü óðàâíåíèÿ tg(γ) = −0.5 α/γ. Ýòîìó ñîáñòâåííîìó çíà÷åíèþîòâå÷àåò åäèíñòâåííàÿ ñ òî÷íîñòüþ äî íåíóëåâîãî ìíîæèòåëÿ ñîáñòâåííàÿ�óíêöèÿ u0(x) = sh(2γ0x).Ïðè äîñòàòî÷íî áîëüøèõ k äëÿ ðàçíîñòè δk = γk − πk èìåþò ìåñòî ñîîò-íîøåíèÿ
|α|
2πk

(1 − (2πk)−1) < |γk − π k| < |α|
2πk

(1 + (2πk)−1). (1.7)Ìíîæåñòâî ñîáñòâåííûõ çíà÷åíèé ìîæíî óïîðÿäî÷èòü ïî âîçðàñòàíèþ èõçíà÷åíèé:
0 < γ0 < γ

(1)
1 , γ

(1)
k < γ

(2)
k < γ

(1)
k+1, k = 1, 2, ..., α > 0;

γ0 < 0 < γ
(2)
1 , γ

(2)
k < γ

(1)
k < γ

(2)
k+1, k = 1, 2, ..., α < 0.Îïåðàòîð L∗, ñîïðÿæåííûé ê îïåðàòîðó L, èìååò òå æå ñîáñòâåííûå çíà÷åíèÿ,÷òî è îïåðàòîð L, êîòîðûì ñîîòâåòñòâóþò ïðîñòûå ñîáñòâåííûå �óíêöèè

v
(1)
k (x) = cos(2πkx + ψ̃k), v

(2)
k (x) = cos(γk(1 − 2x)), k = 1, 2, ...,

v0(x) = cos(γ0(1 − 2x)), α > 0; v0(x) = ch(γ0(1 − 2x)), α < 0,ãäå ψ̃k = arctg(α/(2πk)).Ñîáñòâåííûå �óíêöèè u(x), v(x) îïåðàòîðîâ L è L∗, îòâå÷àþùèå ðàçëè÷-íûì ñîáñòâåííûì çíà÷åíèÿì λ, µ, âçàèìíî îðòîãîíàëüíû â ñìûñëå ñêàëÿðíî-ãî ïðîèçâåäåíèÿ â L2(0, 1). Cêàëÿðíûå ïðîèçâåäåíèÿ ñîáñòâåííûõ �óíêöèé,îòâå÷àþùèõ îäèíàêîâûì ñîáñòâåííûì çíà÷åíèÿì, èìåþò âèä:
(u

(2)
k , v

(2)
k ) = 0.5 sin γk(1 + (sin 2γk)/(2γk)),

(u
(1)
k , v

(1)
k ) = − 0.5 sin ψ̃k, k = 1, 2, ... ,

(u0, v0) =

{
0.5 sin γ0(1 + (sin 2γ0)/(2γ0)), α > 0,
0.5 sh γ0(1 + (sh 2γ0)/(2γ0)), α < 0.Âûïèñàííàÿ ñèñòåìà ïðèâîäèòñÿ ê áèîðòîíîðìèðîâàííîìó âèäó

u
(2)
k (x) = sin 2 γk x, v

(2)
k (x) = C

(2)
k cos(γk(1 − 2 x)),

u
(1)
k (x) = sin 2 π k x, v

(1)
k (x) = C

(1)
k cos(2 π k x + ψ̃k), k = 1, 2, ...,
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u0(x) = sin 2 γ0 x, v0(x) = C0 cos(γ0(1 − 2 x)), α > 0,

u0(x) = sh 2 γ0 x, v0(x) = C0 ch(γ0(1 − 2 x)), α < 0, (1.8)ãäå
C

(1)
k = −2(sin ψ̃k)

−1, C
(2)
k = 2((sin γk) (1 + sinc2γk))

−1, k = 1, 2, ...,

C0 = 2((sin γ0) (1 + sinc2γ0))
−1, (α > 0),

C0 = 2((sh γ0) (1 + shc2γ0))
−1, (α < 0),ïðè÷åì sin cγ = (sin γ)/γ, sh cγ = (sh γ)/γ.Íè ñèñòåìà ñîáñòâåííûõ �óíêöèé uk(x) îïåðàòîðà L, íè áèîðòîãîíàëüíàÿê íåé ñèñòåìà ñîáñòâåííûõ �óíêöèé îïåðàòîðà L∗ íå îáðàçóþò áàçèñ �èññàâ ïðîñòðàíñòâå L2(0, 1).�àññìîòðèì âñïîìîãàòåëüíóþ ñèñòåìó �óíêöèé Wα = {wj(x), j =

0, 1, ...}, ýëåìåíòû êîòîðîé èìåþò âèä:
w2k−1(x) = (u

(2)
k (x) − u

(1)
k (x))(2δk)−1 = (sin cδkx)x cos(2πkx+ δkx),

w2k(x) = u
(1)
k (x) = sin(2πkx), k = 1, 2, ... , w0(x) = u0(x)/2γ0. (1.9)Äëÿ ñèñòåìû �óíêöèé Wα ñóùåñòâóåò áèîðòîãîíàëüíàÿ ê íåé ñèñòåìà �óíê-öèé Rα = {ri(x), i = 0, 1, ...}, ýëåìåíòû êîòîðîé èìåþò âèä:

r2k(x) = v
(2)
k (x) + v

(1)
k (x),

r2k−1(x) = 2 δk v
(2)
k (x), k = 1, 2, ... , r0(x) = 2 γ0 v0(x). (1.10)Ñèñòåìû �óíêöèé Wα, Rα îáðàçóþò áàçèñû �èññà â ïðîñòðàíñòâå L2(0, 1), àñèñòåìû ñîáñòâåííûõ �óíêöèé äëÿ îïåðàòîðîâ L è L∗ ÿâëÿþòñÿ ïîëíûìè âòîì æå ïðîñòðàíñòâå.Â ðàáîòå [4℄, êàê óêàçûâàëîñü âûøå, äëÿ ñëó÷àÿ α = 0 ïîñòðîåíà ñèñòå-ìà ñîáñòâåííûõ è ïðèñîåäèíåííûõ �óíêöèé W0 = {Xj(x), j = 0, 1, ...},ýëåìåíòû êîòîðîé èìåþò âèä:

X2k−1(x) = x cos(2πkx), X2k(x) = sin(2πkx),

k = 1, 2, ... , X0(x) = x. (1.11)Äëÿ ñèñòåìû �óíêöèé W0 ñóùåñòâóåò áèîðòîãîíàëüíàÿ ê íåé ñèñòåìà �óíê-öèé R0 = {Yi(x), i = 0, 1, ...}, ýëåìåíòû êîòîðîé èìåþò âèä:
Y2k−1(x) = 4 cos(2πkx), Y2k(x) = 4(1 − x) ×

× sin(2πkx), k = 1, 2, ... , Y0(x) = 2. (1.12)Ñèñòåìû W0, R0 îáðàçóþò áàçèñû �èññà â ïðîñòðàíñòâå L2(0, 1) è äëÿ ëþáîé�óíêöèè φ(x) ∈ L2(0, 1) ñïðàâåäëèâà îöåíêà
r ||φ||2L2

≤
∞∑

k=0

φ2
k ≤ R ||φ||2L2

, (1.13)



50 Â. Å. ÊÀÏÓÑÒßÍ, È. Ñ. ËÀÇÀ�ÅÍÊÎãäå r = 3/4, R = 16, φk = (φ, Yk)L2 .Áîëåå òîãî, â [7℄ äîêàçàíî, ÷òî â ïðîñòðàíñòâå L2(0, 1) ìîæíî ââåñòè ýê-âèâàëåíòíóþ íîðìó ïî ïðàâèëó
||φ||2D = (Dφ,φ) =

∞∑

k=0

φ2
k, (1.14)ãäå D : L2(0, 1) → L2(0, 1) � íåêîòîðûé ïîëîæèòåëüíî îïðåäåëåííûéîïåðàòîð.Â [6℄ ýòè ðåçóëüòàòû ðàñïðîñòðàíåíû íà ñèñòåìû Wα, Rα. Çäåñü ñëåäóåòîòìåòèòü, ÷òî ñèñòåìû Wα, Rα íå ïåðåõîäÿò â ñèñòåìû W0, R0 ïðè α→ 0.Òàêèì îáðàçîì, â ðàáîòå [6℄ äëÿ êðàåâîé çàäà÷è (1.1)�(1.3) ïîñòðîåíî�îðìàëüíîå ïðåäñòàâëåíèå åå ðåøåíèÿ â âèäå ðÿäà ïî ñèñòåìàì Wα, Rα èóñòàíîâëåíî, ÷òî ýòîò ðÿä ÿâëÿåòñÿ åäèíñòâåííûì êëàññè÷åñêèì åå ðåøåíè-åì, êîòîðîå óñòîé÷èâî ïî íà÷àëüíûì óñëîâèÿì îòíîñèòåëüíî ýêâèâàëåíòíîéíîðìû. Ïðè ýòîì ñëåäóåò ó÷åñòü îòñóòñòâèå àïðèîðíûõ îöåíîê íà ðåøåíèå,ïîäîáíûõ çàäà÷àì ñ ëîêàëüíûìè êðàåâûìè óñëîâèÿìè.Ïðè ïîñòàíîâêå äëÿ òàêèõ êðàåâûõ çàäà÷ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿñëåäóåò êàæäûé ðàç îáðàùàòü âíèìàíèå íà ðàçðåøèìîñòü ïîñëåäíèõ, òàê êàêìåòîäû "L2-òåîðèè" çäåñü íå ðàáîòàþò.2. �àñïðåäåëåííîå óïðàâëåíèå ñ ýêâèâàëåíòíîé íîðìîéÏóñòü óïðàâëÿåìûé ïðîöåññ y(x, t) îïèñûâàåòñÿ êðàåâîé çàäà÷åé

∂y

∂t
=

∂2y

∂x2
+ p(x, t), (x, t) ∈ Q = {0 < x < 1, t0 < t ≤ T <∞}, (2.1)

y(x, t0) = ϕ(x), 0 ≤ x ≤ 1, (2.2)
y(0, t) = 0,

∂y(0, t)

∂x
=

∂y(1, t)

∂x
+ α y(1, t), t > 0. (2.3)Òðåáóåòñÿ íàéòè óïðàâëåíèå p∗(x, t) ∈ C(Q), êîòîðîå ïåðåâîäèò ñèñòåìó(2.1)�(2.3) â ñîñòîÿíèå

y(x, T ) = ψ(x) (2.4)è ìèíèìèçèðóåò �óíêöèîíàë
I(p) =

∫ T

t0

||p||2D dt. (2.5)Çàìåòèì, ÷òî â çàäà÷àõ ñ ìèíèìàëüíîé ýíåðãèåé â ñëó÷àå ëîêàëüíûõ êðàåâûõóñëîâèé [3℄ â êà÷åñòâå êðèòåðèÿ âûáèðàåòñÿ �óíêöèîíàë
I1(p) =

∫

Q
p2(x, t)dx dt, (2.6)êîòîðûé àñîöèèðóåòñÿ ñ ïîëíîé ýíåðãèåé ñèñòåìû. Êðèòåðèè (2.5), (2.6)ýêâèâàëåíòíû â ñìûñëå (1.13). Ïîýòîìó äàëåå áóäåì ðàññìàòðèâàòü çàäà÷óñ êðèòåðèåì (2.5), òàê êàê ïðè ýòîì óäàåòñÿ ïîëó÷èòü â îïðåäåëåííîì ñìûñ-ëå îêîí÷àòåëüíûé ðåçóëüòàò. Îñîáåííîñòè ðåøåíèÿ çàäà÷è ñ êðèòåðèåì (2.6)áóäóò ðàññìîòðåíû â êîíöå ýòîãî ïóíêòà.



ÇÀÄÀ×È Ñ ÌÈÍÈÌÀËÜÍÎÉ ÝÍÅ��ÈÅÉ 51Òåîðåìà 1. Ïóñòü â çàäà÷å ñ ìèíèìàëüíîé ýíåðãèåé (2.1)�(2.5) �óíêöèè
ϕ(x), ψ(x) ïðèíàäëåæàò îáëàñòè îïðåäåëåíèÿ îïåðàòîðà L è α 6= 0. Êðîìåòîãî, ïðåäïîëîæèì, ÷òî ψ(x) ∈ C4(0, 1), ϕ(x) ∈ C3(0, 1),

d2ψ(1)

dx2
=

d2ψ(0)

dx2
= 0,

d3ψ(1)

dx3
− d3ψ(0)

dx3
= 0; (2.7)

d2ϕ(1)

dx2
+

d2ϕ(0)

dx2
= 0. (2.8)Òîãäà çàäà÷à ñ ìèíèìàëüíîé ýíåðãèåé èìååò åäèíñòâåííîå íåïðåðûâíîå íà

Q̄ ðåøåíèå è ýòî ðåøåíèå ïðåäñòàâèìî â âèäå: p∗(x, t) =
∑∞

k=0 pk(t) wk(x),ãäå
p0(t) =

2 λ0 µ0 exp(−λ0(T − t))

1 − exp(−2λ0(T − t0))
, (2.9)

p2k−1(t) = µ2k−1
[hk,2, hk,2] exp(−λ(2)

k (T − t)) + [hk,1, hk,2] θk(T − t)

∆k
−

− µ2k
[hk,1, hk,2] exp(−λ(2)

k (T − t)) + [hk,1, hk,1] θk(T − t)

∆k
, (2.10)

p2k(t) =
µ2k [hk,1, hk,1] − µ2k−1 [hk,1, hk,2]

∆k
exp(−λ(1)

k (T − t)), k ≥ 1. (2.11)Â (2.9)�(2.11) îáîçíà÷åíî
µ0 = ψ0 − ϕ0 exp(−λ0(T − t0)), (2.12)

µ2k−1 = ψ2k−1 − ϕ2k−1 exp(−λ(2)
k (T − t0)), (2.13)

µ2k = ψ2k + θk(T − t0) ϕ2k−1 − ϕ2k exp(−λ(1)
k (T − t0)), (2.14)

ϕk, ψk � êîý��èöèåíòû ðàçëîæåíèÿ �óíêöèé ϕ(x), ψ(x) â ðÿäû ïî ñèñòåìå
Wα,

θk(t) =
exp(−λ(1)

k t) − exp(−λ(2)
k t)

2 δk
; (2.15)

[hk,i, hk,j ] =

∫ T

t0

h′k,i(t) hk,j(t) dt, (2.16)
∆k = [hk,1, hk,1] [hk,2, hk,2] − [hk,1, hk,2]

2, (2.17)
h′k,1(t) = (exp(−λ(2)

k (T − t)), 0), (2.18)
h′k,2(t) = (−θk(T − t), exp(−λ(1)

k (T − t))). (2.19)Çíà÷åíèå êðèòåðèÿ äàíî ñõîäÿùèìñÿ ðÿäîì
I(p∗) = I0(p0) +

∞∑

k=0

Îk(p2k−1, p2k), (2.20)
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I0(p0) = 2

λ0µ
2
0

1 − exp(−2λ0(T − t0))
, (2.21)

Îk(p2k−1, p2k) =

∫ T

t0

(p2
2k−1(t) + p2

2k(t)) dt, (2.22)à îïòèìàëüíàÿ òðàåêòîðèÿ, çàäàâàåìàÿ ðÿäîì
y∗(x, t) =

∞∑

k=0

yk(t) wk(x), (2.23)ãäå �óíêöèè yk(t) îïðåäåëÿþòñÿ êàê ðåøåíèÿ çàäà÷ Êîøè
ẏ2k−1(t) + λ

(2)
k y2k−1(t) = p2k−1(t), y2k−1(t0) = ϕ2k−1; (2.24)

ẏ2k(t) + λ
(1)
k y2k(t) =

λ
(1)
k − λ

(2)
k

2δk
y2k−1(t) + p2k(t),

y2k(t0) = ϕ2k, k = 1, 2, ...; (2.25)
ẏ0(t) + λ0 y0(t) = p0(t), y0(t0) = ϕ0, (2.26)ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì êðàåâîé çàäà÷è (2.1)�(2.3).Äîêàçàòåëüñòâî. Çàïèøåì �óíêöèþ ψ(x) â âèäå ðÿäà ïî áàçèñó Wα

ψ(x) = w0(x) ψ0 +

∞∑

k=1

(w2k−1(x) ψ2k−1 + w2k(x) ψ2k), ψk = (ψ, rk). (2.27)Çàìåòèì, ÷òî åñëè ïðîèçâîëüíàÿ �óíêöèÿ ̺(x) ïðèíàäëåæèò îáëàñòè îïðå-äåëåíèÿ îïåðàòîðà L (L∗), òî äëÿ êîý��èöèåíòîâ åå ðàçëîæåíèÿ ïî ñèñòåìå
Wα (Rα), ñîãëàñíî [6℄, ñïðàâåäëèâû îöåíêè

|ρk| ≤ C

k2
, k = 1, ... . (2.28)Çàäà÷à (2.1)�(2.5) ýêâèâàëåíòíà òàêîé çàäà÷å: íàéòè ìèíèìóì �óíêöèîíàëà

I(p) =

∫ T

t0

∞∑

k=0

p2
k(t) dtïðè îãðàíè÷åíèÿõ (2.24)�(2.26).Ýòà çàäà÷à ðåäóöèðóåòñÿ â ïîñëåäîâàòåëüíîñòü êîíå÷íîìåðíûõ çàäà÷. Ïðè

k = 0 áóäåì èìåòü òàêóþ çàäà÷ó: ìèíèìèçèðîâàòü �óíêöèîíàë
I0(p0) =

∫ T

t0

p2
0(t) dt (2.29)ïðè îãðàíè÷åíèè

∫ T

t0

exp(−λ0(T − t)) p0(t) dt = µ0. (2.30)
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Îk(p2k−1, p2k) =

∫ T

t0

(p2
2k−1(t) + p2

2k(t))dt (2.31)ïðè îãðàíè÷åíèÿõ
∫ T

t0

exp(−λ(2)
k (T − t)) p2k−1(t) dt = µ2k−1,

∫ T

t0

[−θk(T − t) p2k−1(t) + exp(−λ(1)
k (T − t)) p2k(t)] dt = µ2k. (2.32)Ïðè ïîñòðîåíèè ìîìåíòíûõ ðàâåíñòâ (2.32) èñïîëüçîâàëàñü �óíäàìåíòàëü-íàÿ ìàòðèöà Wk(t, τ) äëÿ ñèñòåìû (2.24)�(2.25), êîòîðàÿ èìååò âèä:

Wk(t, τ) =

(
exp(−λ(2)

k (t− τ)) 0

− θk(t− τ) exp(−λ(1)
k (t− τ))

)
.Çàäà÷è (2.29)�(2.32) ïðåäñòàâëÿþò ñîáîé êîíå÷íîìåðíûå çàäà÷è ñ ìèíèìàëü-íîé ýíåðãèåé. �åøåíèå ïåðâîé èç íèõ, ñîãëàñíî [3℄, çàäàåòñÿ �îðìóëàìè (2.9),(2.21). Îïòèìàëüíîå óïðàâëåíèå âî âòîðîé çàäà÷å, ñîãëàñíî [2℄, èùåòñÿ â âèäå:

p̂k(t) =

2∑

j=1

βk,j hk,j(t),ãäå p̂′k(t) = (p2k−1(t), p2k(t)), à êîý��èöèåíòû βk,j îäíîçíà÷íî îïðåäåëÿþòñÿèç ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
βk,1 [hk,1, hk,1] + βk,2 [hk,1, hk,2] = µ2k−1,

βk,1 [hk,1, hk,2] + βk,2 [hk,2, hk,2] = µ2k.Âû÷èñëèì ñêàëÿðíûå ïðîèçâåäåíèÿ [hk,i, hk,j ] :

[hk,1, hk,1] =
1 − exp(−2 λ

(2)
k (T − t0))

2λ
(2)
k

,

[hk,1, hk,2] = − 1

2δk
(
1 − exp(−(λ

(1)
k + λ

(2)
k )(T − t0))

λ
(1)
k + λ

(2)
k

−

− 1 − exp(−2 λ
(2)
k (T − t0))

2λ
(2)
k

),

[hk,2, hk,2] =
1

4δ2k
(
1 − exp(−2λ

(1)
k (T − t0))

2 λ
(1)
k

−

− 2
1 − exp(−(λ

(1)
k + λ

(2)
k )(T − t0))

λ
(1)
k + λ

(2)
k

+
1 − exp(−2 λ

(2)
k (T − t0))

2λ
(2)
k

)+

+
1 − exp(−2λ

(1)
k (T − t0))

2 λ
(1)
k

.
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∆k =

1 + 4δ2k
4δ2k

(1 − exp(−2λ
(1)
k (T − t0)))(1 − exp(−2λ

(2)
k (T − t0)))

4 λ
(1)
k λ

(2)
k

−

− 1

4δ2k

(1 − exp(−(λ
(1)
k + λ

(2)
k )(T − t0)))

2

(λ
(1)
k + λ

(2)
k )2

.Òîãäà óïðàâëåíèÿ ïðèíèìàþò âèä (2.10)�(2.11).Äàëåå ðàññìîòðèì ñëó÷àé, êîãäà α > 0. Îöåíèì äðîáè [hk,i, hk,j]/∆k. Òàêêàê
∆k ≥ 1

42 δ2k λ
(1)
k λ

(2)
k

(2 exp(−(λ
(1)
k + λ

(2)
k )(T − t0)) −

− exp(−2λ
(1)
k (T − t0)) − exp(−2λ

(2)
k (T − t0))) =

1

42 δ2k λ
(1)
k λ

(2)
k

×

× (1 − (exp(−λ(1)
k (T − t0)) − exp(−λ(2)

k (T − t0)))
2) ≥

≥ (1 − exp(−λ(1)
k (T − t0))) (1 − exp(−λ(2)

k (T − t0)))

42 δ2k λ
(1)
k λ

(2)
k

,òî
[hk,1, hk,1]

∆k
≤ C λ

(1)
k (1 + exp(−λ(2)

k (T − t0)))

1 − exp(−λ(1)
k (T − t0))

,

|[hk,1, hk,2]|
∆k

≤ 1

2δk ∆k
(
1 − exp(−2 λ

(2)
k (T − t0))

2 λ
(1)
k

+

+
1 − exp(−2 λ

(2)
k (T − t0))

2λ
(2)
k

) ≤ C λ
(2)
k (1 + exp(−λ(2)

k (T − t0)))

1 − exp(−λ(1)
k (T − t0))

,

|[hk,2, hk,2]|
∆k

≤ 1

4δ2k ∆k
(
1 − exp(−2λ

(1)
k (T − t0))

2 λ
(1)
k

+

+ 2
1 − exp(−(λ

(1)
k + λ

(2)
k )(T − t0))

λ
(1)
k + λ

(2)
k

+
1 − exp(−2 λ

(2)
k (T − t0))

2λ
(2)
k

)+

+
1 − exp(−2λ

(1)
k (T − t0))

2 λ
(1)
k ∆k

<
C λ

(2)
k (1 + exp(−λ(2)

k (T − t0)))

1 − exp(−λ(1)
k (T − t0))

.Òîãäà äëÿ âûïèñàííûõ êîý��èöèåíòîâ óïðàâëåíèÿ ïîëó÷èì îöåíêè:
|p2k−1(t)| ≤ |µ2k−1|

|[hk,2, hk,2]| + |[hk,1, hk,2]| C/k
|∆k|

+

+ |µ2k|
|[hk,1, hk,2|] + |[hk,1, hk,1]| C/k

|∆k|
≤ C (|µ2k−1| + |µ2k|)λ(2)

k ,

|p2k(t)| =
|µ2k| |[hk,1, hk,1]| + |µ2k−1| |[hk,1, hk,2]|

|∆k|
≤ C (|µ2k−1| + |µ2k|)λ(2)

k .



ÇÀÄÀ×È Ñ ÌÈÍÈÌÀËÜÍÎÉ ÝÍÅ��ÈÅÉ 55Â ïðèâåäåííûõ îöåíêàõ èñïîëüçîâàíî íåðàâåíñòâî èç [6℄:
0 ≤ θk(t) ≤ C

k
.�àññìîòðèì ðÿä

p̂(x, t) =

∞∑

k=1

(p2k−1(t) w2k−1(x) + p2k(t) w2k(x)). (2.33)Òàê êàê |wj(x)| ≤ 1, j ≥ 1, òî
|p̂(x, t)| ≤ C

∞∑

k=1

λ
(2)
k (|ψ2k−1| + |ψ2k| + |ϕ2k−1| (exp(−λ(2)

k (T − t0)) +

+ θk(T − t0)) + |ϕ2k| exp(−λ(1)
k (T − t0))).Òàê êàê ÷èñëîâîé ðÿä

∞∑

k=1

λ
(2)
k (|ϕ2k−1| exp(−λ(2)

k (T − t0)) + |ϕ2k| exp(−λ(1)
k (T − t0)))ñõîäèòñÿ, òî äëÿ ðàâíîìåðíîé ñõîäèìîñòè ðÿäà, ñòîÿùåãî â ïðàâîé ÷àñòèðàâåíñòâà (2.33), íóæíî óáåäèòüñÿ â ñõîäèìîñòè ðÿäà

∞∑

k=1

λ
(2)
k (|ψ2k−1| + |ψ2k| + |ϕ2k−1| θk(T − t0)). (2.34)�ÿä (2.34) ñõîäèòñÿ. Äåéñòâèòåëüíî, â ñèëó îïðåäåëåíèÿ ψ2k−1, ïîëó÷èì:

ψ2k−1 = (ψ, r2k−1) = 2δk (ψ, v
(2)
k ) = −2δk C

(2)
k

1

λ
(2)
k

(
d2ψ

dx2
, cos(γk(1 − 2x))).Îòäåëüíî ïðåîáðàçóåì ñêàëÿðíîå ïðîèçâåäåíèå:

(
d2ψ

dx2
, cos(γk(1 − 2x))) = − 1

2γk

d2ψ(x)

dx2
sin(γk(1 − 2x))|10 +

+
1

4γ2
k

d3ψ(x)

dx3
cos(γk(1 − 2x))|10 − 1

4γ2
k

(
d4ψ

dx4
, cos(γk(1 − 2x))).Òîãäà, â ñèëó (2.7), áóäåì èìåòü:

ψ2k−1 =
1

(λ
(2)
k )2

(
d4ψ

dx4
, r2k−1).Âîçâðàùàÿñü ê ðÿäó (2.34), äëÿ åãî ïåðâîé ñóììû ïîëó÷èì:

∞∑

k=1

λ
(2)
k |ψ2k−1| ≤ C

∞∑

k=1

1

k2
< ∞,



56 Â. Å. ÊÀÏÓÑÒßÍ, È. Ñ. ËÀÇÀ�ÅÍÊÎòàê êàê |rk(x)| ≤ Cr, k = 0, 1, ... â ñèëó íåîáõîäèìîãî óñëîâèÿ áàçèñíîñòèñèñòåìû �óíêöèé Rα (ýëåìåíòû ñèñòåìû äîëæíû áûòü ïî÷òè íîðìèðîâàí-íûìè).Äëÿ âòîðîé ñóììû ðÿäà (2.34) áóäåò ñïðàâåäëèâûì àíàëîãè÷íûé ðåçóëü-òàò. Äåéñòâèòåëüíî, ñîãëàñíî îïðåäåëåíèþ ψ2k, áóäåì èìåòü:
ψ2k = (ψ, r2k) = (ψ, v

(2)
k + v

(1)
k ) = (Lψ,

1

λ
(1)
k

v
(1)
k +

1

λ
(2)
k

v
(2)
k ) =

= (Lψ,
1

λ
(1)
k

C
(1)
k cos(2πkx+ ψ̃k) +

1

λ
(2)
k

C
(2)
k cos(γk(1 − 2x))).Âòîðîå ñêàëÿðíîå ïðîèçâåäåíèå áûëî èññëåäîâàíî âûøå. Ïîýòîìó îñòàíîâèì-ñÿ íà ïåðâîì ñêàëÿðíîì ïðîèçâåäåíèè, ò. å.:

(
d2ψ

dx2
, cos(2πkx+ ψ̃k)) =

1

2πk

d2ψ(x)

dx2
sin(2πkx + ψ̃k)|10 +

1

(2πk)2
×

× d3ψ(x)

dx3
cos(2πkx+ ψ̃k)|10 − 1

(2πk)2
(
d4ψ

dx4
, cos(2πkx + ψ̃k)).Îòñþäà, ó÷èòûâàÿ ñâîéñòâà �óíêöèè ψ(x), ïîëó÷èì:

ψ2k = (
d4ψ

dx4
,

1

(λ
(1)
k )2

r2k +
1

2δk
(

1

(λ
(2)
k )2

− 1

(λ
(1)
k )2

)r2k−1) =

=
1

(λ
(1)
k )2

(
d4ψ

dx4
, r2k +

(λ
(1)
k )2 − (λ

(2)
k )2

2δk(λ
(2)
k )2

r2k−1).Òàê êàê
|(λ

(1)
k )2 − (λ

(2)
k )2

2δk(λ
(2)
k )2

| < C

k
,òî

|ψ2k| <
C

k4
.Ñëåäîâàòåëüíî,

∞∑

k=1

λ
(2)
k |ψ2k| < ∞.Òðåòüÿ ñóììà ðÿäà (2.34) ñõîäèòñÿ â ñèëó ñâîéñòâ �óíêöèé ϕ(x), θk(t) (ñì.ñõîäèìîñòü ïåðâîé ñóììû ýòîãî ðÿäà).Òåì ñàìûì ðÿä (2.33) îïðåäåëÿåò íåïðåðûâíóþ íà Q̄ �óíêöèþ p̂(x, t) èïðè ýòîì ñõîäèòñÿ ÷èñëîâîé ðÿä

∞∑

k=1

Îk(p2k−1, p2k).Òàêèì îáðàçîì, ìû äîêàçàëè, ÷òî îïòèìàëüíîå óïðàâëåíèÿ p∗(x, t) íåïðå-ðûâíî â îáëàñòè Q̄ è ñõîäèìîñòü ðÿäà, îïðåäåëÿþùåãî çíà÷åíèå êðèòåðèÿêà÷åñòâà.



ÇÀÄÀ×È Ñ ÌÈÍÈÌÀËÜÍÎÉ ÝÍÅ��ÈÅÉ 57Àíàëîãè÷íî [6℄ óñòàíàâëèâàåì, ÷òî ðÿä (2.23) îïðåäåëÿåò åäèíñòâåííîåêëàññè÷åñêîå ðåøåíèå êðàåâîé çàäà÷è (2.1)�(2.3).Åñëè α < 0, òî ïîëó÷èì òîò æå ðåçóëüòàò, òàê êàê ïðè ýòîì â ïðèâåäåí-íûõ îöåíêàõ ñëåäóåò çàìåíèòü ñîáñòâåííûå ÷èñëà λ(2)
k íà ÷èñëà λ(1)

k .�àññìîòðèì òó æå çàäà÷ó ñ ìèíèìàëüíîé ýíåðãèåé, íî ñ êðèòåðèåì (2.6).Â ýòîì ñëó÷àå çàäà÷à íå ðàñïàäàåòñÿ íà ïîñëåäîâàòåëüíîñòü îäíîìåðíûõ èäâóìåðíûõ çàäà÷. Äåéñòâèòåëüíî, ó÷èòûâàÿ ïðåäñòàâëåíèå �óíêöèè p(x, t) ââèäå ðÿäà ïî áàçèñó Wα, êðèòåðèé (2.6) ïðèìåò âèä:
I1(p) =

∞∑

i,j=0

∫ T

t0

pi(t) pj(t) Ai,j dt, (2.35)ãäå
Ai,j =

∫ 1

0
wi(x) wj(x) dx.Êðîìå òîãî, ïðè ýòîì äîëæíû âûïîëíÿòüñÿ ìîìåíòíûå ðàâåíñòâà (2.30),(2.32).Èç [1℄ ñëåäóåò, ÷òî ìàòðèöà A = {Ai,j}∞i,j=0 ïðåäñòàâëÿåò ñîáîé ëèíåéíûéîãðàíè÷åííûé îáðàòèìûé îïåðàòîð â l2.�àññìîòðèì ãèëüáåðòîâî ïðîñòðàíñòâî L2(t0, T ), ýëåìåíòàìè êîòîðîãî âû-ñòóïàþò ïîñëåäîâàòåëüíîñòè p̃(t) = {pi(t)}∞i=0 ñ íîðìîé

||p̃||L2(t0,T ) =

√√√√
∞∑

i=0

∫ T

t0

p2
i (t) dt. (2.36)Â ñèëó [6℄ âåðíà îöåíêà

I1(p) ≥ γ1 ||p̃||2L2(t0,T ).Òîãäà ìàòðèöà A ïðåäñòàâëÿåò ñîáîé ïîëîæèòåëüíî-îïðåäåëåííûé îïåðàòîðâ ïðîñòðàíñòâå L2(t0, T ) è îïðåäåëÿåò â íåì ýíåðãåòè÷åñêîå ïðîñòðàíñòâî
HA(t0, T ) ñ íîðìîé âèäà

[p̃]2HA
=

∞∑

i,j=0

∫ T

t0

pi(t) pj(t) Ai,j dt.Èç [3℄ ñëåäóåò, ÷òî HA(t0, T ) ⊆ L2(t0, T ). Ïåðåïèøåì çàäà÷ó ñ ìèíèìàëüíîéýíåðãèåé (2.35), (2.30), (2.32) â òåðìèíàõ ïðîñòðàíñòâà HA(t0, T ). Ñ ýòîéöåëüþ îïðåäåëèì ïîñëåäîâàòåëüíîñòè ̺l(t) ∈ HA(t0, T ), l = 0, 1, ... êàêðåøåíèÿ óðàâíåíèé
A ̺l(t) = f l(t), l = 0, 1, ..., (2.37)ãäå

f0(t) = {exp(−λ0(T − t)), 0, ...},

f2k−1(t) = {0, ..., 0︸ ︷︷ ︸
2k−2

, exp(−λ(2)
k (T − t)), 0, ...},
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f2k(t) = {0, ..., 0︸ ︷︷ ︸

2k−2

,−θk(T − t), exp(−λ(1)
k (T − t)), 0, ...}, k = 1, ... .Òàê êàê f l(t) ∈ HA(t0, T ), òî è ̺l(t) ∈ HA(t0, T ), l = 0, 1, ... . Òîãäà çàäà-÷à ñ ìèíèìàëüíîé ýíåðãèåé �îðìóëèðóåòñÿ òàêèì îáðàçîì: ìèíèìèçèðîâàòüêðèòåðèé

I1(p) = [p̃]2HA
(2.38)ïðè îãðàíè÷åíèÿõ

[̺l, p̃]HA
= µl, l = 0, 1, ... . (2.39)Ïðåäïîëîæèì, ÷òî ïîñëåäîâàòåëüíîñòè {̺l(t)}∞l=0 îáðàçóþò áàçèñ ïðîñòðàí-ñòâà HA(t0, T ). Òîãäà ðåøåíèå çàäà÷è (2.38)�(2.39) ìîæíà ïðåäñòàâèòü â âèäå:

p̃(t) =

∞∑

j=0

αj ̺
j(t),ãäå ÷èñëà αj îäíîçíà÷íî îïðåäåëÿþòñÿ èç ñèñòåìû óðàâíåíèé

∞∑

k=0

αk [̺k, ̺j ]HA
= µj, j = 0, 1, ... .Ïðè ýòîì ïîñëåäîâàòåëüíîñòü p̃(t) äîëæíà áûòü òàêîé, ÷òîáû èíäóöèðóåìîååþ îïòèìàëüíîå óïðàâëåíèå p(x, t) áûëî íåïðåðûâíûì.Èçëîæåííûé àëãîðèòì ðåøåíèÿ çàäà÷è ñ ìèíèìàëüíîé ýíåðãèåé íîñèò�îðìàëüíûé õàðàêòåð, òàê êàê òðåáóåò îáîñíîâàíèÿ íà êàæäîì øàãå. Ïîñëåä-íåå óïèðàåòñÿ â èçó÷åíèå ñâîéñòâ ìàòðèö A−1 è {[̺k, ̺j ]HA

, k, j = 0, 1, ...}−1.Ýòîò âîïðîñ ïîêà îñòàåòñÿ îòêðûòûì. Ïîýòîìó ïðåäëîæåííûé çäåñü ïîäõîäê ðåøåíèþ çàäà÷è ñ ìèíèìàëüíîé ýíåðãèåé ñ èñïîëüçîâàíèåì êðèòåðèÿ êà÷å-ñòâà (2.5) ÿâëÿåòñÿ öåëåñîîáðàçíûì.Çàìå÷àíèå 1. Â ñëó÷àå α = 0 ïîëó÷èì ðåçóëüòàò, àíàëîãè÷íûé òåîðåìå 1.3. �àçäåëåííîå óïðàâëåíèåÏóñòü óïðàâëÿåìûé ïðîöåññ y(x, t) îïèñûâàåòñÿ óðàâíåíèåì
∂y

∂t
=

∂2y

∂x2
+ g(x) p(t), (3.1)ñ êðàåâûìè óñëîâèÿìè (2.2)�(2.3), ãäå g(x) ∈ C(0, 1).Òðåáóåòñÿ íàéòè óïðàâëåíèå p∗(t) ∈ C(t0, T ), äîñòàâëÿþùåå ìèíèìóì êðè-òåðèþ êà÷åñòâà

J(p) =

∫ T

t0

p2(t) dt (3.2)è óäîâëåòâîðÿþùåå óñëîâèþ (2.4) (α > 0.)Ó÷èòûâàÿ ïðåäñòàâëåíèå ðåøåíèÿ êðàåâîé çàäà÷è (3.1), (2.2)�(2.3) â âèäåðÿäà ïî ñèñòåìå Wα, ïîëó÷èì òàêóþ �îðìóëèðîâêó çàäà÷è ñ ìèíèìàëüíîé



ÇÀÄÀ×È Ñ ÌÈÍÈÌÀËÜÍÎÉ ÝÍÅ��ÈÅÉ 59ýíåðãèåé: íàéòè p∗(t) ∈ C(t0, T ), äîñòàâëÿþùåå ìèíèìóì (3.2) ïðè îãðàíè-÷åíèÿõ
g0

∫ T

t0

exp(−λ0(T − t)) p(t) dt = µ0, (3.3)
g2k−1

∫ T

t0

exp(−λ(2)
k (T − t)) p(t) dt = µ2k−1,

∫ T

t0

[−θk(T − t) g2k−1 + exp(−λ(1)
k (T − t)) g2k] p(t) dt = µ2k, k > 0, (3.4)ãäå gj � êîý��èöèåíòû ðàçëîæåíèÿ �óíêöèè g(x) â ðÿä ïî ñèñòåìå Wα.Ïåðå�îðìóëèðóåì ïðîáëåìó ìîìåíòîâ (3.3) - (3.4). Ñ ýòîé öåëüþ ââå-äåì äâå ïîñëåäîâàòåëüíîñòè: 1) b = {bj}∞j=0, ãäå b0 = µ0/g0; b2k−1 =

µ2k−1/g2k−1,

b2k =
2 δk µ2k − µ2k−1

2 δk g2k − g2k−1
, k = 1, ... .2) χ = {χj}∞j=0, ãäå χ0 = λ0; χ2k−1 = λ

(1)
k , χ2k = λ

(2)
k , k = 1, ... .Òîãäà ïðîáëåìà ìîìåíòîâ (3.3)�(3.4) ïðèíèìàåò âèä:

∫ T

t0

exp(−χj(T − t)) p(t) dt = bj , j = 0, 1, ... . (3.5)Ïóñòü b ∈ l2. Òîãäà ìû ïîëíîñòüþ ïîïàäàåì â óñëîâèÿ ðàçðåøèìîñòè çà-äà÷è ñ ìèíèìàëüíîé ýíåðãèåé äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ ëîêàëüíûìèêðàåâûìè óñëîâèÿìè, èçëîæåííûå â [3℄. Äåéñòâèòåëüíî, òàê êàê
∞∑

k=0

1

χk
< ∞,òî, ñîãëàñíî òåîðåìå Ìþíöà [5℄, ñèñòåìà �óíêöèé {exp(−χj(T − t))}∞j=0 íåÿâëÿåòñÿ ïîëíîé â L2(t0, T ). �åøåíèå çàäà÷è ñ ìèíèìàëüíîé ýíåðãèåé (3.2),(3.5) èùåòñÿ â ïîëíîì (îòíîñèòåëüíî ìåòðèêè ïðîñòðàíñòâà L2(t0, T )) ïðî-ñòðàíñòâå Hλ(t0, T ) ⊂ L2(t0, T ) â âèäå: p(t) =

∑∞
k=0 ck exp(−χk(T − t)), ãäå÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü c = {ck}∞k=0 îïðåäåëÿåòñÿ êàê åäèíñòâåííîåðåøåíèå ñèñòåìû óðàâíåíèé

∞∑

k=0

Mk,j ck = bj, j = 0, 1, ... ,

Mk,j =
1 − exp(−(χk + χj)(T − t0))

χk + χj
,

∞∑

k,j=0

Mk,j ck cj < ∞.Ìàòðèöà M îïðåäåëÿåò â l2 ïîëîæèòåëüíûé îïåðàòîð. Ïîýòîìó ïîñëåäîâà-òåëüíîñòü {ck} ïðèíàäëåæèò ýíåðãåòè÷åñêîìó ïðîñòðàíñòâó Mλ ïîëîæèòåëü-íîãî îïåðàòîðà M (l2 ⊂Mλ).Òàêîé ðåçóëüòàò, âîîáùå ãîâîðÿ, íàñ íå óñòðàèâàåò: íåò äîñòàòî÷íûõ óñëî-âèé ðàçðåøèìîñòè íå òîëüêî â C(t0, T ), íî è â L2(t0, T ). Íî áîëüøåãî ïîêàäîñòè÷ü íå óäàåòñÿ.
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62 P. I. KOGUT, R. MANZO, I. V. NECHAYsemiontinuity (see, for example, [3, 4, 5, 7, 8, 13, 16, 20℄). We ould mention thelower semiontinuity, quasi lower semiontinuity, and order lower semiontinuity.However, the above properties for the objetive funtions may fail at an e�ientsolution, even for simple vetor optimization problems with non-empty solutionsets. This is an atypial situation for the salar ase
I(x∗) = inf {I(x) : x ∈ X} , (1.1)where eah solution x∗ is always a point of lower semiontinuity of the ostfuntional I : X → R.The next problem, whih motivated our e�orts in this �eld, onerns thefollowing observation: if the salar problem (1.1) has a non-empty set of solutions,then

inf {I(x) : x ∈ X} = min {I(x) : x ∈ X} = min [closure {I(x) : x ∈ X}] .However, in the ase of vetor optimization, the typial situation is:
Min(S) 6= ∅, Min [closure(S)] 6= ∅, and Min(S) ∩ Min [closure(S)] = ∅,where by Min(S) we symbolially denote the family of all minimal elements of asubset S.Thus our prime interest in this paper is to onsider vetor optimization prob-lems in a new setting, whih involves topologial properties of the objetive spae,and disuss the problem of their salarization. We deal with the ase when theobjetive mappings take values in a real Banah spae Y partially ordered by apointed one Λ with possibly empty interior. In ontrast to the lassial settingof the vetor optimization problemMinimize f(x) with respet to the one Λ subjet to x ∈ X∂ , f : X → Y,we study the problem in the following formulation:Realize InfΛ,τ

x∈X∂
f(x) (1.2)and assoiate this problem with the quaternary 〈X∂ , f,Λ, τ〉, where the essentialounterpart is the hoie of the topology τ on the objetive spae Y .We also extend the onept of lower semiontinuity to vetor-valued mappings,whih is ompatible with optimization problems in the form (1.2), and disussthe existene of the so-alled (Λ, τ)-e�ient solutions to the problem (1.2). Inpartiular, we show that the extended onept of lower semiontinuity does notfail at (Λ, τ)-e�ient solutions, however the topologial properties of the spaes

(X,σ) and (Y, τ), where this problem is onsidered, play an essential role. In viewof this, our main intension deals with the salarization of vetor optimizationproblems (1.2) with the so-alled (Λ, σ×τ)-lower semiontinuous mappings, usingthe �simplest� method of the �weighted sum�. We show that in this ase one ofthe fundamental requirements on the salarizing vetor optimization problems(aording to Sawaragi et al. [18℄): solutions to the salarized optimization problemmust also be minimal solutions to the original vetor optimization problem, may



TOPOLOGICAL ASPECTS IN VECTOR OPTIMIZATION PROBLEMS 63not hold. Moreover, we show that for (Λ, σ × τ)-lower semiontinuous mappings
f : X∂ → Y a situation is possible, when none of the salar funtions, obtainedby �weighted sum�approah, is sequentially lower semiontinuous. For this reason,we extend the notion of (Λ, τ)-e�ient solutions to the so-alled generalizedsolutions of the vetor optimization problem. We study their main propertiesand derive su�ient onditions when the generalized solutions an be obtainedvia the salarization proess of (1.2).2. Notation and PreliminariesLet X and Y be two real Banah spaes. We assume that X is re�exive and
Y is dual to some separable Banah spae V (that is Y = V ∗). We supposethat these spaes are endowed with some topologies σ = σ(X) and τ = τ(Y ),respetively. By default σ is always assoiated with the weak topology of X,whereas τ is assoiated with the weak-∗ topology of Y . For a subset A ⊂ Y wedenote by intτ A and clτ A its interior and losure with respet to the τ -topology,respetively. We will omit this index if no onfusion may our. Let Λ be a τ -losed onvex pointed one in Y . No assumption is imposed on the topologialinterior of Λ. Throughout this paper, we suppose that Y is partially ordered withthe ordering one Λ. We denote with ≤Λ a partial ordering introdued by the one
Λ, that is, for any elements y, z ∈ Y , we will write y ≤Λ z whenever z ∈ y + Λand y <Λ z for y, z ∈ Y , if z− y ∈ Λ \{0Y }. We say that a sequene {yk}∞k=1 ⊂ Yis dereasing and we use the notation yk ց whenever, for all k ∈ N, we have
yk+1 ≤Λ yk. We also say that a sequene {yk}∞k=1 ⊂ Y is bounded below if thereexists an element y∗ ∈ Y suh that y∗ ≤Λ yk for all k ∈ N.For the investigation of �optimal� elements of a non-empty subset S of thepartially ordered spae Y one is mainly interested in minimal or maximal elementsof S.De�nition 1. (see [11℄) An element y∗ ∈ S ⊂ Y is said to be minimal of the set
S, if there is no y ∈ S suh that y ≤Λ y

∗, y 6= y∗, that is
S ∩ (y∗ − Λ) = {y∗}.De�nition 2. (see [11℄) An element y∗ ∈ S ⊂ Y is said to be weakly minimal ofthe set S, if
S ∩ (y∗ − cor(Λ)) = ∅,where by cor (Λ) we denote the algebrai interior of Λ, that is,

cor (Λ) := {ẑ ∈ V | ∀ z ∈ V there is an α̂ > 0 with
ẑ + αz ∈ Λ for all α ∈ [0, α̂]} .Let MinΛ(S) denote the family of all minimal elements of S. We say that anelement y∗ is the ideal minimal point (or a strongly minimal element) of the set

S, if y∗ ∈ S and y∗ ≤Λ y for every y ∈ S.Let us introdue two singular elements −∞Λ and +∞Λ in Y . We assume thatthese elements satisfy the following onditions:1)−∞Λ � y � +∞Λ, ∀y ∈ Y ; 2)+ ∞Λ + (−∞Λ) = 0Y .



64 P. I. KOGUT, R. MANZO, I. V. NECHAYLet Y • denote a semi-extended Banah spae: Y • = Y ∪ {+∞Λ} assuming that
‖ + ∞Λ‖Y = +∞ and y + λ(+∞Λ) = +∞ ∀ y ∈ Y and ∀λ > 0.The following onept is a ruial point in this paper.De�nition 3. We say that a set E is the e�ient in�mum of a set S ⊂ Y withrespet to the τ topology of Y (or shortly (Λ, τ)-in�mum) if E is the olletionof all minimal elements of clτ S in the ase when this set is non-empty, and E isequal to {−∞Λ} otherwise.Hereinafter we denote the (Λ, τ)-in�mum for S by InfΛ,τ S. Thus, in view ofthe de�nition given above, we have

InfΛ,τ S :=

{
MinΛ(clτ S), MinΛ(clτ S) 6= ∅
−∞Λ, MinΛ(clτ S) = ∅.The following example shows the signi�ane of this de�nition and omparesit with the notion of minimal elements.Example 1. Let Y = R2 and let Λ = R2

+ be the natural ordering one of positiveelements in R2. Suppose that the set S ⊂ Y is given as S = ∪3
i=1Xi, where

X1 =
{
z ∈ R2 : z1 ≥ 1, z2 > 3, z1 + z2 ≤ 5

}
,

X2 =
{
z ∈ R2 : z1 > 2, z2 > 2, z1 + z2 ≤ 5

}
,

X3 =
{
z ∈ R2 : z1 > 3, z2 ≥ 4, z1 + z2 ≤ 5

}
,

X4 = {(2; 3), (3; 2)}(see Fig. 1). It is essential that the set S is not losed. Then the set MinΛ(S) of

Fig. 1. The set S in Example 1all minimal elements of S is given as
MinΛ(S) = {(2; 3), (3; 2)} ,whereas the (Λ, τ)-in�mum of the S reads as

InfΛ,τ (S) = {(1; 3), (2; 2), (3; 1)} ,



TOPOLOGICAL ASPECTS IN VECTOR OPTIMIZATION PROBLEMS 65where τ is the strong topology of R2. Consequently, in ontrast to the salar asewhere the inlusion MinΛ(S) ⊆ InfΛ,τ S is always true, we have:
InfΛ,τ (S) 6= ∅, MinΛ(S) 6= ∅, and InfΛ,τ (S) ∩ MinΛ(S) = ∅.Let X∂ be a non-empty subset of the Banah spae X, and f : X∂ → Y besome mapping. Note that the mapping f : X∂ → Y an be assoiated with itsnatural extension f̂ : X → Y • to the whole spae X, where

f̂(x) =

{
f(x), x ∈ X∂ ,
+∞Λ, x /∈ X∂ .Following [1℄ a mapping f : X∂ → Y • is said to be bounded below if thereexists an element z ∈ Y suh that z ≤Λ f(x) for all x ∈ X∂ .De�nition 4. A subset A of Y is said to be the e�ient in�mum of a mapping

f : X∂ → Ywith respet to the τ -topology of Y and is denoted by InfΛ,τ
x∈X∂

f(x), if A is the
(Λ, τ)-in�mum of the image f(X∂) of X∂ in Y , that is,

InfΛ,τ
x∈X∂

f(x) = InfΛ,τ {f(x) : ∀x ∈ X∂} .Remark 1. It is lear now that if a ∈ InfΛ,τ
x∈X∂

f(x) then
clτ {f(x) : ∀x ∈ X∂} ∩ (a− Λ) = {a}provided MinΛ [clτ {f(x) : ∀x ∈ X∂}] 6= ∅.Let {yk}∞k=1 be a sequene in Y . Let Lτ{yk} denote the set of all its lusterpoints with respet to the τ -topology of Y , that is, y ∈ Lτ{yk} if there is asubsequene {yki

}∞i=1 ⊂ {yk}∞k=1 suh that yki

τ−→ y in Y as i→ ∞. If this set islower unbounded, i.e., InfΛ,τ Lτ{yk} = −∞Λ, we assume that {−∞Λ} ∈ Lτ{yk}.If SupΛ,τ Lτ{yk} = +∞Λ, we assume that {+∞Λ} ∈ Lτ{yk}. Let x0 ∈ X∂ be a�xed element. In what follows for an arbitrary mapping f : X∂ → Y we makeuse of the following sets:
Lσ×τ (f, x0) :=

⋃

{xk}
∞
k=1∈Mσ(x0)

Lτ{f̂(xk)}, (2.1)
Lσ×τ

min (f, x0) := Lσ×τ (f, x0) ∩ InfΛ,τ
x∈X∂

f(x), (2.2)where Mσ(x0) is the set of all sequenes {xk}∞k=1 ⊂ X suh that xk → x0 withrespet to the σ-topology of X. To illustrate the harateristi features of the set
Lσ×τ

min (f, x0), we give the following example.Example 2. Let X∂ = [1; 3], Y = R2, and let Λ = R2
+ be the ordering one ofpositive elements. We de�ne a vetor-valued mapping f : X∂ → Y as follows:

f(x) =

{ [x
2

]
, x 6= 1,

[
2
1

]
, x = 1.

(2.3)
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1

2

f

X∂

X∂

f(    )

Fig. 2. Illustration of the set Lσ×τ
min (f, x0)(see Fig. 2). Then

Lσ×τ (f, x0) = {f(x0)} ∀x0 ∈ (1; 3],

Lσ×τ (f, 1) =

{[
1

2

]
;

[
2

1

]}
, and InfΛ,τ

x∈X∂
f(x) =

{[
1

2

]
;

[
2

1

]}Therefore, Lσ×τ
min (f, x0) = ∅ in the ase when x0 ∈ (1; 3], and

Lσ×τ
min (f, 1) =

{[
1

2

]
;

[
2

1

]}
.Remark 2. It is easy to see that the set Lσ×τ

min (f, x0) an be alternatively de�nedas
Lσ×τ

min (f, x0) =
{
y∗ ∈ Lσ×τ (f, x0) if f(xk)

τ→ y∗,

f(xk) ≤Λ y
∗ ∀k ∈ N, ∀xk

σ→ x0

}
. (2.4)Now we are able to introdue the notion of the lower limit for the vetor-valuedmappings.De�nition 5. We say that a subset A ⊂ Y ∪ {±∞Λ} is the Λ-lower sequentiallimit of the mapping f : X∂ → Y at the point x0 ∈ X∂ with respet to theprodut topology σ× τ of X ×Y , and we use the notation A = lim infΛ,τ

x
σ
→ x0

f(x),if
lim infΛ,τ

x
σ
→x0

f(x) :=

{
Lσ×τ

min (f, x0), Lσ×τ
min (f, x0) 6= ∅,

InfΛ,τ Lσ×τ (f, x0), Lσ×τ
min (f, x0) = ∅.

(2.5)Remark 3. Note that in the salar ase (f : X∂ → R) the sets
InfΛ,τ

x∈X∂
f(x) and InfΛ,τ Lσ×τ (f, x0)are singletons. Therefore, if Lσ×τ

min (f, x0) 6= ∅ then we have
Lσ×τ

min (f, x0) = Lσ×τ (f, x0) ∩ InfΛ,τ
x∈X∂

f(x)

= InfΛ,τ Lσ×τ (f, x0) ∩ InfΛ,τ
x∈X∂

f(x)

= InfΛ,τ Lσ×τ (f, x0).Hene the hoie rules in (2.5) oinide and we ome to the lassial de�nition ofthe lower limit.



TOPOLOGICAL ASPECTS IN VECTOR OPTIMIZATION PROBLEMS 67To illustrate the ruial role of the onditions
Lσ×τ

min (f, x0) 6= ∅ and Lσ×τ
min (f, x0) = ∅in De�nition (5), we give the following example.Example 3. Under assumptions of Example 2 we onsider the mapping f : X∂ →

Y de�ned as follows (see Fig. 3):
1 3 1 2 3

1

2

f

X∂

X∂

f(    )

Fig. 3. Illustration of De�nition 5 in Example 3
f(x) =

{ [x
1

]
, x 6= 1,

[1
2

]
, x = 1.

(2.6)Let us de�ne the Λ-lower sequential limit of f : X∂ → Y at two points: �rstly at
x0 = 1, and after at x0 6= 1. Then diret alulations show that

InfΛ,τ
x∈X∂

f(x) =

{[
1

1

]}
, Lσ×τ (f, 1) =

{[
1

2

]
;

[
1

1

]}
, and

Lσ×τ (f, x0) =
{[x0

1

]}
∀x0 ∈ (1; 3].Hene, sine

Lσ×τ
min (f, x0) := InfΛ,τ

x∈X∂
f(x) ∩ Lσ×τ (f, x0) = ∅ for every x0 ∈ (1; 3],it follows that

lim infΛ,τ

x
σ
→x0

f(x) = InfΛ,τ
{[x0

1

]}
=
{[x0

1

]}
.At the same time, in the ase when x0 = 1, we have

Lσ×τ
min (f, 1) := InfΛ,τ

x∈X∂
f(x) ∩ Lσ×τ (f, 1) =

{[
1

1

]}
.As a result, we onlude:

lim infΛ,τ

x
σ
→ 1

f(x) = Lσ×τ
min (f, 1) =

{[
1

1

]}
.



68 P. I. KOGUT, R. MANZO, I. V. NECHAY3. The setting of vetor optimization problemsLet X∂ be a non-empty σ-losed subset of the re�exive Banah spae X.Let Y be a partially ordered Banah spae with a τ -losed pointed ordering one
Λ ⊂ Y . Let f : X∂ → Y be a given mapping. Then the typial vetor optimizationproblem an be stated in general manner as follows:Minimize f(x) with respet to the one Λsubjet to x ∈ X∂ .

} (3.1)Usually this problem is assoiated with the triplet 〈X∂ , f,Λ〉, where the set X∂ isalled the set of admissible solutions to the problem (3.1). The problem onsists indetermining minimal (or weakly minimal) solutions xmin ∈ X∂ whih are de�nedas the inverse image of the minimal (or weakly minimal) elements of the image set
f(X∂) in the sense of De�nition 1 (or De�nition 2, respetively). Let Min(X∂ , f,Λ)and WMin(X∂ , f,Λ) denote the sets of minimal and weakly minimal solutions tothe problem (3.1), respetively. It is lear that the notions �minimal�and �weaklyminimal�are losely related, moreover, the following inlusion is obvious

Min(X∂ , f,Λ) ⊆ WMin(X∂ , f,Λ).However, the onept of weak minimality is rather of theoretial interest, and itis not an appropriate notion for applied problems.In ontrast to (3.1) we will onsider the vetor optimization problems in thefollowing form: Realize InfΛ,τ
x∈X∂

f(x), (3.2)where the operator InfΛ,τ
x∈X∂

is de�ned in De�nition 4. Note that in this ase theoptimization problem (3.2) an be assoiated with the quaternary
〈X∂ , f,Λ, τ〉 , (3.3)whih indiates that the essential omponent of this setting is the hoie of the

τ -topology on the objetive spae Y .Remark 4. It is lear that vetor optimizations problems (3.1) and (3.2) areidential in the ase when Y = R and Λ = R+, and they lead to the lassialsetting of a salar onstrained minimization problem. However, in general, thereis a prinipal di�erene between the mentioned setting of vetor optimizationsproblems. First, as follows from (3.2), it is natural to say that an element x∗ ∈ X∂is a solution to the problem (3.2) if
f(x∗) ∈ InfΛ,τ

x∈X∂
f(x). (3.4)Hene, f(x∗) ∈ MinΛ (clτf(X∂)). Sine f(x∗) ∈ f(X∂) it follows that

f(x∗) ∈ MinΛ f(X∂).Therefore, x∗ is a minimal solution to the problem (3.1), i.e. x∗ ∈ Min(X∂ , f,Λ).However, as follows from Example 4 given below, the onverse statement is not



TOPOLOGICAL ASPECTS IN VECTOR OPTIMIZATION PROBLEMS 69true in general. Note that this situation is atypial for the salar ase when wealways have the impliationif f(x∗) = min
x∈X∂

f(x), then x∗ ∈ X∂ and f(x∗) = inf
x∈X∂

f(x).On the other hand, as follows from De�nition 4, the problem (3.2), and hene theset of its solutions, essentially depend on the properties of the τ -topology of theobjetive spae Y . Thereby, the problems (3.1) and (3.2) are essentially di�erent.We introdue now the following onept.De�nition 6. An element xeff ∈ X∂ is said to be a (Λ, τ)-e�ient solution tothe problem (3.2) if xeff realizes the (Λ, τ)-in�mum of the mapping f : X∂ → Y ,that is,
f(xeff ) ∈ InfΛ,τ

x∈X∂
f(x) = InfΛ,τ {f(x) : ∀x ∈ X∂} .We denote by Effτ (X∂ ; f ; Λ) the set of all (Λ, τ)-e�ient solutions to thevetorial problem (3.2), i.e.

Effτ (X∂ ; f ; Λ) =
{
xeff ∈ X∂ : f(xeff ) ∈ InfΛ,τ

x∈X∂
f(x)

}
. (3.5)Taking into aount the motivation of Remark 4, we ome to the following obviousresult:Proposition 1. Let X and Y be two Banah spaes, let X∂ be a non-emptysubset of X, and let f : X∂ → Y be an objetive mapping. Assume that the spae

Y is partially ordered by a τ -losed pointed one Λ ⊂ Y . Then the solution setsto the problems (3.1) and (3.2) satisfy the relation
Effτ (X∂ ; f ; Λ) ⊆ Min(X∂ , f,Λ).The sets Effτ (X∂ ; f ; Λ) and Min(X∂ , f,Λ) do not oinide in general. Toillustrate this fat, we give the following example.Example 4. ( see [12℄) Let X = Y = R2 and let Λ = R2

+ be the ordering one ofpositive elements. We suppose that a vetor-valued mapping f : X → Y and aset of admissible solutions X∂ are suh that f(x) = x and X∂ = ∪4
i=1Xi, where

X1 =
{
z ∈ R2 : z1 ≥ 1, z2 > 3, z1 + z2 ≤ 5

}
,

X2 =
{
z ∈ R2 : z1 > 2, z2 > 2, z1 + z2 ≤ 5

}
,

X3 =
{
z ∈ R2 : z1 > 3, z2 ≥ 4, z1 + z2 ≤ 5

}
,

X4 = {(2; 3), (3; 2), (3; 1)}(see Fig. 4). Then straightforward alulations show that
MinΛ(f(X∂)) =

{[
2

3

]
,

[
3

1

]}
, InfΛ,τ (f(X∂)) =

{[
1

3

]
,

[
2

2

]
,

[
3

1

]}
.Hene

Effτ (X∂ ; f ; Λ) =

{[
3

1

]}
, Min(X∂ , f,Λ) =

{[
2

3

]
,

[
3

1

]}
.
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Fig. 4. The image of the set X∂ in Example 4The aim of this setion is to obtain an existene theorem of the (Λ, τ)-e�ientsolutions for a vetor optimization problem (3.2), that is, to �nd su�ient ondi-tions whih guarantee the relation Effτ (X∂ ; f ; Λ) 6= ∅. Let f̂ : X → Y • denotethe natural extension of f : X∂ → Y to the whole X. We begin with the followingonept of lower semiontinuity for vetor-valued mappings.De�nition 7. We say that a mapping f : X∂ → Y is (Λ, σ × τ)-lower semionti-nuous ((Λ, σ × τ)-ls) at the point x0 ∈ X∂ if
f(x0) ∈ lim infΛ,τ

x
σ
→ x0

f̂(x).A mapping f is (Λ, σ × τ)-ls if f is (Λ, σ × τ)-ls at eah point of X∂ .The main motivation to introdue this onept is the following observation.Proposition 2. Let X be a Banah spae, and let Y be a partially orderedBanah spae with an ordering τ -losed pointed one Λ. Moreover, let X∂ be anon-empty subset of X and let f : X∂ → Y be a given mapping. If x0 ∈ X∂ isany (Λ, τ)-e�ient solution to the problem (3.2), then the mapping f : X∂ → Yis (Λ, σ × τ)-ls at this point for any Hausdor� topology σ on X.Proof. Let x0 ∈ Effτ (X∂ ; f ; Λ). Then f(x0) ∈ InfΛ,τ
x∈X∂

f(x). On the other hand
f(x0) ∈ Lσ×τ

min (f, x0)for any Hausdor� topology σ on X. Hene
f(x0) ∈ Lσ×τ

min (f, x0).As a result, by De�nition 5, we have
f(x0) ∈ lim infΛ,τ

x
σ
→ x0

f(x).This onludes the proof.



TOPOLOGICAL ASPECTS IN VECTOR OPTIMIZATION PROBLEMS 71Before proeeding further, we note that the onept of (Λ, σ×τ)-lower semion-tinuity for the vetor-valued mappings, given above, is more general than wellknown extensions of the �salar� notion of lower semiontinuity to the vetor-valued ase (see, for example, [3, 4, 5, 7, 8, 13, 16℄). We reall now a few mainde�nitions of lower semiontinuity of vetor-valued mappings with respet to theprodut topology σ × τ on X × Y , introdued in [7, 8, 10, 19℄.De�nition 8. (see [8℄) A mapping f : X → Y • is said to be sequentially lowersemiontinuous (s-ls) at x0 ∈ X, if for any y ∈ Y satisfying y ≤Λ f(x0) and forany sequene {xk}∞k=1 of X σ-onvergent to x0, there exists a sequene {yk}∞k=1 ⊂
Y τ -onverging to y in Y and satisfying ondition yk ≤Λ f(xk), for any k ∈ N.De�nition 9. (see [7℄) A mapping f : X → Y • is said to be quasi lowersemiontinuous (q-ls) at x0 ∈ X, if for eah b ∈ Y suh that b �Λ f(x0), thereexists a neighborhood O of x0 in the σ-topology of X suh that b �Λ f(x) foreah x in O.A mapping f is s-ls (resp., q-ls) if f is s-ls (resp., q-ls) at eah point of
X. It is lear that the s-ls-property of f at x implies its q-ls at this point. Toharaterize the properties of (Λ, σ × τ)-lower semiontinuity more preisely, wegive the following result.Proposition 3. (see [12℄) If a mapping f : X∂ → Y is q-lower semiontinuous at
x0 ∈ X∂ with respet to the σ× τ -topology on X × Y , then f is (Λ, σ × τ)-lowersemiontinuous at this point.As a onsequene of this result and the properties of quasi-lower semiontinuity,we have: if f is s-ls then f is (Λ, σ × τ)-ls. However, in general, (Λ, σ × τ)-lsontinuity of the vetor-valued mappings does not imply their q-ls property.Indeed, let us onsider the following example.Example 5. Let Xad = [−3,−1], Y = R2, and let Λ = R2

+ be the ordering oneof positive elements. We de�ne a vetor-valued mapping f : Xad → Y as follows(see Fig. 5):
f(x) =

{ [−x
2

]
, x 6= −1,

[2
1

]
, x = −1.

(3.6)Let x0 = −1. Then
f(x0) =

[
2

1

]
, lim infΛ,τ

x
σ
→ x0

f̂(x) =

{[
2

1

]
,

[
1

2

]} (3.7)(see Fig. 5). Let us take b =
[1,5

3

]. Obviously b �Λ f(x0) and there is noneighborhood of the point x0 suh that b �Λ f(x) for all x from this neighborhood.Hene, this mapping is neither q-ls nor ls mapping at the point x0. However,by (3.7), we have the inlusion
f(x0) ∈ lim infΛ,τ

x
σ
→x0

f̂(x).Hene, f is the (Λ, σ × τ)-lower semiontinuous mapping at x0 = −1.
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Fig. 5. The example of (Λ, σ × τ )-ls mapping whih is neither s-ls nor q-ls mappingBefore going on further, we presribe some additional properties to the orderingone Λ.De�nition 10. Let (Y, τ) be a real topologial linear spae with an ordering one
Λ. The onvex one Λ is alled Daniell, if for every dereasing net (i.e. i ≤ j =⇒
yj ≤Λ yi), whih is lower bounded, τ -onverges to its (Λ, τ)-in�mum.Condition ensuring the Daniall property are given by the next lemma.Lemma 1. Let (Y, τ) be a real topologial linear spae with an ordering one Λ. If
Y has ompat intervals [−z, z] and Λ is τ -losed and pointed, then Λ is Daniell.For this result see Borwein [6℄. A typial example of Daniell one with respetto the weak topology of Lp(Ω) (1 < p < +∞) is the so-alled natural orderingone in Lp(Ω) whih is de�ned as

ΛLp(Ω) = {f ∈ Lp(Ω) : f(x) ≥ 0 almost everywhere on Ω} .De�nition 11. We say that a non-empty subset Y0 of a real topologial spae
(Y, τ) with an ordering one Λ is lower semibounded if every dereasing net {yi} ⊂
Y0 is bounded from below.As a diret onsequene of De�nition 11, we have the following observation.Remark 5. Let Y0 be a lower semibounded subset of a partially ordered lineartopologial spae Y with a τ -losed ordering one Λ. Then, for any z ∈ Y0the setion Y z

0 = ({z} − Λ) ∩ Y0 of Y0 is bounded from below, that is, thereexists an element z∗ ∈ Y suh that z∗ ≤Λ y for all y ∈ Y z
0 . Hene, the lowersemiboundedness of a subset Y0 implies the lower semiboundedness of its τ -losure

clτ Y0.Now we are ready to formulate the main result of this setion.Theorem 1. Let (X,σ) and (Y, τ) be two real topologial linear spaes, and let Ybe partially ordered with the τ -losed pointed Daniell one Λ. Moreover, let X∂ bea non-empty sequentially σ-ompat subset of X and let f : X∂ → Y be a given
(Λ, σ × τ)-lower semiontinuous mapping. Then the vetor optimization problem(3.2) has a non-empty set of (Λ, τ)-e�ient solutions.



TOPOLOGICAL ASPECTS IN VECTOR OPTIMIZATION PROBLEMS 73Remark 6. Before the proof, we note that in ontrast to the salar ase for vetoroptimization problem (3.2) with a sequentially σ-ompat subset ofX∂ and (Λ, σ×
τ)-lower semiontinuous objetive mapping f : X∂ → Y , the image set f(X∂) anbe unbounded from below. It means that, in general, there does not exist anelement y∗ ∈ Y suh that f(X∂) ⊂ {y∗}+Λ. Indeed, let us onsider the followingexample: let X = R, X∂ = [0; 1], Y = R2, and let Λ = R2

+ be the ordering oneof positive elements. We suppose that a vetor-valued mapping f : X → Y isde�ned as follows:
f(x) =

[−1/x

1/x

] if x ∈ [0; 1), and f(1) =

[−2

0

]
.Sine

Lσ×τ (f, 1) =

{[−2

0

]
,

[−1

1

]} and InfΛ,τ
x∈X∂

f(x) =

{[−2

0

]}
,it follows that

lim infΛ,τ

x
σ
→ 1

f̂(x) =

{[−2

0

]}
.Hene this mapping is (Λ, σ× τ)-lower semiontinuous on X∂ . However the imageset f(X∂) is unbounded from below (see Fig. 6).

Fig. 6. The example of (Λ, σ × τ )-ls mapping with lower unbounded imageProof. Sine the proof of this theorem is rather tehnial, we divide it into severalsteps.Step 1. First we show that the image set f(X∂) is lower semibounded in thesense of De�nition 11. Indeed, let us assume the onverse. Then, there exists asequene {xk}∞k=1 ⊂ X∂ suh that the orresponding image sequene
{yk = f(xk)}∞k=1 ⊂ f(X∂)is dereasing (i.e., yk+1 ≤Λ yk ∀ k ∈ N) and unbounded from below in Y . Hene

−∞Λ ∈ Lτ {yk}, where Lτ {yk} denotes the set of all its luster points with respetto the τ -topology of Y . By the initial assumptions, the family {xk}∞k=1 ⊂ X∂ issequentially σ-ompat, so we may suppose that xk
σ→ x∗ in X, where x∗ is some



74 P. I. KOGUT, R. MANZO, I. V. NECHAYelement of X∂ . Sine the sequene {f(xk)}∞k=1 is unbounded from below, we have
{−∞Λ} ∈ Lσ×τ

min (f, x∗). Hene, by De�nition 5,
lim infΛ,τ

x
σ
→x∗

f(x) = {−∞Λ} .On the other hand, taking into aount the (Λ, σ×τ)-lower semiontinuity propertyof f , we obtain
f(x∗) ∈ lim infΛ,τ

x
σ
→ x∗

f(x)whih ontradits the previous onlusion. This proves Step 1.Step 2. Let us prove that the set InfΛ,τ
x∈X∂

f(x) is non-empty. We show thatthere exists at least one dereasing sequene {yk}∞k=1 ⊂ f(X∂) suh that
yk

τ→ y∗ ∈ InfΛ,τ
x∈X∂

f(x) = InfΛ,τ {f(x) : ∀x ∈ X∂} .Let y be an arbitrary element of clτ f(X∂). To begin with, we show that for anyneighbourhood of zero Vτ in (Y, τ) there exists an element yV ∈ clτ f(X∂) suhthat
yV ≤Λ y and ({

yV
}
− Λ \ {0Y }

)
∩
(
clτ f(X∂) \ (Vτ +

{
yV
}
)
)

= ∅. (3.8)Having assumed the onverse, we suppose the existene of a sequene
{yk}∞k=1 ⊂ clτ f(X∂)suh that

y1 ∈ f(X∂), yk+1 ∈ ({yk} − Λ \ {0Y }) ∩ (clτ f(X∂) \ (Vτ + {yk})) ∀ k ∈ N.Sine yk+1 ∈ {yk} − Λ \ {0Y }, this sequene is dereasing. Taking into aountRemark 5, the set clτ f(X∂) is lower semibounded. Therefore, there exists anelement y∗ ∈ Y suh that y∗ ≤Λ yk for all k ∈ N. Hene, by Daniell property, thissequene τ -onverges to its (Λ, τ)-in�mum: yk
τ→ ỹ ∈ Y . However this ontraditsthe ondition

yk+1 ∈ clτ f(X∂) \ (Vτ + {yk}) ∀ k ∈ N.Thus the hoie by the rule (3.8) is possible for any neighbourhood Vτ .Let {Vk}∞k=1 be a neighbourhood system of zero in (Y, τ) suh that Vk+1 ⊂ Vkfor every k ∈ N, and for any neighbourhood V(0Y ) in (Y, τ) there is an integer
k∗ ∈ N suh that Vk∗ ⊆ V(0Y ). Then, using the hoie rule (3.8), we an onstruta sequene {uk}∞k=1 ⊂ clτ f(X∂), where u1 is an arbitrary element of f(X∂), asfollows
uk+1 ≤Λ uk and ({uk} − Λ \ {0Y })∩

∩ (clτ f(X∂) \ (Vk + {uk})) = ∅ ∀ k ≥ 1. (3.9)Sine uk+1 ∈ {uk} − Λ it follows that
uk+1 ∈ clτ f(X∂) and uk+1 6∈ clτ f(X∂) \ (Vk + {uk}).



TOPOLOGICAL ASPECTS IN VECTOR OPTIMIZATION PROBLEMS 75Hene, in view of Daniell property, {uk}∞k=1 is the τ -onverging dereasing sequen-e. As a result, there is an element
u∗ ∈ InfΛ,τ {uk ∈ clτ f(X∂) : ∀ k ∈ N}suh that uk

τ→ u∗. It is lear that u∗ ∈ clτ f(X∂). Our aim is to prove that
u∗ ∈ InfΛ,τ {f(x) : ∀x ∈ X∂}. To do this, we assume that there exists an element

q ∈ InfΛ,τ {f(x) : ∀x ∈ X∂}suh that q ≤Λ u∗. Sine u∗ ≤Λ uk for all k ∈ N , it follows that q ≤Λ uk for all
k ∈ N . Then (3.9) ensures that

({q} − Λ \ {0Y }) ∩ (clτ f(X∂) \ (Vk + {uk})) = ∅ ∀ k ∈ N. (3.10)Hene (3.10) and the fat that q ∈ clτ f(X∂) imply q ∈ Vk +{uk} for every k ∈ N,that is, uk
τ→ q in Y . Thus u∗ = q and this onludes the Step 2.Step 3: We show that the set Effτ (X∂ ; f ; Λ) is non-empty. Let ξ be any elementof InfΛ,τ

x∈X∂
f(x). Then, by De�nition 4, there exists a sequene {yk}∞k=1 ⊂ Y suhthat yk

τ−→ ξ in Y . We de�ne a sequene {xk}∞k=1 ⊂ X∂ as follows xk = f−1(yk)for all k ∈ N. Sine the set X∂ is sequentially σ-ompat, we may suppose thatthere exists x0 ∈ X∂ suh that xk
σ−→ x0 in X. Hene ξ ∈ Lσ×τ (f, x0), and weget

Lσ×τ (f, x0) ∩ InfΛ,τ
x∈X∂

f(x) 6= ∅.Then, due to the (Λ, σ × τ)-lower semiontinuity of the mapping f on X∂ andDe�nition 5, we obtain
f(x0) ∈ lim infΛ,τ

x
σ
→ x0

f(x) = Lσ×τ (f, x0) ∩ InfΛ,τ
x∈X∂

f(x).Thus, on the one hand,
f(x0) ∈ Lσ×τ (f, x0),whih implies the equality

f(x0) = ξ = τ− lim
k→∞

yk.On the other hand, ξ ∈ InfΛ,τ
x∈X∂

f(x). Hene, x0 ∈ Effτ (X∂ ; f ; Λ) and thisonludes the proof.4. Vetor optimization problems for (Λ, σ × τ)-lowersemiontinuous objetive mappings and their salarizationTypially, salarization means the replaement of a vetor optimization prob-lem by a suitable salar optimization problem that is an optimization problemwith a real-valued objetive funtional. It is a fundamental priniple in vetoroptimization that optimal (minimal) elements of a subset of a partially orderedlinear spae an be haraterized as optimal solutions of ertain salar optimizationproblems. For the problem (3.1), a wide family of salar problems is known,



76 P. I. KOGUT, R. MANZO, I. V. NECHAYwhih fully desribe the set of all minimal elements Min(X∂ , f,Λ) under suitableassumptions (see, for instane, [9, 11, 14, 15℄ and the referenes therein). However,our prime interest is to desribe the set Effτ (X∂ ; f ; Λ) of (Λ, τ)-e�ient solutionsto the vetor problem (3.2) (see (3.5)), whih involves some topologial propertiesof the objetive mapping f and the spae Y . In order to do it, we will onsiderthe problem of salar representation of vetor optimization problem (3.2) witha (Λ, σ × τ)-lower semiontinuous mapping f : X∂ → Y , using the �simplest�method of the �weighted sum�.To begin with, we introdue some additional suppositions. As was mentionedabove, the objetive spae Y is dual to some separable Banah spae V (that is
Y = V ∗). Suppose that the spae V is partially ordered with a nontrivial pointedordering one K ⊂ V for whih Λ is the dual one, that is,

Λ = K∗ :=
{
y ∈ Y : 〈y, λ〉Y ;V ≥ 0 for all λ ∈ K

}
. (4.1)De�nition 12. We say that λ ∈ V is a quasi-interior point of the one K if

λ ∈ K and 〈b, λ〉Y ;V > 0 for all b ∈ Λ \ {0}.We denote byK♯ the set of all quasi-interior points ofK. Note that, in general,we have the inlusion cor (K) ⊆ K♯, where corK is an algebraial interior of theone K (for more details we refer to [11℄).In what follows, we assoiate with the vetor optimization problem (3.2) thefollowing salar minimization problem
fλ(x) = 〈f(x), λ〉Y ;V → inf subjet to x ∈ X∂ ⊂ X (4.2)where λ is an element of the one K.The main property of this problem an be haraterized as follows.Theorem 2. Let X and Y = V ∗ be two real Banah spaes, let Y be endowedwith the weak-∗ topology τ , and let Y be partially ordered with the one Λ = K∗,where K is an ordering one in V with a non-empty quasi-interior K♯. Let also

X∂ be a non-empty subset of X, and let f : X∂ → Y be a given mapping. Assumethat there are elements x0 ∈ X∂ and λ ∈ K♯ suh that x0 ∈ Argmin
x∈X∂

〈f(x), λ〉Y ;V .Then x0 is a (Λ, τ)-e�ient solution to the problem (3.2).Proof. By the initial assumptions, we have
fλ(x0) − fλ(x) =

〈
f(x0) − f(x), λ

〉
Y ;V

≤ 0, ∀x ∈ X∂ . (4.3)Let z be any element of the image set clτ f(X∂). Then there exists a sequene
{xk}∞k=1 ⊂ X∂ suh that f(xk)

τ
⇀ z in Y as k → ∞. Hene, in view of (4.3), weget 〈

f(x0) − f(xk), λ
〉
Y ;V

≤ 0, ∀ k ∈ N. (4.4)Passing to the limit in (4.4) as k → ∞, we obtain
〈
f(x0) − z, λ

〉
Y ;V

≤ 0, ∀ z ∈ clτ f(X∂). (4.5)



TOPOLOGICAL ASPECTS IN VECTOR OPTIMIZATION PROBLEMS 77Let us assume that x0 6∈ Effτ (X∂ ; f ; Λ). Then there exists an element h ∈
clτ f(X∂) suh that h <Λ f(x0). So, f(x0)−h ∈ Λ\{0Y }. Hene, by De�nition 12,

〈
f(x0) − h, λ

〉
Y ;V

> 0,and we ome to a ontradition with (4.5). So, x0 ∈ Effτ (X∂ ; f ; Λ) and thisonludes the proof.As an evident onsequene of this result, we have the following onlusion.Corollary 1. Under suppositions of Theorem 2, we have
⋃

λ∈K♯

Argmin
x∈X∂

〈f(x), λ〉Y ;V ⊆ Effτ (X∂ ; f ; Λ). (4.6)Remark 7. Note that Theorem 2 generally fails when λ ∈ K \ K♯. Indeed, let
V = Y = R2, X∂ = [1, 2], and let Λ = R2

+ be the ordering one of positiveelements (then K = Λ). We de�ne the objetive mapping f : X∂ → Y as follows:
f(x) =

[x
1

] if x ∈ (1, 2], and f(x) =

[
1

2

] at the point x = 1(see Fig. 7). Straightforward alulations show that

Fig. 7. The example of the problem for whih Effτ (X∂ ; f ; Λ) = ∅

lim infΛ,τ
x→ 1 f(x) =

[
1

1

]
,and hene Effτ (X∂ ; f ; Λ) = ∅. However, if we take λ =

[1
0

]
∈ K \K♯, then

〈f(x), λ〉V ∗;V = xand hene
Argmin
x∈[1,2]

〈f(x), λ〉V ∗;V = {1} 6∈ Effτ (X∂ ; f ; Λ).Before proeeding further, we note that the objetive mapping in Theorem 2does not possess the (Λ, σ × τ)-lower semiontinuity property, in general. So thequestion is about the solvability of the assoiated salar minimization problems(4.2) with λ ∈ K♯. Following the diret method in the Calulus of Variations, the



78 P. I. KOGUT, R. MANZO, I. V. NECHAYonstrained minimization problem (4.2) has a non-empty set of solutions, provided
X∂ is a σ-ompat subset and

fλ(·) = 〈f(·), λ〉Y ;V : X∂ → Ris a proper lower σ-semiontinuous funtion. However, the harateristi featureof vetor optimization problems (3.2) is the fat that with any (Λ, σ × τ)-lowersemiontinuous mapping f : X∂ → Y , whih is neither lower semiontinuousnor quasi-lower semiontinuous on X∂ , there an be always assoiated a salarminimization problem (4.2) for whih the orresponding ost funtional fλ : X∂ →
R is not lower σ-semiontinuous on X∂ . Indeed, let τ be the weak-∗ topology on
Y , and let x0 be a point of X∂ where the quasi-lower semiontinuity of f is failed.Then there exists at least one element a∗ ∈ clτ (f(X∂)) suh that

a∗ ∈ lim infΛ,τ

x
σ
→x0

f(x), f(x0) ∈ lim infΛ,τ

x
σ
→ x0

f(x), and a∗ 6= f(x0). (4.7)Let {xk}∞k=1 ⊂ X∂ be a sequene suh that xk
σ→ x0 in X and f(xk)

τ→ a∗ in Y .Sine a∗ ≯Λ f(x0), it follows that a∗ − f(x0) 6∈ Λ and hene there exists a vetor
λ∗ ∈ K suh that 〈

a∗ − f(x0), λ∗
〉
Y ;V

< 0.As a result, we have
lim inf
k→∞

fλ∗(xk) = lim
k→∞

〈f(xk), λ
∗〉Y ;V

= 〈a∗, λ∗〉Y ;V <
〈
f(x0), λ

〉
Y ;V

= fλ∗(x0).Thus, the lower σ-semiontinuity property for fλ∗ fails at x0. Moreover, as thefollowing example shows, for (Λ, σ× τ)-lower semiontinuous mappings f : X∂ →
Y a situation is possible when none of the salar funtions fλ(x) = 〈f(x), λ〉Y ;Vis lower σ-semiontinuous for any λ ∈ K♯.Example 6. Let X∂ = [1, 2] ⊂ R, and let Λ = R2

+ be the ordering one of positiveelements in Y = R2. It is lear that in this ase V = Y and K = Λ. Let usonsider the mapping f : X∂ → R2 de�ned by (see Fig. 8)
f(x) =





[x
1

]
, if x ∈ [1, 2] \ {1 + 1/k, k ∈ N} ,

[
0

1+k

]
, if x = 1 + 1/k, k ∈ N.

I

x

1

2

X

z1

z2

1 2 1 2Fig. 8. The vetor-valued mapping in Example 6



TOPOLOGICAL ASPECTS IN VECTOR OPTIMIZATION PROBLEMS 79Straightforward alulations show that
lim infΛ,τ

x
σ
→ 1

f(x) =

{[
1

1

]}
,

lim infΛ,τ

x
σ
→ (1+1/k)

f(x) =

{[
0

1 + k

]
,

[
1 + 1/k

1

]}
.Sine

f(1) ∈ lim infΛ,τ

x
σ
→ 1

f(x) and f(1 + 1/k) ∈ lim infΛ,τ

x
σ
→ (1+1/k)

f(x),it means that the mapping f : X∂ → R2 is (Λ, σ × τ)-lower semiontinuous atthese points and in fat on the whole domain X∂ . Let λ =
[

λ1

λ2

] be any vetorwith non-negative omponents, i.e. λ ∈ K. Then the salar funtion fλ, assoiatedwith the vetor-valued mapping f by the sheme of the �weighted sum�, an berepresented in the form
fλ(x) := 〈f(x), λ〉Y ;V =

{
λ1x+ λ2, if x 6= 1 + 1/k,
λ2(1 + k), if x = 1 + 1/k,

∀ k ∈ N, ∀x ∈ X∂ .(4.8)To be sure that the lower σ-semiontinuity property for this funtion at the points
xk = 1 + 1/k is valid, we have to hoose the parameters λ1 and λ2 so that theinequality

λ2(1 + k) ≤ λ1(1 + 1/k) + λ2 (4.9)holds true for every k ∈ N.However, taking into aount the non-negativeness of λi and passing in (4.9)to the limit as k → ∞, we obtain λ2 = 0. As a result, we have
fλ(x) =

{
λ1x, if x 6= 1 + 1/k,
0, if x = 1 + 1/k,

∀ k ∈ N, ∀x ∈ X∂ . (4.10)Nevertheless, as follows from (4.10), the inequality
fλ(1) ≤ lim inf

k→∞
fλ(xk)does not hold for any λ1 > 0 with the exeption of λ1 = 0. Thus, there is a uniquesalar funtion in the olletion (4.8) satisfying the lower semiontinuity propertyin the domain X∂ = [1, 2]. This funtion is fλ(x) ≡ 0.This example motivates the introdution of the following notion.De�nition 13. Let f : X∂ → Y be a given mapping. The one

Kσ
f := {λ ∈ K : fλ is lower σ-semiontinuous on X∂} (4.11)is alled the one of σ-semiontinuity for the mapping f .As a result, Theorem 2 an be sharped as follows.



80 P. I. KOGUT, R. MANZO, I. V. NECHAYTheorem 3. Let X be a re�exive Banah spae, let V be a separable Banah spae,and let Y = V ∗ be endowed with the weak-∗ topology τ and partially ordered with apointed Daniell one Λ = K∗, where K is a weakly losed ordering one in V . Letalso X∂ be a non-empty bounded weakly losed subset of X, and let f : X∂ → Ybe a (Λ, σ× τ)-lower semiontinuous mapping, where σ is the weak topology of X.Assume that Kσ
f \ 0V 6= ∅. Then

Argmin
x∈X∂

〈f(x), λ〉Y ;V ∩ Effτ (X∂ ; f ; Λ) 6= ∅ ∀λ ∈ Kσ
f \ 0V . (4.12)Proof. As follows from Theorem 1, under the above assumptions, we have

Effτ (X∂ ; f ; Λ) 6= ∅.Let λ be any element of Kσ
f \ 0V . Then, by the diret method in the Calulus ofVariations, we obtain
Argmin

x∈X∂

〈f(x), λ〉Y ;V 6= ∅.If λ ∈ K♯ then relation (4.12) is obvious by Theorem 2. So, we suppose that
λ ∈ Kσ

f \
(
K♯ ∪ 0V

). Assume that
Argmin

x∈X∂

〈f(x), λ〉Y ;V * Effτ (X∂ ; f ; Λ).Then, there exists an element x∗ ∈ X∂ suh that
x∗ ∈ Argmin

x∈X∂

〈f(x), λ〉Y ;V , (4.13)
x∗ 6∈ Effτ (X∂ ; f ; Λ). (4.14)Hene, by (4.14), there exists an element

y∗ ∈ MinΛ (clτf(X∂)) ⊆ clτf(X∂) suh that y∗ <Λ f(x∗).However, in view of (4.13) and (4.1), this leads us to the equality
fλ(x∗) = 〈f(x∗), λ〉Y ;V = 〈y∗, λ〉Y ;V . (4.15)Let {xk}∞k=1 be a sequene in X∂ suh that

f(xk)
τ→ y∗ as k → ∞. (4.16)Sine the set X∂ is sequentially weakly ompat, we may suppose that there exists

x0 ∈ X∂ suh that xk
σ−→ x0 in X. On the other hand, y∗ ∈ MinΛ (clτf(X∂)).Hene, y∗ ∈ InfΛ,τ

x∈X∂
f(x) by De�nition 6. As a result, we have x0 ∈ Effτ (X∂ ; f ; Λ).Taking into aount the lower σ-semiontinuity of the funtional fλ : X∂ → R,we get

〈f(x0), λ〉Y ;V ≤ lim inf
k→∞

〈f(xk), λ〉Y ;V

by (4.16)
= 〈y∗, λ〉Y ;V .Then, ombining this with (4.15), we obtain

〈f(x0), λ〉Y ;V ≤ 〈f(x∗), λ〉Y ;V ,



TOPOLOGICAL ASPECTS IN VECTOR OPTIMIZATION PROBLEMS 81i. e.
x0 ∈ Argmin

x∈X∂

〈f(x), λ〉Y ;V .Thus, we have shown that there exists at least one element x0 ∈ X∂ whih is ajoint point of the sets Argmin
x∈X∂

〈f(x), λ〉Y ;V and Effτ (X∂ ; f ; Λ), respetively. Thisompletes the proof.As an evident onsequene of this theorem, we have the following onlusion:Corollary 2. Assume that in addition to the onditions of Theorem 3 there existsan element λ ∈ Kσ
f \ 0V suh that the in�mum in the salar problemMinimize fλ(x) = 〈f(x), λ〉Y ;V subjet to x ∈ X∂ (4.17)is attained at a unique point x∗ ∈ X∂. Then x∗ ∈ Effτ (X∂ ; f ; Λ).Note that, we do not give the onditions whih would guarantee the ful�lmentof the relation Kσ

f \ 0V 6= ∅. However, as a hypothesis, we an make the followingonjeture:If the image set f(X∂) is bounded in 〈Y, ‖ · ‖〉 and K has a non-empty quasi-interior (K♯ 6= ∅), then under onditions of Theorem 3, the one Kσ
f ontains atleast one nontrivial element.To motivate this hypothesis, we note that if a uniformly bounded mapping f :

X∂ → Y is quasi-lower semiontinuous on X∂ then f is lower semiontinuous (see[2℄). In this ase the funtions fλ(x) = 〈f(x), λ〉Y ;V are lower σ-semiontinuouson X∂ for every λ ∈ K. Hene Kσ
f \ 0V 6= ∅. Let x0 be a point of X∂ wherethe quasi-lower semiontinuity of f fails. Then there exists at least one element

a∗ ∈ clτ (f(X∂)) with properties (4.7). Let λ∗ be an element of K suh that
〈
f(x0), λ∗

〉
Y ;V

≤ 〈a∗, λ∗〉Y ;V ∀ a∗ ∈ lim infΛ,τ

x
σ
→x0

f(x). (4.18)The existene of λ∗ immediately follows from the fat that
f(x0) ≯Λ a

∗ for all a∗ ∈ lim infΛ,τ

x
σ
→x0

f(x).Let {xk}∞k=1 ⊂ X∂ be a sequene suh that xk
σ→ x0 in X. Sine eah of elements

a∗ belongs to the set
Lσ×τ (f, x0) :=

⋃

{xk}
∞
k=1∈Mσ(x0)

Lτ{f̂(xk)}of τ -luster points of the sequenes {f̂(xk)
}∞

k=1
, it follows from (4.18) that

〈
f(x0), λ∗

〉
Y ;V

≤ lim inf
k→∞

〈f(xk), λ
∗〉Y ;V .Thus, the funtion fλ∗ is sequentially lower σ-semiontinuous at the point x0.



82 P. I. KOGUT, R. MANZO, I. V. NECHAY5. The ill-posed vetor optimization problems and theirgeneralized solutionsLet λ be an arbitrary element of the one K. Denote by
Sol(X∂ ; fλ) := Argmin

x∈X∂

fλ(x)the solution set to the salar problem (4.17). We reall that the problem (4.17)is said to be well-posed in the generalized sense when every minimizing sequene
{xk}∞k=1 ⊂ X∂ (i.e. suh that fλ(xk) → infx∈X∂

fλ(x)) has a subsequene σ-onverging to some element of Sol(X∂ ; fλ). We reall also a generalization ofthe above mentioned notion. The problem (4.17) is said to be well-set whenevery minimizing sequene ontained in X∂ \ Sol(X∂ ; fλ) has a σ-luster pointin Sol(X∂ ; fλ). However, as follows from the arguments of this setion (see alsoExample 7 given below), the problem (4.17) an be neither well-posed nor well-set, in general. The main reason is the (Λ, σ× τ)-lower semiontinuity property ofthe objetive mapping f whih is the weakened property of lower semiontinuityfor vetor-valued mappings in Banah spaes.Example 7. Let X∂ = {x ∈ X : ‖x‖ ≤ 1} be a unit losed ball in a re�exiveBanah spae X. Let Y = R2 be the objetive spae partially ordered with theone Λ = R2
+ of positive elements in R2. We suppose that X and Y are endowedwith the strong topologies σ and τ , respetively. Let the objetive mapping f :

Xad → R2 be de�ned as
f(x) =

[
2 − ‖x‖
1 + ‖x‖

] if x ∈ Xad \ {0X ∪ S} ,

f(x) =

[
2

2

] if x ∈ S, f(0X) =

[
1

1

]
,where S = {x ∈ X : ‖x‖ = 1} is the unit sphere in X. Sine

MinΛ (clτf(X∂)) = MinΛ (f(X∂)) =

{[
1

1

]}
,it follows that

lim infΛ,τ

x
σ
→ 0X

f(x) =

{[
1

1

]}
,and hene f is (Λ, σ × τ)-lower semiontinuous on X∂ . Then, by Theorem 1, theorresponding vetor optimization problem 〈X∂ , f,Λ, τ〉 is solvable and, moreover,

xeff = 0X is its unique (Λ, τ)-e�ient solution.Let us onsider the following salar problemMinimize fλ(x) = (f(x), λ)
R2 subjet to x ∈ X∂ , (5.1)assoiated with the vetor problem 〈X∂ , f,Λ, τ〉, where

λ =

[
1

0

]
, fλ(x) := (f(x), λ)

R2 =





2 − ‖x‖, if ‖x‖ < 1 and x 6= 0X ,
2, if x ∈ S,
1, if x = 0X



TOPOLOGICAL ASPECTS IN VECTOR OPTIMIZATION PROBLEMS 83Through diret veri�ation we an show that Sol(X∂ ; fλ) = {0X}. However,this salar problem is neither well-posed nor well-set with respet to the strongtopology of X, beause all minimizing sequenes for (5.1) ontaining in X∂ \
Sol(X∂ ; fλ) have σ-luster points on the unit sphere S = {x ∈ X : ‖x‖ = 1}.In many appliations it has a sense to weaken the requirement on e�ientsolutions to the vetor optimization problem 〈X∂ , f,Λ, τ〉. In partiular, we maylet the objetive mapping to attain its e�ient in�mum on the set X∂ with someerror. On the other hand, the set of (Λ, τ)-e�ient solutions to suh problem anpossibly be empty, i.e., the e�ient in�mum of the objetive mapping is oftenunattainable on the given set X∂ . Nevertheless, the absene of its in�mum doesnot mean that the vetor optimization problem makes no sense, sine its e�ientin�mum exists and hene an be approahed with some auray.De�nition 14. We say that a sequene {xk}∞k=1 ⊂ X∂ is minimizing to the vetoroptimization problem 〈X∂ , f,Λ, τ〉, if f(xk)

τ→ ξ in Y , where ξ is an element of
InfΛ,τ

x∈X∂
f(x).De�nition 15. We say that the vetor optimization problem 〈X∂ , f,Λ, τ〉 is well-posed in the Tikhonov sense with respet to the σ-topology of X, if it is solvableand every minimizing sequene {xk}∞k=1 ⊂ X∂ has a subsequene σ-onverging tosome element of Effτ (X∂ ; f ; Λ). In this ase a minimizing sequene is alled aTikhonov minimizing sequene. We also say that the vetor optimization problem

〈X∂ , f,Λ, τ〉 is well-set in the Tikhonov sense with respet to the σ-topology of X,if it is solvable and every minimizing sequene ontained in X∂ \ Effτ (X∂ ; f ; Λ)has a σ-luster point in Effτ (X∂ ; f ; Λ).Note that having a Tikhonov minimizing sequene, we an guarantee boththe proximity of the orresponding values of the objetive mapping to its e�ientin�mum and the proximity of the approximation itself to one of the (Λ, τ)-e�ient solutions of the problem. Nevertheless it should be stressed that evenin simple applied problems the onstrution of Tikhonov minimizing sequenesand orresponding Tikhonov approximate solutions usually turns out to be a veryompliated and sometimes unsolvable problem. In view of this, it is reasonableto weaken the requirements on approximate solutions to the vetor optimizationproblem 〈X∂ , f,Λ, τ〉.De�nition 16. We say that an element x∗ ∈ X∂ is the (σ, τ)-generalized solutionto vetor optimization problem (3.2), if there exist a sequene {xk}∞k=1 ⊂ X∂ andan element ξ ∈ InfΛ,τ
x∈X∂

f(x) suh that xk
σ
⇀ x∗ in X and f(xk)

τ→ ξ in Y .Thus, a vetor optimization problem may have an approximate solution evenin the absene of its solvability. It is lear that any Tikhonov approximate solutionto the problem 〈X∂ , f,Λ, τ〉 is also a (σ, τ)-generalized solution. However, even if a
(Λ, τ)-e�ient solution is available (xeff ∈ Effτ (X∂ ; f ; Λ)), we annot guaranteethe proximity of an (σ, τ)-generalized solution x∗ to Effτ (X∂ ; f ; Λ) in the σ-topology of X.We denote by GenEffσ,τ (X∂ ; f ; Λ) the set of all (σ, τ)-generalized solutionsto the problem 〈X∂ , f,Λ, τ〉. It is lear that

Effτ (X∂ ; f ; Λ) ⊆ GenEffσ,τ (X∂ ; f ; Λ).



84 P. I. KOGUT, R. MANZO, I. V. NECHAYMoreover, as evident onsequene of Theorem 1, we have the following obviousresult:Proposition 4. Under suppositions of Theorem 1, the vetor optimization prob-lem 〈X∂ , f,Λ, τ〉 is well-set in the Tikhonov sense with respet to the topology of
X, and in addition GenEffσ,τ (X∂ ; f ; Λ) = Effτ (X∂ ; f ; Λ).However, as the next example indiates, the inverse inlusion

GenEffσ,τ (X∂ ; f ; Λ) ⊂ Effτ (X∂ ; f ; Λ)does not generally hold.Example 8. Let X∂ = {x ∈ X : ‖x‖ ≤ 1} be a unit ball in a Banah spae X, let
Y = R2 be partially ordered with the one Λ = R2

+ of positive elements in R2.Let the mapping f : X∂ → R2 be de�ned by
f(x) =

[
1 + ‖x‖
1 + ‖x‖

] if x ∈ X∂ \ {0X ∪ S} ,

f(x) =

[
1

2

] if x ∈ S, f(0X) =

[
2

1

]
,where S = {x ∈ X : ‖x‖ = 1} is the unite sphere in X. We endow the spaes X

Fig. 9. The set f(X∂) to Example 8and Y with the weak (σ) and the strong (τ) topologies, respetively. Sine
MinΛ (f(X∂)) =

{[
1

2

]
,

[
2

1

]} and MinΛ (clτf(X∂)) =

{[
1

1

]}
,it follows that Min(X∂ , f,Λ) = {0X} ∪ S whereas Effτ (X∂ ; f ; Λ) = ∅. However,the set of (σ, τ)-generalized solutions to the problem 〈X∂ , f,Λ, τ〉 is non-empty.Indeed, let us �x a sequene {xk}∞k=1 ⊂ X∂ suh that

xk ⇀ 0X in X and f(xk) →
{[

1

1

]}
.Then, following De�nition 16, we have

0X ∈ GenEffσ,τ (X∂ ; f ; Λ)
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GenEffσ,τ (X∂ ; f ; Λ) = {0X} .Having taken λ∗ =

[1
0

], we onsider the following salar problem assoiatedwith the vetor problem 〈X∂ , f,Λ, τ〉:
fλ(x) := (f(x), λ)

R2 =





1 + ‖x‖, if ‖x‖ < 1 and x 6= 0X ,
1, if ‖x‖ = 1,
2, if x = 0X

(5.2)Straightforward alulations show that
Argmin

x∈X∂

fλ(x) = {x ∈ X∂ : ‖x‖ = 1} .As a result, we have
GenEffσ,τ (X∂ ; f ; Λ) ∩ Argmin

x∈X∂

fλ(x) = ∅.Thus, any solution of the salar problem (5.2) is neither a (Λ, τ)-e�ient solutionnor a generalized one to the vetor problem 〈X∂ , f,Λ, τ〉. Thus, in view of De�ni-tion 15, 〈X∂ , f,Λ, τ〉 an be haraterized as the ill-posed vetor optimizationproblem.To obtain the su�ient onditions whih would guarantee that the set of
(σ, τ)-generalized solutions to the problem 〈Ξ, I,Λ, τ〉 is non-empty, we use thesalarization of this problem in the form (4.2).Let sc−σ fλ : X∂ → R denote the lower σ-semiontinuous envelope of thefuntional fλ(x) = 〈f(x), λ〉Y ;V with some λ ∈ K, that is, sc−σ fλ is the greatestlower σ-semiontinuous funtional majorized by fλ on X∂ . Then, following thediret method in the Calulus of Variations, we get:Proposition 5. Let X∂ be a sequentially losed subset of a linear topologialspae (X,σ). Assume that for a �xed λ ∈ K the funtional sc−σ fλ : X∂ → Ris ountably σ-oerive, i.e. the σ-losure of the set {x ∈ X∂ : sc−σ fλ(x) ≤ t}is ountably σ-ompat for every t ∈ R. Then every minimizing sequene for
infx∈X∂

sc−σ fλ(x) has a σ-luster point whih is a minimum point of sc−σ fλ on X∂ ,i.e., Sol(X∂ ; sc−σ fλ) 6= ∅.Remark 8. It is lear that this theorem remains valid if instead of the ountable
σ-oeriveness of sc−σ fλ on X∂ we assume the sequential σ-ompatness of the set
X∂ .Now we are able to prove the main result of this paper.Theorem 4. Let X be a re�exive Banah spae, σ be the weak topology on X,
V be a separable Banah spae, and the Banah spae Y = V ∗ be endowed withthe weak-∗ topology τ and partially ordered with a pointed one Λ = K∗, where Kis a onvex pointed one in V with non-empty algebrai interior cor (K). Let also
X∂ be a non-empty sequential σ-ompat subset of X, and let f : X∂ → Y be a



86 P. I. KOGUT, R. MANZO, I. V. NECHAYgiven mapping (not neessary (Λ, σ × τ)-lower semiontinuous on X∂). Then thefollowing inlusion is valid:
⋃

λ∈K♯

Argmin
x∈X∂

sc−σ fλ(x) ⊆ GenEffσ,τ (X∂ ; f ; Λ). (5.3)Proof. To begin with, we note that the onvexity of the pointed one K andondition cor (K) 6= ∅ imply the inlusion cor (K) ⊂ K♯ (see [11℄). Hene thequasi interior K♯ of K is non-empty. Let λ be any element of K♯. Then, byProposition 5, there exists at least one element x∗ ∈ X∂ suh that
x∗ ∈ Argmin

x∈X∂

sc−σ fλ(x). (5.4)Sine sc−σ fλ(x) is the lower σ-semiontinuous envelope of the
fλ(x) = 〈f(x), λ〉Y ;V ,it follows that there exists a sequene {xk}∞k=1 ⊂ X∂ suh that xk

σ→ x∗ and
lim

k→∞
〈f(xk), λ〉Y ;V = sc−σ fλ(x∗) ≤by ondition (5.4)

≤ sc−σ fλ(x) ≤ 〈f(x), λ〉Y ;V (5.5)
∀x ∈ X∂ . SineK♯∪0V is a nontrivial onvex one in V with non-empty algebraialinterior, it follows that it is a reproduing one in V , that is,

[
K♯ ∪ 0V

]
−
[
K♯ ∪ 0V

]
= V(see [11℄). Then, following Peressini [17℄ and Borwein [6℄, we have that in the dualspae Y = V ∗ the ordering one Λ = K∗ is normal with respet to the normtopology of Y , that is,

y <Λ z =⇒ ‖y‖ < ‖z‖. (5.6)Now, turning bak to the formula (5.5), we get: there exist an integer k̂ ∈ N andan element ŷ ∈ Y suh that
〈f(xk), λ〉Y ;V < 〈ŷ, λ〉Y ;V ∀ k > k̂.Sine λ ∈ K♯, this implies f(xk) <Λ ŷ for all k > k̂. Using the normality property(5.6) of the one Λ for the norm topology of Y , we ome to the onlusion: thereexists a onstant c > 0 suh that
‖f(xk)‖Y ≤ C for all k > k̂.Hene, without loss of generality, we may suppose that the sequene {f(xk)}∞k=1is bounded in Y . So, by Banah-Alaoglu Theorem, there exist an element η ∈ Yand a subsequene of {f(xk)}∞k=1 (still denoted by su�x k) suh that f(xk)

τ→ ηin Y as k → ∞.
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x∗ 6∈ GenEffσ,τ (X∂ ; f ; Λ). (5.7)Then, as follows from De�nition 16, η 6∈ InfΛ,τ

x∈X∂
f(x). Hene, there an be foundan element ξ ∈ InfΛ,τ

x∈X∂
f(x) suh that ξ <Λ η. Therefore, η − ξ ∈ Λ \ {0Y }, andusing the fat that λ ∈ K♯, we just ome to the inequality

〈η, λ〉Y ;V > 〈ξ, λ〉Y ;Vwhih is equivalent to
lim

k→∞
〈f(xk), λ〉Y ;V > 〈ξ, λ〉Y ;V . (5.8)On the other hand, for the element ξ ∈ InfΛ,τ

x∈X∂
f(x) there exists a sequene

{vk}∞k=1 ⊂ X∂ suh that f(vk)
τ→ ξ in Y . Sine the set X∂ is sequentially σ-ompat, we may suppose that vk

σ→ v∗ ∈ X∂ . Then, by inequality (5.5), wededue
lim

k→∞
〈f(xk), λ〉Y ;V ≤ 〈f(vi), λ〉Y ;V , ∀ i ∈ N. (5.9)Passing to the limit in (5.9) as i→ ∞, we get

lim
k→∞
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∂2u (x, t)

∂x2
− 1

α2

∂2u (x, t)

∂t2
+D

∂u (x, t)

∂t
+B

∂u (x, t)

∂x
+ Cu (x, t) = 0, (2.1)óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

u (x, tí) = 0, ut (x, tí) = 0, x > xí (2.2)è êðàåâîìó óñëîâèþ âòîðîãî òèïà
ux (xí, t) = ν (t− tí) , t > tí. (2.3)© Â. À. Îñòàïåíêî, 2009



90 Â. À. ÎÑÒÀÏÅÍÊÎÄëÿ ðåøåíèÿ ýòîé çàäà÷è, ïðåæäå âñåãî, ñòðîèòñÿ ïðîäîëæåíèå �óíêöèè
ν (t) íà âñþ îñü t:

N (t− tí) =

{
ν (t− tí) , t > tí;
0, t < tí. (2.4)Êðàåâîå óñëîâèå (2.3) òàêæå ïðîäîëæàåòñÿ íà âñþ îñü t:

ux (xí, t) = N (t− tí) . (2.5)3. �åøåíèå çàäà÷èÓ÷èòûâàÿ, ÷òî êðàåâîå óñëîâèå (2.5) çàäàíî â âèäå ïðîèçâîäíîé, ðåøåíèåçàäà÷è îòûñêèâàåòñÿ â âèäå �óíêöèè [1℄:
u (x, t) = e

B
2

(x−xí) t−tí−x−xí
α∫

0

J0 (z) e
Dα2

2
(t−tí−η)N0 (η) dη (3.1)ñ íåèçâåñòíîé �óíêöèåé N0 (η). Çäåñü J0 (z) � �óíêöèÿ Áåññåëÿ íóëåâîãîïîðÿäêà,

z =

√
c1

[
(x− xí)2 − α2 ((t− tí) − η)2

]
; (3.2)

c1 = C +
D2α2

4
− B2

4
. (3.3)Ôóíêöèÿ (3.1) óäîâëåòâîðÿåò äè��åðåíöèàëüíîìó óðàâíåíèþ (2.1) ïðèïðîèçâîëüíîé �óíêöèè N0 (t).Äëÿ àíàëèçà êðàåâîãî óñëîâèÿ (2.5) âû÷èñëèì ïðîèçâîäíóþ �óíêöèè (3.1)ïî x. Ïîëó÷èì:

∂u (x, t)

∂x
= − 1

α
e−

B−Dα
2

(x−xí)N0

(
t− tí − x− xí

α

)
+

e−
B
2

(x−xí) t−tí−x−xí
α∫

0

[
−B

2
J0 (z) − c1

x− xí
z

J1 (z)

]
e

Dα2

2
(t−tí−η)N0 (η) dη. (3.4)Ïðè âû÷èñëåíèè ýòîé ïðîèçâîäíîé ó÷òåíî, ÷òî

∂z

∂x
= c1

x− xí
z

,

∂J0 (z)

∂x
=
dJ0 (z)

dz

∂z

∂x
=
c1 (x− xí)

z

dJ0 (z)

dz
= −c1 (x− xí)

z
J1 (z) ,òàê êàê

dJ0 (z)

z
= −J1 (z) .Ó÷òåíî òàêæå, ÷òî z = 0 ïðè η = t− tí − x−xí

α , à J0 (0) = 1.



ÂÒÎ�Àß Ê�ÀÅÂÀß ÇÀÄÀ×À ÄËß ÒÅËÅ��ÀÔÍÎ�Î Ó�ÀÂÍÅÍÈß 91Ïîäñòàâèì òåïåðü �îðìó ðåøåíèÿ (3.1) â êðàåâîå óñëîâèå (2.5) ñ ó÷åòîì(3.4). Ïîëó÷èì:
− 1

α
N0 (t− tí) − t−tí∫

0

B

2
J0 (z) e

Dα2

2
(t−tí−η)N0 (η) dη = N (t− tí) . (3.5)Â ðàâåíñòâå (3.5) ñëåäóåò ïðèíèìàòü

z|x=xí = α (t− tí − η)
√−c1. (3.6)�àâåíñòâî (3.5) ïðåäñòàâëÿåò ñîáîé èíòåãðàëüíîå óðàâíåíèå äëÿ îïðåäå-ëåíèÿ �óíêöèè N0. Âûïîëíèì â óðàâíåíèè (3.5) ïðåîáðàçîâàíèå

τ = t− tí. (3.7)Òîãäà óðàâíåíèå (3.5) ïðèìåò âèä:
− 1

α
N0 (τ) −

τ∫

0

B

2
J0

(
α (τ − η)

√−c1
)
e

Dα2

2
(τ−η)N0 (η) dη = N (τ) . (3.8)Èç óðàâíåíèÿ (3.8) è ñâîéñòâà (2.4) �óíêöèè N (τ) ñëåäóåò, ÷òî �óíêöèÿ

N0 (τ) îáëàäàåò ñëåäóþùèì ñâîéñòâîì:
N0 (τ) ≡ 0, τ < 0. (3.9)Â ñèëó ñâîéñòâà (3.9) �óíêöèè N0 (τ) �óíêöèÿ (3.1) áóäåò óäîâëåòâîðÿòüíà÷àëüíûì óñëîâèÿì (2.2). Äåéñòâèòåëüíî, ïðè t = tí èç �îðìóëû (3.1) ïî-ëó÷àåì:

u (x, tí) = e−
B
2

(x−xí) −x−xí
α∫

0

J0 (z) e−
Dα2

2
ηN0 (η) dη.Ïðè x − xí > 0 âåðõíèé ïðåäåë èíòåãðèðîâàíèÿ â ýòîé �îðìóëå îòðèöà-òåëåí è, ñëåäîâàòåëüíî, íà îñíîâàíèè ñâîéñòâà (3.9) �óíêöèè N0 (τ), u (x, tí).Èíûìè ñëîâàìè, �óíêöèÿ (3.1) óäîâëåòâîðÿåò ïåðâîìó íà÷àëüíîìó óñëîâèþ(2.2). Ïðîäè��åðåíöèðóåì �óíêöèþ (3.1) ïî t. Ïîëó÷èì:

∂u (x, t)

∂t
= e−

B
2

(x−xí) [eDα
2

(x−xí)N0

(
t− tí − x− xí

α

)
+

t−tí−x−xí
α∫

0

[
Dα2

2
J0 (z) + c1α

2 t− tí − η

z
J1 (z)

]
e

Dα2

2
(t−tí−η)N0 (η) dη


 . (3.10)Ïðè âû÷èñëåíèè ïðîèçâîäíîé ó÷òåíî, ÷òî

∂z

∂t
= −c1α

2 (t− tí − η)

z
,
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∂J0 (z)

∂t
=
dJ0 (z)

dz

∂z

∂t
= −c1α

2 (t− tí − η)

z

dJ0 (z)

dz
=
c1α

2 (t− tí − η)

z
J1 (z) .Èç �îðìóëû (3.10) ïðè t = tí ïîëó÷àåì:

ut (x, tí) = e−
B
2

(x−xí) [eDα
2

(x−xí)N0

(
−x− xí

α

)
+

−x−xí
α∫

0

[
Dα2

2
J0 (z) − c1α

2 η

z
J1 (z)

]
e−

Dα2

2
ηN0 (η) dη


 .Â ïðàâîé ÷àñòè ýòîé �îðìóëû ïðè x − xí > 0 âåðõíèé ïðåäåë èíòåãðè-ðîâàíèÿ è àðãóìåíò �óíêöèè N0 (τ) îòðèöàòåëüíû. Ïîýòîìó, íà îñíîâàíèèñâîéñòâà (3.9) �óíêöèè N0 (τ), ut (x, tí) = 0. À ýòî çíà÷èò, ÷òî �óíêöèÿ (3.1)óäîâëåòâîðÿåò âòîðîìó íà÷àëüíîìó óñëîâèþ (2.2).Òàêèì îáðàçîì, ïîêàçàíî, ÷òî �óíêöèÿ (3.1) óäîâëåòâîðÿåò âñåì óñëîâèÿìïîñòàíîâêè êðàåâîé çàäà÷è, òî åñòü ÿâëÿåòñÿ åå ðåøåíèåì.4. ÂûâîäûÂ ðåçóëüòàòå ïðèìåíåíèÿ êîìáèíàöèè èíòåãðàëüíîãî ïðåäñòàâëåíèÿ ðåøå-íèÿ è ìåòîäà ïðîäîëæåíèé ïîëó÷åíî â êâàäðàòóðàõ ðåøåíèå âòîðîé êðàåâîéçàäà÷è äëÿ òåëåãðà�íîãî óðàâíåíèÿ. Àíàëèç �îðìóëû (3.1), ïðåäñòàâëÿþùåéðåøåíèå çàäà÷è, ïîêàçûâàåò, ÷òî ýòî ðåøåíèå èìååò õàðàêòåð ðàñïðîñòðàíÿ-þùèõñÿ ñî ñêîðîñòüþ α âîëí. Â òî æå âðåìÿ â ïðîöåññå ðàñïðîñòðàíåíèÿïðîèñõîäèò èñêàæåíèå ýòèõ âîëí, çàâèñÿùåå îò êîý��èöèåíòîâ B è D ïðèïåðâûõ ïðîèçâîäíûõ â óðàâíåíèè (2.1).�àçðàáîòàííûé ìåòîä ìîæåò áûòü ïðèìåíåí äëÿ ðåøåíèÿ äðóãèõ êðàå-âûõ çàäà÷ ïîäîáíîãî òèïà. Â ÷àñòíîñòè, ñ åãî ïîìîùüþ ìîãóò áûòü ðåøåíûêðàåâûå çàäà÷è äëÿ ïîëóîãðàíè÷åííûõ îáëàñòåé ñ èíûìè êðàåâûìè óñëîâè-ÿìè. Â äîïîëíèòåëüíîé êîìáèíàöèè ñ ìåòîäîì îòðàæåíèé ìîãóò áûòü òàêæåïîëó÷åíû ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ îãðàíè÷åííûõ îáëàñòåé.Áèáëèîãðà�è÷åñêèå ññûëêè1. Îñòàïåíêî Â. À.Êðàåâàÿ çàäà÷à áåç íà÷àëüíûõ óñëîâèé äëÿ òåëåãðà�íîãî óðàâ-íåíèÿ // Â. À. Îñòàïåíêî // Äè�åðåíöiàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ, Äíå-ïðîïåòðîâñê : ÄÍÓ. � 2008. � C. 3�17.2. Îñòàïåíêî Â. À. Ïåðâàÿ êðàåâàÿ çàäà÷à äëÿ òåëåãðà�íîãî óðàâíåíèÿ â ïîëó-îãðàíè÷åííîé îáëàñòè // Â. À. Îñòàïåíêî // Äè�åðåíöiàëüíi ðiâíÿííÿ òà ¨õçàñòîñóâàííÿ, Äíåïðîïåòðîâñê : ÄÍÓ. � 2008. � C. 18�20.Íàäiéøëà äî ðåäàêöi¨ 28.09.2009
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−div ρ(x)∇y + y = f in Ω© I. G. Balanenko, P. I. Kogut, 2009



94 I. G. BALANENKO, P. I. KOGUTtogether with the orresponding Dirihlet and Neumann boundary onditions on
∂Ω. The reinforement of the membrane is usually performed by the additionof suitable sti�eners, whose total amount is presribed. Mathematially, this isdesribed by a nonnegative oe�ient ρ(x) whih ats in Ω and is assoiatedwith some weight oe�ient in the main part of ellipti operator. As a result, theproblem of �nding an optimal reinforement for the membrane then onsists inthe determination of a weight ρ(x) ≥ 0 whih optimizes a given ost funtional.In ontrast to the pioneer paper in this �eld (see [2℄), we do not restrit of ouranalysis to the partiular ase of the reinforement problems. We also do not makeuse any relaxations for the original optimal ontrol problem.2. Notation and PreliminariesIn this setion we introdue some notation and preliminaries that will be usefullater on.Let Ω be a bounded open subset of RN (N ≥ 1) with a Lipshitz boundary.We assume that the boundary of Ω is made of two disjoint parts

∂Ω = ΓD ∪ ΓNwith Dirihlet boundary onditions on ΓD, and Neumann boundary onditions on
ΓN . Let χE be the harateristi funtion of a subset E ⊆ Ω, i. e. χE(x) = 1 if
x ∈ E, and χE(x) = 0 if x 6∈ E.Let

C∞
0 (RN ; ΓD) =

{
ϕ ∈ C∞

0 (RN ) : ϕ = 0 on ΓD

}
.The spaeW 1,1(Ω; ΓD) is the losure of C∞

0 (RN ; ΓD) in the lassial Sobolev spae
W 1,1(Ω). For any subset E ⊂ Ω we denote by |E| its N -dimensional Lebesguemeasure LN (E).Hereinafter a loally integrable funtion ρ on RN suh that ρ(x) ≥ 0 for a. e.
x ∈ RN is alled a weight funtion. As a matter of fat every weight ρ gives riseto a measure on the measurable subsets of RN through integration. This measurewill also be denoted by ρ. Thus ρ(E) =

∫
E ρ dx for measurable sets E ⊂ RN .Let ρ be a weight. We will use the standard notation L2(Ω, ρ dx) for the setof measurable funtions f on Ω suh that

‖f‖L2(Ω,ρ dx) =

(∫

Ω
f2ρ dx

)1/2

< +∞.We say that a weight funtion ρ : RN → R+ is degenerate on Ω if
ρ+ ρ−1 ∈ L1

loc(R
N ), (2.1)that is, the sum ρ + ρ−1 does not belong to L∞(Ω). Note that in this ase thefuntions in L2(Ω, ρ dx) are integrable on Ω.With eah of the degenerate weight funtions ρ we will assoiate two weightedSobolev spaes Wρ = W (Ω, ρ dx) and Hρ = H(Ω, ρ dx), where Wρ is the set offuntions y ∈W 1,1(Ω; ΓD) for whih the norm

‖y‖ρ =

(∫

Ω

(
y2 + ρ |∇y|2

)
dx

)1/2 (2.2)
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0 (Ω; ΓD) inWρ. Note that due to the estimates

∫

Ω
|y| dx ≤

(∫

Ω
|y|2 dx

)1/2

|Ω|1/2 ≤ C‖y‖ρ, (2.3)
∫

Ω
|∇y| dx ≤

(∫

Ω
|∇y|2ρ dx

)1/2 (∫

Ω
ρ−1 dx

)1/2

≤ C‖y‖ρ, (2.4)the spaeWρ is omplete with respet to the norm ‖·‖ρ. It is lear that Hρ ⊆Wρ,and Wρ, Hρ are Hilbert spaes. If ρ is a non-degenerate weight funtion, thatis, ρ is bounded between two positive onstants, then it is easy to verify that
Wρ = Hρ. However, for a "typial" degenerate weight ρ the spae of smoothfuntions C∞

0 (Ω) is not dense in Wρ. Hene the identity Wρ = Hρ is not alwaysvalid (for the orresponding examples we refer to [3, 7, 8℄.Weak Compatness Criterion in L1(Ω). Throughout the paper we will oftenuse the onepts of the weak and strong onvergene in L1(Ω). Let {aε}ε>0 be asequene in L1(Ω). We reall that {aε}ε>0 is alled equi-integrable if for any δ > 0there is τ = τ(δ) suh that ∫S |aε| dx < δ for every measurable subset S ⊂ Ω ofLebesgue measure |S| < τ .Then the following assertions are equivalent:(i) a sequene {aε}ε>0 is weakly ompat in L1(Ω);(ii) the sequene {aε}ε>0 is equi-integrable;(iii) given δ > 0 there exists λ = λ(δ) suh that sup
ε>0

∫

{|aε|>λ}
|aε| dx < δ.Theorem 1 (Lebesgue's Theorem). If a sequene {aε}ε>0 ⊂ L1(Ω) is equi-integ-rable and aε → a almost everywhere in Ω then aε → a in L1(Ω).Radon measures. By a nonnegative Radon measure on Ω we mean a nonnega-tive Borel measure whih is �nite on every ompat subset of Ω. The spae of allnonnegative Radon measures on Ω will be denoted by M+(Ω). Aording to theRiesz theory, eah Radon measure µ ∈ M+(Ω) an be interpreted as element ofthe dual of the spae C0(Ω) of all ontinuous funtions vanishing at in�nity. Let

M(Ω; RN ) denotes the spae of all RN -valued Borel measures. Then
µ = (µ1, . . . , µN ) ∈M(Ω; RN ) ⇔ µi ∈ C ′

0(Ω), i = 1, . . . , N.If µ is a nonnegative Radon measure on Ω, we will use Lr(Ω, dµ), 1 ≤ r ≤
∞, to denote the usual Lebesgue spae with respet to the measure µ with theorresponding norm

‖f‖Lr(Ω,dµ) =

(∫

Ω
|f(x)|r dµ

)1/r

.Funtions with Bounded Variation. Let f : Ω → R be a funtion of L1(Ω).De�ne
∫

Ω
|Df | = sup

{∫

Ω
f divϕdx : ϕ = (ϕ1, . . . , ϕN ) ∈ C1

0 (Ω; RN ),

|ϕ(x)| ≤ 1 for x ∈ Ω
}
,
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divϕ =

N∑

i=1

∂ϕi

∂xi
.Then Df is a measure, in general. Aording to the Radon-Nikodym theorem, if

∫

Ω
|Df | < +∞then there exist a vetor-valued funtion ∇f ∈ [L1(Ω)]N and a measure Dsf ,singular with respet to the N -dimensional Lebesgue measure LN⌊Ω restrited to

Ω, suh that
Df = ∇fLN⌊Ω +Dsf.De�nition 1. A funtion f ∈ L1(Ω) is said to have bounded variation in Ω if

∫

Ω
|Df | <∞.By BV (Ω) we denote the spae of all funtions in L1(Ω) with bounded variation.Under the norm

‖f‖BV (Ω) = ‖f‖L1(Ω) +

∫

Ω
|Df |,

BV (Ω) is a Banah spae. It is well-known the following ompatness result for
BV -funtions:Proposition 1. The uniformly bounded sets in BV -norm are relatively ompatin L1(Ω).De�nition 2. A sequene {fk}∞k=1 ⊂ BV (Ω) weakly onverges to some f ∈
BV (Ω), and we write fk ⇀ f i� the two following onditions hold: fk → fstrongly in L1(Ω), and Dfk ⇀ Df weakly-∗ in M(Ω; RN ).In the proposition below we give a ompatness result related to this onver-gene, together with the lower semiontinuity property (see [4℄):Proposition 2. Let {fk}∞k=1 be a sequene in BV (Ω) strongly onverging to some
f in L1(Ω) and satisfying supk∈N

∫
Ω |Dfk| < +∞. Then(i) f ∈ BV (Ω) and ∫

Ω
|Df | ≤ lim inf

k→∞

∫

Ω
|Dfk|;(ii) fk ⇀ f in BV (Ω).Convergene in variable spaes. Let {µk}k∈N

, µ be Radon measures suh that
µk

∗
⇀ µ in M+(Ω), i. e.,

lim
k→∞

∫

Ω
ϕdµk =

∫

Ω
ϕdµ ∀ϕ ∈ C0(R

N ), (2.5)where C0(RN ) is the spae of all ompatly supported ontinuous funtions. Thetypial example of suh measures is
dµk = ρk(x) dx, dµ = ρ(x) dx, where 0 ≤ ρk ⇀ ρ in L1(Ω).Let us reall the de�nition and main properties of onvergene in the variable

L2-spae (see [7℄).
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} is alled bounded if

lim sup
k→∞

∫

Ω
|vk|2 dµk < +∞.2. A bounded sequene {vk ∈ L2(Ω, dµk)

} onverges weakly to v ∈ L2(Ω, dµ)if
lim

k→∞

∫

Ω
vkϕdµk =

∫

Ω
vϕdµ for any ϕ ∈ C∞

0 (Ω),and it is written as vk ⇀ v in L2(Ω, dµk).3. The strong onvergene vk → v in L2(Ω, dµk) means that v ∈ L2(Ω, dµ) and
lim

k→∞

∫

Ω
vkzk dµk =

∫

Ω
vz dµ as zk ⇀ z in L2(Ω, dµk). (2.6)The following onvergene properties in variable spaes hold:(a) Compatness riterium : if a sequene is bounded in L2(Ω, dµk), then thissequene is ompat in the sense of the weak onvergene;(b) Property of lower semiontinuity : if vk ⇀ v in L2(Ω, dµk), then

lim inf
ε→0

∫

Ω
|vk|2 dµk ≥

∫

Ω
v2 dµ; (2.7)() Criterium of strong onvergene : vk → v if and only if vk ⇀ v in L2(Ω, dµk)and

lim
k→∞

∫

Ω
|vk|2 dµk =

∫

Ω
v2 dµ. (2.8)3. Setting of the Optimal Control ProblemLet m ∈ R+ be some positive value, and let ξ1, ξ2 be given elements of L1(Ω)satisfying the onditions

ξ1(x) ≤ ξ2(x) a.e. in Ω, ξ−1
1 ∈ L1(Ω). (3.1)To introdue the lass of admissible BV -ontrols we adopt the following onept:De�nition 3. We say that a nonnegative weight ρ is an admissible ontrol to theboundary value problem

−div ρ(x)∇y + y = f in Ω, (3.2)
y = 0 on ΓD, ρ(x)

∂y

∂ν
= 0 on ΓN , (3.3)(it is written as ρ ∈ Rad) if

ρ ∈ BV (Ω),

∫

Ω
ρ dx = m, ξ1(x) ≤ ρ(x) ≤ ξ2(x) a.e. in Ω. (3.4)Here f ∈ L2(Ω) is a given funtion.



98 I. G. BALANENKO, P. I. KOGUTHereinafter we assume that the set Rad is nonempty.Remark 1. In view of the property (3.1), we have the boundary value problemfor the degenerate ellipti equation. It means that for some admissible ontrols
ρ ∈ Rad the boundary value problem (3.2)�(3.3) an exhibit the Lavrentie�phenomenon, the nonuniqueness of the weak solutions as well as other surprisingonsequenes.The optimal ontrol problem we onsider in this paper is to minimize thedisrepany between a given distribution yd ∈ L2(Ω) and the solution of boundaryvalued problem (3.2)�(3.3) by hoosing an appropriate weight funtion ρ ∈ Rad.More preisely, we are onerned with the following optimal ontrol problemMinimize {

I(ρ, y) =

∫

Ω
|y(x) − yd(x)|2 dx

+

∫

Ω
|∇y(x)|2

RN ρ dx+

∫

Ω
|Dρ|

} (3.5)subjet to the onstraints (3.2)�(3.4).De�nition 4. We say that a funtion y = y(ρ, f) ∈ Wρ is a weak solution tothe boundary value problem (3.2)�(3.3) for a �xed ontrol ρ ∈ Rad if the integralidentity ∫

Ω
((∇y,∇ϕ)

RN ρ+ yϕ) dx =

∫

Ω
fϕdx (3.6)holds for any ϕ ∈ C∞

0 (Ω; ΓD).It is lear that the question of uniqueness of a weak solution leads us tothe problem of density of the subspae of smooth funtions C∞
0 (Ω; ΓD) in Wρ.However, as was indiated in [9℄, for a "typial" degenerate weight funtion ρ thesubspae C∞

0 (Ω; ΓD) is not dense inWρ, and hene there is no uniqueness of weaksolutions (for more details and another types of solutions we refer to [1, 5, 7, 9℄).Thus the mapping ρ 7→ y(ρ, f) is multivalued, in general. Taking this fat intoaount, we introdue the following set
ΞW = {(Bρ, y) | ρ ∈ Rad, y ∈Wρ, (ρ, y) are related by (3.6)} . (3.7)Note that the set ΞW is always nonempty. Indeed, let Vρ be some intermediatespae with Hρ ⊆ Vρ ⊆ Wρ. We say that a funtion y = y(ρ, f) ∈ Vρ is a Vρ-solution or variational solution to the boundary value problem (3.2)�(3.3) if theintegral identity (3.6) holds for every test funtion ϕ ∈ Vρ. Hene, in this ase theenergy equality ∫

Ω

(
|∇y|2

RNρ+ y2
)
dx =

∫

Ω
fy dx (3.8)must be valid. Sine

∣∣∣∣
∫

Ω
fy

∣∣∣∣ ≤
(∫

Ω
f2 dx

)1/2(∫

Ω
y2 dx

)1/2

≤ C‖y‖ρfor every �xed f ∈ L2(Ω), it follows that the existene and uniqueness of a Vρ-solution are the diret onsequene of the Riesz Representation Theorem. Thus



ON WEAK OPTIMAL BV -CONTROLS FOR ELLIPTIC PROBLEMS 99every variational solution is also a weak solution to the problem (3.2)�(3.3). Hene
ΞW 6= ∅ and therefore the orresponding minimization problem

〈
inf

(ρ,y)∈ΞW

I(ρ, y)

〉 (3.9)is regular. In view of this, we adopt the following onept:De�nition 5. We say that a pair
(ρ0, y0) ∈ L1(Ω) ×W 1,1(Ω; ΓD)is a weak optimal solution to the problem (3.4)�(3.5) if (ρ0, y0) is a minimizer for〈

inf
(ρ,y)∈ΞW

I(ρ, y)

〉, i. e.,
(ρ0, y0) ∈ ΞW and I(ρ0, y0) = inf

(ρ,y)∈ΞW

I(ρ, y).The main question to be answered on the optimal ontrol problem (3.4)�(3.5)in this paper is about its solvability in the lass of the weak solutions. It shouldbe noted that to the best knowledge of the authors, the existene of optimal pairsto the above problem in the sense of De�nition 5 has not been onsidered in theliterature.4. Existene Theorem for Weak Optimal SolutionsOur prime interest in this setion deals with the solvability of optimal ontrolproblem (3.4)�(3.5) in the lass of the weak solutions. To begin with we establishsoma auxiliary results that will be useful later. Let {(ρk, yk) ∈ ΞW}k∈N
be anysequene of the weak admissible solutions.Lemma 1. Let {ρk}k∈N

be a sequene in Rad suh that ρk → ρ in L1(Ω) as
k → ∞. Then

(ρk)
−1 → ρ−1 in the variable spae L2(Ω, ρkdx).Proof. To proof this result we make use some ideas of the paper [9℄. By theproperties of the set of admissible ontrols Rad, we have
∫

Ω

∣∣ρ−1
k

∣∣ dx ≤
∫

Ω

∣∣ξ−1
1

∣∣ dx ∀ k ∈ N,that is the sequene {ρ−1
k

}
k∈N

is equi-integrable on Ω. Note that, up to a subse-quene, we have ρk → ρ a.e. in Ω. Sine
ξ−1
2 ≤ ρ−1

k ≤ ξ−1
1 ,Lebesgue Theorem implies

ρ−1
k → ρ−1 in L1(Ω). (4.1)
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0 (Ω) be a �xed funtion. Then the equality

∫

Ω
ρ−1

k ϕρkdx ≡
∫

Ω
ϕdx =

∫

Ω
ρ−1ϕρdx ∀k ∈ Nleads us to the weak onvergene ρ−1

k ⇀ ρ−1 in L2(Ω, ρkdx). It should be stressedhere that, by the initial assumptions, ρkdx
∗
⇀ ρdx in the spae of Radon measures

M+(Ω) (see (2.5)). However, taking into aount the strong onvergene ρ−1
k →

ρ−1 in L1(Ω) and the fat that Ω is a bounded domain, we get
lim

k→∞

∫

Ω
|ρk|−2 ρkdx ≡ lim

k→∞

∫

Ω
ρ−1

k dx =

∫

Ω
ρ−1dx ≡

∫

Ω
|ρ|−2 ρdx.Hene, by the riterium of the strong onvergene in variable spae L2(Ω, ρkdx),we just ome to the required onlusion. The proof is omplete.Our next intension deals with the study of topologial properties of the set ofweak admissible solutions ΞW to the problem (3.2)�(3.5). To do so, we introduethe following onepts:De�nition 6. A sequene {(ρk, yk) ∈ ΞW}k∈N

is alled to be bounded if
sup
k∈N

[
‖ρk‖BV (Ω) + ‖yk‖L2(Ω) + ‖∇yk‖L2(Ω,ρkdx)N

]
< +∞.De�nition 7. We say that a bounded sequene {(ρk, yk) ∈ ΞW}k∈N

of the weakadmissible solutions τ -onverges to a pair (ρ, y) ∈ BV (Ω) ×W 1,1(Ω) if(a) ρk ⇀ ρ in BV (Ω);(d) yk ⇀ y weakly in L2(Ω);(e) ∇yk ⇀ ∇y ∋ L2(Ω, ρ dx)N in the variable spae L2(Ω, ρkdx)
N .Note that due to the suppositions (3.1), (3.4), and estimates like (2.3)�(2.4),the inlusion y ∈W 1,1(Ω) is obvious.Lemma 2. Let {(ρk, yk) ∈ ΞW}k∈N

be a bounded sequene. Then there is a pair
(ρ, y) ∈ BV (Ω)×W 1,1(Ω) suh that, up to a subsequene, (ρk, yk)

τ−→ (ρ, y) and
y ∈Wρ.Proof. To begin with, we note that by Proposition 1 and the ompatness riteriumof the weak onvergene in variable spaes, there exist a subsequene of

{(ρk, yk) ∈ ΞW}k∈N
,still denoted by the su�x k, and funtions ρ ∈ BV (Ω), y ∈ L2(Ω), and v ∈

L2(Ω, ρ dx)N suh that
ρk → ρ in L1(Ω), ρk dx

∗
⇀ ρdx in M+(Ω), (4.2)

yk ⇀ y in L2(Ω), ∇yk ⇀ v in the variable spae L2(Ω, ρk dx). (4.3)



ON WEAK OPTIMAL BV -CONTROLS FOR ELLIPTIC PROBLEMS 101Let us show that y ∈ W 1,1(Ω), and v = ∇y. Sine ξ1 ≤ ρk ≤ ξ2 for every k ∈ N,the laim (4.2) and Lemma 1 imply the property (see (4.1))
ρ−1

k → ρ−1 in L1(Ω), ξ1 ≤ ρ ≤ ξ2 a.e. in Ω. (4.4)This yields that the sequene {∇yk}k∈N
is weakly ompat in L1(Ω)N . Indeed,the property of its equi-integrability immediately follows from the inequality

∫

Ω
|∇yk| dx ≤

(∫

Ω
ρ−1

k dx

)1/2(∫

Ω
|∇yk|2ρk dx

)1/2

≤ C

(∫

Ω
ρ−1

k dx

)1/2

.As a result, using the strong onvergene (ρk)
−1 → ρ−1 in the variable spae

L2(Ω, ρkdx) (see Lemma 1) and its properties, we obtain
lim

k→∞

∫

Ω
(∇yk, ψ)

RN dx = lim
k→∞

∫

Ω
ρ−1

k (∇yk, ψ)
RN ρk dx

=

∫

Ω
ρ−1 (v, ψ)

RN ρ dx =

∫

Ω
(v, ψ)

RN dxfor all ψ ∈ C∞
0 (Ω)N . Thus∇yk ⇀ v in L1(Ω)N . Sine by estimate (2.3) y ∈ L1(Ω),this implies that y ∈ W 1,1(Ω) and ∇y = v. As for the inlusion y ∈ Wρ this isimmediately follows from the laims (4.2)�(4.3). The proof is omplete.The next result is ruial for our analysis.Theorem 2. For every f ∈ L2

loc(R
N ) the set ΞW is sequentially losed with respetto the τ -onvergene.Proof. Let {(ρk, yk)}k∈N ⊂ ΞW be a bounded τ -onvergent sequene of weakadmissible pairs to the optimal ontrol problem (3.2)�(3.5). Let (ρ0, y0) be its

τ -limit. Our aim is to prove that (τ0, y0) ∈ ΞW .By Lemma 2 we have
ρk → ρ0 in L1(Ω), ρ0 ∈ BV (Ω), ξ1 ≤ ρ0 ≤ ξ2 a.e. in Ω. (4.5)Then passing to the limit as k → ∞ in the relation ∫Ω ρk dx = m, we just ometo the onlusion: ρ0 ∈ Rad, i. e. the limit weight funtion ρ0 is an admissibleontrol.It remains to show that the pair (ρ0, y0) is related by the integral identity(3.6) for all ϕ ∈ C∞

0 (Ω; ΓD). For every �xed k ∈ N we denote by (ρ̂k, ŷk) ∈
BVloc(RN )×W 1,1

loc (RN ) an extension of the funtions (ρk, yk) ∈ ΞW to the wholeof spae RN suh that the sequene {(ρ̂k, ŷk)}k∈N satis�es the properties:
ρ̂k ∈ BV (Q), ξ1 ≤ ρ̂k ≤ ξ2 a.e. in Q, (4.6)

sup
k∈N

[
‖ρ̂k‖BV (Q) + ‖ŷk‖L2(Q) + ‖∇ŷk‖L2(Q,ρ̂kdx)N

]
< +∞. (4.7)�r any bounded domain Q in RN . Hene, by analogy with Lemma 2 it an beproved that for every bounded domain Q ⊂ RN there exist funtions ρ̂0 ∈ BV (Q)and ŷ0 ∈Wρ̂0

= W (Q, ρ̂0 dx) suh that
ρ̂k ⇀ ρ̂0 in L1(Q), ŷk ⇀ ŷ0 in L2(Q), (4.8)

∇ŷk ⇀ ∇ŷ0 ∋ L2(Ω, ρ̂0 dx)
N in the variable spae L2(Ω, ρ̂kdx)

N . (4.9)



102 I. G. BALANENKO, P. I. KOGUTIt is important to note that in this ase we have
ŷ0 = y0 and ρ̂0 = ρ0 a.e. in Ω. (4.10)In what follows, we rewrite the integral identity (3.6) in the equivalent form

∫

RN

((∇ŷk,∇ϕ)
RN ρ̂k + ŷkϕ)χΩ(x) dx

=

∫

RN

fϕχΩ(x) dx ∀ϕ ∈ C∞
0 (RN ,ΓD), (4.11)and pass to the limit in (4.11) as k → ∞. Using the properties (4.8)�(4.9), andthe fat that χΩ → χΩ strongly in the variable spae L2(Q, ρ̂k dx), i. e.

∫

RN

χ2
Ωρ̂k dx =

∫

RN

χΩρ̂k dx −→
∫

RN

χΩρ̂0 dx =

∫

RN

χ2
Ωρ̂0 dxwe just ome to the relation

∫

RN

((∇ŷ0,∇ϕ)
RN ρ̂0 + ŷ0ϕ)χΩ(x) dx =

∫

RN

fϕχΩ(x) dx ∀ϕ ∈ C∞
0 (RN ,ΓD)whih is equivalent to the following one

∫

Ω
((∇ŷ0,∇ϕ)

RN ρ̂0 + ŷ0ϕ) dx =

∫

Ω
fϕdx ∀ϕ ∈ C∞

0 (Ω,ΓD).As a result, taking into aount (4.10) and the fat that ŷ0 ∈Wρ̂0
(by Lemma 2),we onlude: y0 is a weak solution to the boundary valued problem (3.2)�(3.3)under ρ = ρ0. Thus the τ -limit pair (τ0, y0) belongs to set ΞW , and this onludesthe proof.Now we are in a position to state the existene of weak optimal pairs to theproblem (3.2)�(3.5).Theorem 3. Let ξ1 ∈ L1

loc(R
N ) and ξ2 ∈ L1

loc(R
N ) be suh that ξ1 ≤ ξ2 a.e.in

RN and ξ−1
1 ∈ L1

loc(R
N ). Let f ∈ L2

loc(R
N ) and yd ∈ L2(Ω) be given funtions.Then the optimal ontrol problem (3.2)�(3.5) admits at least one weak solution

(ρopt, yopt) ∈ ΞW ⊂ L1(Ω) ×W 1,1(Ω,ΓD), yopt ∈W (Ω, ρopt dx)if and only if Rad 6= ∅.Proof. Beause the onverse statements is obvious, we suppose that the set ofadmissible ontrols Rad is nonempty. Then the minimization problem (3.9) isregular (i. e. ΞW 6= ∅). Let {(ρk, yk) ∈ ΞW}k∈N
be a minimizing sequene to (3.9).Then as follows from the inequality

inf
(ρ,y)∈ΞW

I(ρ, y) = lim
k→∞

[∫

Ω
|yk(x) − yd(x)|2 dx

+

∫

Ω
|∇yk(x)|2RNρk dx+

∫

Ω
|Dρk|

]
< +∞, (4.12)



ON WEAK OPTIMAL BV -CONTROLS FOR ELLIPTIC PROBLEMS 103there is a onstant C > 0 suh that
sup
k∈N

‖yk‖L2(Ω) ≤ C, sup
k∈N

‖∇yk‖L2(Ω,ρkdx)N ≤ C,

∫

Ω
|Dρk| ≤ C.Hene, in view of the de�nition of the lass of admissible ontrols Rad, thesequene {(ρk, yk) ∈ ΞW}k∈N

is bounded in the sense of De�nition 6. Hene, byLemma 2 there exist funtions ρ∗ ∈ BV (Ω) and y∗ ∈ W (Ω, ρ∗ dx) suh that,within a subsequene, (ρk, yk)
τ−→ (ρ∗, y∗). Sine the set ΞW is sequentiallylosed with respet to the τ -onvergene (see Theorem 2), it follows that the

τ -limit pair (ρ∗, y∗) is an admissible weak solution to optimal ontrol problem(3.2)�(3.5) (i. e. (ρ∗, y∗) ∈ ΞW ). To onlude the proof it is enough to observethat by property (2.7) and Proposition 2, the ost funtional I is sequentiallylower τ -semiontinuous. Thus
I(ρ∗, y∗) ≤ lim inf

k→∞
I(ρk, yk) = inf

(ρ, y)∈ΞW

I(ρ, y).Hene (ρ∗, y∗) is a weak optimal pair, and we ome to the required onlusion.Referenes1. Boardo L., Gallou�et T., Marellini P. Anisotropi equations in L1 // Di�. IntegralEq., 1996. � Vol. 9. � P. 209�212.2. Buttazzo G., Varhon N. On the optimal reinforement of an elasti membrane //Riv. Mat. Univ. Parma, 2005. � Vol. 4, N 7. � P. 115�125.3. Chiad�o Piat V.,Serra Cassano F. Some remarks about the density of smoothfuntions in weighted Sobolev spaes // J. Convex Analysis, 1994. � Vol. 1, N 2. �P. 135�142.4. Giusti E. Minimal Surfaes and Funtions of Bounded Variation. � Boston :Birkh�auser, 1984.5. Kovalevsky A. A., Gorban Yu. S. Degenerate anisotropi variational inequalities with
L1-data // C.R.A.S. Paris, S�er. I, 2007. � N 345. � P. 441� 444.6. Villaggio P. Calolo delle variazioni e teoria delle strutture // Boll. Un. Mat. Ital.Ser. VIII, 2004. � Vol. VII-A. � P. 49�76.7. Zhikov V. V. Weighted Sobolev spaes // Sbornik: Mathematis, 1998. � Vol. 189,N 8. � P. 27�58.8. Zhikov V. V. On Lavrentiev phenomenon // Russian J. Math. Phys., 1994. � Vol. 3,N 2. � P. 249�269.9. Zhikov V. V., , Pastukhova S. E. Homogenization of degenerate ellipti equations //Siberian Math. Journal, 2006. � Vol. 49, N 1. � P. 80�101.Íàäiéøëà äî ðåäàêöi¨ 01.08.2009
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ÍÀÏIÂÍÅÏÅ�Å�ÂÍÀ ÇÍÈÇÓ �Å�ÓËß�ÈÇÀÖIß 105ùî äîçâîëÿ¹ ïîøèðèòè ìåòîä çàïðîïîíîâàíèé â [4℄, íà áiëüø øèðîêèé êëàñâiäîáðàæåíü.2. Îñíîâíi ïîíÿòòÿ òà ïîïåðåäíi ðåçóëüòàòèÓ öüîìó ïàðàãðà�i íàâåäåìî êëþ÷îâi ïîíÿòòÿ òà îçíà÷åííÿ, íåîáõiäíi íàìäëÿ ðîçãëÿäó ñòàòòi. Â ïåðøié ÷àñòèíi íàãàäà¹ìî ïîíÿòòÿ íàïiâíåïåðåðâíîñòiçíèçó âiäîáðàæåííÿ, à â äðóãié çâåðíåìî óâàãó íà ïîíÿòòÿ òà âëàñòèâîñòiàëãåáðà¨÷íî¨ âíóòðiøíîñòi êîíóñà.2.1. Ïîíÿòòÿ íàïiâíåïåðåðâíîñòi çíèçó âiäîáðàæåííÿÓ äàíié ñòàòòi ÷åðåç E òà F áóäåìî ïîçíà÷àòè äiéñíîçíà÷íi âåêòîðíiòîïîëîãi÷íi ïðîñòîðè. Äëÿ ïiäìíîæèíè S â E ÷è F , IntS òà clS áóäóòü îçíà-÷àòè âiäïîâiäíî âíóòðiøíiñòü òà çàìèêàííÿ ìíîæèíè S.Îçíà÷åííÿ 1. Ìíîæèíà Λ ⊂ F íàçèâà¹òüñÿ êîíóñîì, ÿêùî
∀λ ∈ Λ : αλ ∈ Λ, ∀α > 0.Îçíà÷åííÿ 2. Êîíóñ Λ ⊂ F íàçèâà¹òüñÿ çàãîñòðåíèì, ÿêùî

Λ ∩−Λ = {0F } .Ìè áóäåìî ðîçãëÿäàòè çàìêíåíi òà çàãîñòðåíi êîíóñè. Òàêèé êîíóñ Λ ïî-ðîäæó¹ ÷àñòêîâèé ïîðÿäîê â ïðîñòîði F , ÿêèé ïîçíà÷à¹òüñÿ �Λ i îçíà÷à¹íàñòóïíå:
y1 �Λ y2 ⇔ y2 ∈ y1 + Λ.Ïiä ïðîñòîðîì F • áóäåìî ðîçóìiòè ïðîñòið F∪{+∞}, äå +∞ ¹ íàéáiëüøèìåëåìåíòîì ïðîñòîðó F âiäíîñíî ïîðÿäêó �Λ, à ñàìå: äëÿ áóäü-ÿêîãî åëåìåíòà

f ∈ F : f 6�Λ {+∞}.Çàóâàæåííÿ 1. Ïîíÿòòÿ íåâëàñíîãî åëåìåíòà {+∞} ó íàïiâóïîðÿäêîâàíèõïðîñòîðàõ ¹ äîñèòü íåîäíîçíà÷íèì. Ó äàíié ñòàòòi áóäåìî äîòðèìóâàòèñÿ òà-êîãî òëóìà÷åííÿ: áóäåìî êàçàòè, ùî ïîñëiäîâíiñòü {fn}n ⊂ F çáiãà¹òüñÿ äî
{+∞}, ÿêùî:(i) {fn}n íå îáìåæåíà çà íîðìîþ ïðîñòîðó F ,(ii) ∀b ∈ F ∃n0 : b 6� fn, ∀n > n0.Îçíà÷åííÿ 3. Ïiäìíîæèíà A â F íàçèâà¹òüñÿ íàïðÿìëåíîþ âãîðó, ÿêùîäëÿ áóäü-ÿêèõ a, b ∈ A iñíó¹ c ∈ A òàêå, ùî a �Λ c òà b �Λ c.Íàïðÿìëåíi âíèç ìíîæèíè âèçíà÷àþòüñÿ çà ïîäiáíîþ ñõåìîþ.Íèæíüîþ ãðàííþ ìíîæèíè A íàçèâàòèìåìî åëåìåíò inf A, ÿêèé çàäîâîëü-íÿ¹ óìîâè:1. inf A �Λ b, ∀b ∈ A;



106 À. Â. ÄÎÂÆÅÍÊÎ2. c �Λ inf A, ∀c ∈ F òîäi i òiëüêè òîäi, êîëè c �Λ b, ∀b ∈ A,Ïðîñòið F íàçèâà¹òüñÿ ðåøiòêîþ, ÿêùî äëÿ áóäü-ÿêèõ åëåìåíòiâ a, b ∈ Fiñíóþòü sup{a, b} òà inf{a, b}. I, íàñàìêiíåöü, ðåøiòêà, â ÿêié áóäü-ÿêà íàïðÿì-ëåíà âãîðó, îáìåæåíà çâåðõó íåïóñòà ìíîæèíà ìà¹ òî÷íó âåðõíþ ãðàíèöþ,íàçèâà¹òüñÿ ïîâíîþ âåêòîðíîþ ðåøiòêîþ.Îçíà÷åííÿ 4. Áóäåìî êàçàòè, ùî âiäîáðàæåííÿ g : E → E• ¹ ìåíøèì çàâiäîáðàæåííÿ f : E → E•, ÿêùî
g(x) �Λ f(x), ∀x ∈ E.Îçíà÷åííÿ 5. Îáëàñòþ âèçíà÷åííÿ âiäîáðàæåííÿ f : E −→ F •, ÿêà ïîçíà-÷à¹òüñÿ ÿê Dom f , íàçèâà¹òüñÿ ìíîæèíà:

Dom f = {x ∈ E |f(x) 6= +∞} .Îçíà÷åííÿ 6. �içíèöåþ ìíîæèí A i B: A−B íàçèâà¹òüñÿ ìíîæèíà
A−B = {a− b, a ∈ A, b ∈ B} .Íàâåäåìî ïîíÿòòÿ íèæíüî¨ ãðàíèöi ïîñëiäîâíîñòi ìíîæèí {An} ⊂ F óñåíñi Ïåíåâëå�Êóðàòîâñüêîãî:

lim inf
n

An =
{
y ∈ F : y = lim

n
yn, ∃n0 : yn ∈ An, ∀n ≤ n0

}
.Êàæóòü, ùî ïîñëiäîâíiñòü ìíîæèí {An} çáiãà¹òüñÿ çíèçó äî ìíîæèíè A ⊂

F â ñåíñi Ïåíåâëå�Êóðàòîâñüêîãî, ÿêùî
A ⊂ lim inf

n
An.Íàãàäà¹ìî òåïåð âiäîìi ïîíÿòòÿ íàïiâíåïåðåðâíîñòi çíèçó (íí. çí.) òà ñåê-âåíöiéíî¨ íí. çí. âåêòîðíîçíà÷íèõ âiäîáðàæåíü.Îçíà÷åííÿ 7. [5℄ Âiäîáðàæåííÿ f : E → F • íàçèâà¹òüñÿ íàïiâíåïåðåðâíèìçíèçó(íí. çí.) â òî÷öi x0 ∈ E, ÿêùî äëÿ áóäü-ÿêîãî îêîëó íóëÿ V ∈ F iäîâiëüíîãî b ∈ F , ÿêå çàäîâîëüíÿ¹ íåðiâíiñòü b �Λ f (x0), â E iñíó¹ îêië Uòî÷êè x0 òàêèé, ùî

f (U) ⊂ b+ V + C ∪ {+∞} . (2.1)Îçíà÷åííÿ 8. [5℄ ßêùî x0 ∈ Dom f , òî âiäîáðàæåííÿ f áóäå íí. çí. â òî÷öi
x0, òîäi i òiëüêè òîäi, êîëè äëÿ áóäü-ÿêîãî îêîëó íóëÿ V ∈ F iñíó¹ òàêèé îêië
U òî÷êè x0, ùî

f (U) ⊂ f (x0) + V + C ∪ {+∞} . (2.2)Îçíà÷åííÿ 9. [2℄ Âiäîáðàæåííÿ f : E → F • íàçèâà¹òüñÿ ñåêâåíöiéíî�íí. çí.(ñê.�íí. çí.) â òî÷öi x0 ∈ E, ÿêùî äëÿ áóäü-ÿêîãî b ∈ F , ÿêå çàäîâîëüíÿ¹óìîâi b �Λ f (xn), i äëÿ áóäü-ÿêî¨ ïîñëiäîâíîñòi {xn}n ⊂ E, ÿêà çáiãà¹òüñÿ äî
x0, iñíó¹ ïîñëiäîâíiñòü {bn}n ⊂ F , ÿêà, â ñâîþ ÷åðãó, çáiãà¹òüñÿ äî b i êîæåí¨¨ åëåìåíò çàäîâîëüíÿ¹ íåðiâíîñòi

bn �Λ f (xn) , ∀n ∈ N.



ÍÀÏIÂÍÅÏÅ�Å�ÂÍÀ ÇÍÈÇÓ �Å�ÓËß�ÈÇÀÖIß 107Îçíà÷åííÿ 10. [2℄ ßêùî x0 ∈ Dom f , òî âiäîáðàæåííÿ f áóäå ñê.�íí. çí. âòî÷öi x0, òîäi i òiëüêè òîäi, êîëè äëÿ áóäü-ÿêî¨ ïîñëiäîâíîñòi {xn}n ⊂ E, ÿêàçáiãà¹òüñÿ äî x0, iñíó¹ âiäïîâiäíà ïîñëiäîâíiñòü {bn}n ⊂ F , ÿêà çáiãà¹òüñÿ äî
f (x0) i êîæåí ¨¨ åëåìåíò çàäîâîëüíÿ¹ íåðiâíîñòi

bn �Λ f (xn) , ∀n ∈ N.Â [2℄ áóëî äîâåäåíî, ùî ïîíÿòòÿ íí.çí. òà ñåêâåíöiéíî¨�íí. çí. ¹ åêâiâà-ëåíòíèìè, ÿêùî ïðîñòîðè E òà F ìåòðèçîâàíi.2.2. Àëãåáðà¨÷íà âíóòðiøíiñòü êîíóñà òà ¨¨ âëàñòèâîñòiÊëþ÷îâèì ìîìåíòîì ñòàòòi ¹ óìîâà íåïóñòîòè àëãåáðà¨÷íî¨ âíóòðiøíîñòiêîíóñà, ÿêèé çàäà¹ ÷àñòêîâèé ïîðÿäîê â E. Ó çâ'ÿçêó ç öèì íàâåäåìî ðÿäïîëîæåíü, ÿêi áóäóòü âèêîðèñòàíi äàëi òà, ìîæëèâî, ñòàíîâëÿòü ñàìîñòiéíèéiíòåðåñ.Îçíà÷åííÿ 11. Íåõàé S � íåïóñòà ïiäìíîæèíà äiéñíîãî ëiíiéíîãî ïðîñòîðó
E. 1. Ìíîæèíó

cor (S) := {x̄ ∈ S |∀x ∈ E ∃ᾱ > 0 : x̄+ αx ∈ S,∀α ∈ [0, ᾱ]}íàçèâàþòü àëãåáðà¨÷íîþ âíóòðiøíiñòþ S.2. Ìíîæèíó S iç âëàñòèâiñòþ S = cor (S) íàçèâàþòü àëãåáðà¨÷íî âiäêðè-òîþ.3. Ìíîæèíó åëåìåíòiâ, ÿêà íå íàëåæèòü àíi cor (S), àíi cor (E\S), íàçèâà-þòü àëãåáðà¨÷íîþ ãðàíèöåþ S.4. Åëåìåíò x̄ ∈ E íàçèâàþòü ëiíiéíî äîïóñòèìèì åëåìåíòîì ìíîæèíè S,ÿêùî iñíó¹ x ∈ S, x 6= x̄, ç âëàñòèâiñòþ
αx+ (1 − α) x̄ ∈ S, ∀α ∈ (0, 1] .Îá'¹äíàííÿ ìíîæèíè S òà âñiõ ¨¨ äîïóñòèìèõ åëåìåíòiâ íàçèâàþòü àëãå-áðà¨÷íèì çàìèêàííÿì S i ïîçíà÷àþòü

lin (S) := S ∪ {x ∈ E |x ëiíiéíî äîïóñòèìèé åëåìåíò iç S } .ßêùî S = lin (S), òî ìíîæèíó S íàçèâàþòü àëãåáðà¨÷íî çàìêíåíîþ.5. Ìíîæèíó S íàçèâàþòü àëãåáðà¨÷íî îáìåæåíîþ, ÿêùî äëÿ áóäü-ÿêîãî
x̄ ∈ E i áóäü-ÿêîãî x ∈ E iñíó¹ ᾱ > 0 òàêå, ùî

x̄+ αx 6= S, ∀α ≥ ᾱ.�îçãëÿíåìî òåïåð äåÿêi âëàñòèâîñòi êîíóñiâ iç íåïóñòîþ àëãåáðà¨÷íîþ âíóò-ðiøíiñòþ.



108 À. Â. ÄÎÂÆÅÍÊÎËåìà 1. [3℄ Äëÿ íåïóñòî¨ âèïóêëî¨ ìíîæèíè S äiéñíîãî ëiíiéíîãî ïðîñòîðóâèêîíóþòüñÿ íàñòóïíi òâåðäæåííÿ:1. x̄ ∈ cor (S) , x̃ ∈ lin (S) =⇒ {αx̃+ (1 − α) x̄ |α ∈ [0, 1)} ⊂ cor (S);2. cor (cor (S)) = cor (S);3. cor (S) òà lin (S) ¹ îïóêëèìè ìíîæèíàìè;4. cor (S) 6= ∅ =⇒ lin (cor (S)) = lin (S) òà cor (lin (S)) = cor (S).Îçíà÷åííÿ 12. ßêùî êîíóñ Λ ∈ F ìà¹ íåïóñòó àëãåáðà¨÷íó âíóòðiøíiñòü, òîáóäåìî êàçàòè, ùî åëåìåíò a ∈ F ¹ ñòðîãî ìåíøèì çà êîíóñîì, íiæ åëåìåíò
b ∈ F , i ïîçíà÷àòè öå ÿê a ≺Λ b, ÿêùî ìà¹ ìiñöå íàñòóïíà íåðiâíiñòü

b ∈ a+ cor (Λ) ∪ {+∞} . (2.3)Ëåìà 2. [3℄ Íåõàé Λ � îïóêëèé êîíóñ ó äiéñíîìó ëiíiéíîìó ïðîñòîði F çíåïóñòîþ àëãåáðà¨÷íîþ âíóòðiøíiñòþ. Òîäi:1. cor (Λ) ∪ {0F } � âèïóêëèé êîíóñ;2. cor (Λ) = Λ + cor (Λ).Çàóâàæåííÿ 2. ßêùî êîíóñ Λ ⊂ F ¹ çàãîñòðåíèì òà âèïóêëèì, à, îòæå,âií ïîðîäæó¹ ÷àñòêîâèé ïîðÿäîê íà ïðîñòîði F , i ìà¹ íåïóñòó àëãåáðà¨÷íóâíóòðiøíiñòü, òî êîíóñ cor (Λ)∪{0F }, çà ëåìîþ 2, òàêîæ ïîðîäæó¹ ÷àñòêîâèéïîðÿäîê íà F .Íàâåäåìî òåïåð íåîáõiäíi âëàñòèâîñòi êîíóñiâ ç íåïóñòîþ àëãåáðà¨÷íîþâíóòðiøíiñòþ. Íåõàé Λ � çàìêíåíèé, âèïóêëèé òà çàãîñòðåíèé êîíóñ. Òîäiìàþòü ìiñöå íàñòóïíi ðåçóëüòàòè.Ëåìà 3. ßêùî cor (Λ) 6= ∅, òî çíàéäåòüñÿ çáiæíà äî 0F ïîñëiäîâíiñòü {yn}òàêà, ùî yn ≻ 0F .Äîâåäåííÿ. Âíàñëiäîê ëåìè 2, ìíîæèíà cor (Λ)∪{0F } ¹ îïóêëèì êîíóñîì. Çàîçíà÷åííÿì îïóêëîñòi ìíîæèíè. Öå îçíà÷à¹, ùî äëÿ áóäü-ÿêèõ äâîõ åëåìåíòiâ
a, b âiäðiçîê, ùî ¨õ ç'¹äíó¹:

[a, b] = {α · a+ (1 − α) · b, 0 ≤ α ≤ 1} .Ç öüîãî âèïëèâà¹, ùî, îáðàâøè äîâiëüíèé åëåìåíò y ç cor (Λ), ìîæíà ñòâåð-äæóâàòè, ùî âiäðiçîê [0F , y] íàëåæèòü êîíóñó cor (Λ) ∪ {0X}. Áiëüøå òîãî,
(0F , y] ∈ cor (Λ). À òîìó, ïîáóäóâàâøè ïîñëiäîâíiñòü

yn =
1

n
· y, n ∈ N,ëåãêî áà÷èòè, ùî âîíà çáiãà¹òüñÿ äî 0F òà íå íàëåæèòü äî cor (Λ), ùî i äîâî-äèòü ëåìó.Íàñëiäîê 1. Äëÿ äîâiëüíîãî y ∈ Λ, çíàéäåòüñÿ ïîñëiäîâíiñòü {yn}n òàêà,ùî

yn → y, yn ≻Λ y.



ÍÀÏIÂÍÅÏÅ�Å�ÂÍÀ ÇÍÈÇÓ �Å�ÓËß�ÈÇÀÖIß 109Íàñëiäîê 2. Äëÿ äîâiëüíîãî y ∈ −Λ, çíàéäåòüñÿ ïîñëiäîâíiñòü {yn}n òàêà,ùî
yn → y, yn ≺Λ y.Íàñëiäêè 1 i 2 äîâîäÿòüñÿ çà äîïîìîãîþ ïàðàëåëüíîãî ïåðåíîñó òî÷êè

y ∈ F â 0F , ïiñëÿ ÷îãî çàñòîñîâó¹òüñÿ ðåçóëüòàò ëåìè 3.Ëåìà 4. ßêùî cor (Λ) 6= ∅, òî
Λ ⊂ cl (cor (Λ)) . (2.4)Â ðàçi æ çàìêíóòîñòi êîíóñà Λ

Λ = cl (cor (Λ)) . (2.5)Äîâåäåííÿ. Äîâåäåííÿ öi¹¨ ëåìè âèïëèâà¹ ç ëåìè 3. Ïðèïóñòèìî, ùî òâåð-äæåííÿ (2.4) ¹ õèáíèì. Òîäi çíàéäåòüñÿ åëåìåíò λ ∈ Λ òàêèé, ùî
λ 6∈ cl (cor (Λ)) .Ïðîòå, öå ñóïåðå÷èòü òîìó, ùî äëÿ äîâiëüíîãî λ ∈ Λ çíàéäåòüñÿ çáiæíà äîíüîãî ïîñëiäîâíiñòü {λn}n, òàêà, ùî λn ≻Λ λ. Iíàêøå, çà âëàñòèâiñòþ cor (Λ) =

Λ + cor (Λ) (äèâ. ëåìó 2), îòðèìà¹ìî {λn}n ∈ cor (Λ), à, îòæå, ¨¨ ãðàíèöÿïîâèííà íàëåæàòè çàìèêàííþ àëãåáðà¨÷íî¨ âíóòðiøíîñòi êîíóñà.Ç iíøîãî áîêó, çðîçóìiëî, ùî ó ðàçi, êîëè êîíóñ Λ ¹ çàìêíåíèì, òî çàìè-êàííÿ éîãî àëãåáðà¨÷íî¨ âíóòðiøíîñòi áóäå íàëåæàòè ñàìîìó êîíóñó, ç ÷îãîâèïëèâà¹ (2.5).Çàçíà÷èìî, ùî ó âèïàäêó ñêií÷åííîâèìiðíîñòi ïðîñòîðó E, ïîíÿòòÿ âíóò-ðiøíîñòi òà àëãåáðà¨÷íî¨ âíóòðiøíîñòi ñïiâíàäàþòü. Ïðîòå ó íåñêií÷åííîâè-ìiðíèõ ïðîñòîðàõ òàêî¨ ðiâíîñòi, ÿê ïðàâèëî, íå iñíó¹.3. Ïîíÿòòÿ ìíîæèíè íèæíüîãî ðiâíÿ òà ¨¨ âëàñòèâîñòiÓ öüîìó ïàðàãðà�i íàãàäà¹ìî ïîíÿòòÿ ìíîæèíè íèæíüîãî ðiâíÿ, ââåäå-íîãî â ðîáîòi [4℄, òà ¨¨ çâ'ÿçîê iç âëàñòèâiñòþ íàïiâíåïåðåðâíîñòi çíèçó äëÿâåêòîðíîçíà÷íèõ âiäîáðàæåíü.Îçíà÷åííÿ 13. Íåõàé f âåêòîðíîçíà÷íå âiäîáðàæåííÿ i x0 ∈ Dom f . ×å-ðåç ϑ (x0) ïîçíà÷èìî ñiì'þ îêîëiâ òî÷êè x0. Òîäi ìíîæèíà íèæíüîãî ðiâíÿâèçíà÷à¹òüñÿ òàêèì ÷èíîì:
Af

x0
:= {y ∈ F |∀V ∈ ϑ (y) , ∃U ∈ ϑ (x0) , f (U) ⊂ V + Λ ∪ {+∞}} (3.1)àáî, â ñåêâåíöiéíîìó âàðiàíòi:

s−Af
x0

:= {y ∈ F |∀ {xn}n → x0, ∃ {bn}n → y, bn �Λ f (xn) ∀n ∈ N} (3.2)Íàãàäà¹ìî çâ'ÿçîê ìíîæèíè íèæíüîãî ðiâíÿ ç ïîíÿòòÿì íí. çí., ÿêèé áóëîïîêàçàíî â ðîáîòi [4℄.



110 À. Â. ÄÎÂÆÅÍÊÎÒâåðäæåííÿ 1. Íåõàé f � âåêòîðíîçíà÷íå âiäîáðàæåííÿ i x0 ∈ Dom f . Òîäi,1. âiäîáðàæåííÿ f ¹ ñê.�íí. çí. â òî÷öi x0 òîäi i òiëüêè òîäi, êîëè f (x0) ∈
s−Af

x0 ;2. âiäîáðàæåííÿ f ¹ íí. çí. â òî÷öi x0 òîäi i òiëüêè òîäi, êîëè f (x0) ∈ Af
x0 .Òâåðäæåííÿ 2. ßêùî ïðîñòîðè E òà F ìåòðèçîâàíi, f : E → F •, x0 ∈

Dom f . Òî
Af

x0
= s−Af

x0
.Íàäàëi áóäåìî ðîçãëÿäàòè âèïàäîê, êîëè âiäîáðàæåííÿ f çàäàíå â ïàðiìåòðèçîâàíèõ ïðîñòîðiâ, òîìó ïîçíà÷àòèìåìî ìíîæèíó íèæíüîãî ðiâíÿ â ñå-êâåíöiéíîìó âàðiàíòi ÿê Af

x0 .Íàâåäåìî òåïåð âëàñòèâîñòi ìíîæèíè íèæíüîãî ðiâíÿ. Íåõàé çàäàíî âi-äîáðàæåííÿ f : E → F •, x0 ∈ Dom f . Òîäi ìíîæèíà íèæíüîãî ðiâíÿ ìà¹ òàêiâëàñòèâîñòi:1. Af
x0 = Af

x0 − Λ;2. âiäîáðàæåííÿ f ¹ íí. çí. â òî÷öi x0 ⇐⇒ Af
x0 = f (x0) − Λ;3. ÿêùî ïðîñòið F ¹ áàíàõîâîþ ðåøiòêîþ, òî ìíîæèíà íèæíüîãî ðiâíÿ Af

x0íàïðÿìëåíà âãîðó.4. Íàïiâíåïåðåðâíà çíèçó ðåãóëÿðèçàöiÿ âiäîáðàæåííüÓ öüîìó ïàðàãðà�i âèâ÷à¹òüñÿ ïèòàííÿ íí. çí. ðåãóëÿðèçàöi¨ âåêòîðíî-çíà÷íèõ âiäîáðàæåíü f : E → F •, äå F � ïîâíà âåêòîðíà ðåøiòêà, ÿêà íàïiâó-ïîðÿäêîâàíà êîíóñîì iç íåïóñòîþ àëãåáðà¨÷íîþ âíóòðiøíiñòþ. Çàóâàæèìî,ùî ïðè öüîìó íå ðîáèòüñÿ æîäíèõ ïðèïóùåíü ùîäî íåïóñòîòè âíóòðiøíîñòiêîíóñà.Íåõàé äëÿ áóäü-ÿêîãî x0 ∈ Dom f ìà¹ ìiñöå óìîâà Af
x0 6= ∅. Ââåäåìî äîðîçãëÿäó òàêå âiäîáðàæåííÿ:

If (x0) := supAf
x0
. (4.1)Çàóâàæèìî: ç òîãî, ùî F ¹ ïîâíîþ âåêòîðíîþ ðåøiòêîþ, à Af

x � îáìåæåíàçâåðõó ìíîæèíà, âèïëèâà¹, ùî âiäîáðàæåííÿ If ¹ îçíà÷åíèì äëÿ êîæíî¨ òî÷êè
x ∈ Dom f .Òåîðåìà 1. Íåõàé F � ïîâíà âåêòîðíà ðåøiòêà, ÿêà íàïiâóïîðÿäêîâàíàêîíóñîì iç íåïóñòîþ àëãåáðà¨÷íîþ âíóòðiøíiñòþ. Òîäi âiäîáðàæåííÿ If ¹íí. çí. äëÿ êîæíîãî x ç Dom f . Áiëüøå òîãî, If ¹ íàéáiëüøèì ç íí. çí.âiäîáðàæåíü, ÿêi íå ïåðåâèùóþòü f , à, îòæå, If ¹ íí. çí. ðåãóëÿðèçàöi¹þâiäîáðàæåííÿ f .Äîâåäåííÿ òåîðåìè ðîçiá'¹ìî íà äåêiëüêà êðîêiâ. Êîæåí íàñòóïíèé ðå-çóëüòàò áóäåìî çàïèñóâàòè ó âèãëÿäi îêðåìî¨ ëåìè.



ÍÀÏIÂÍÅÏÅ�Å�ÂÍÀ ÇÍÈÇÓ �Å�ÓËß�ÈÇÀÖIß 111Ëåìà 5. Äëÿ áóäü-ÿêîãî îïóêëîãî êîíóñà Λ ∈ F

(F\Λ) − Λ = F\Λ. (4.2)Ëåìà 6. [4℄ Çíà÷åííÿ âiäîáðàæåííÿ If â òî÷öi x0 íàëåæèòü çàìèêàííþ
clAf

x0Äîâåäåííÿ. Âíàñëiäîê ëåìè 4, äîñòàòíüî äîâåñòè, ùî äëÿ óñiõ µ ∈ cor (Λ) ìà¹ìiñöå ïîäàííÿ
If (x0) − µ = clAf

x0
. (4.3)Ëåìà 7. [4℄ Äëÿ áóäü-ÿêîãî åëåìåíòà y0 ∈ Af

x0 , òàêîãî, ùî y0 ≺Λ If(x0) iñíó¹ïîñëiäîâíiñòü {βk}k ⊂ clAf
x0, äëÿ ÿêî¨ âèêîíó¹òüñÿ òàêà óìîâà:

βk → If (x0) , y0 ≺Λ βk, ∀ k. (4.4)Äîâåäåííÿ. Äëÿ äîâiëüíîãî k > 0, íåõàé
βk = If (x0) −

1

k
(If (x0) − y0) . (4.5)Âíàñëiäîê òâåðäæåííÿ 2 â ëåìi 2, ìà¹ìî:

βk − y0 =
k − 1

k
(If (x0) − y0) ∈ cor (Λ) ,ç ÷îãî âèïëèâà¹, ùî

y0 ≺Λ βk, ∀ k.Ç iíøîãî áîêó, ëåìà 6 ãàðàíòó¹, ùî
If (x0) ∈ clAf

x0
.Òîìó, çà ïîáóäîâîþ ïîñëiäîâíîñòi {βk}k çðîçóìiëî, ùî âîíà íàëåæèòü äî

clAf
x0 òà çáiãà¹òüñÿ äî åëåìåíòà If (x0), ùî i äîâîäèòü ëåìó.Çàóâàæèìî, ùî äëÿ äîâiëüíîãî x0 ∈ Dom f ìàþòü ìiñöå ñïiââiäíîøåííÿ

clEf (x0) = Hf (x0) , Af
x0

⊂ clEf (x0) = Hf (x0) = clAf
x0
,äå âiäïîâiäíi ìíîæèíè îçíà÷åíi ÿê

Ef (x0) :=
{
y ∈ Af

x0

∣∣∣ y ≺Λ If (x0)
}
, Hf (x0) :=

{
y ∈ clAf

x0

∣∣∣ y �Λ If (x0)
}
.Ëåìà 8. [4℄ Ìà¹ ìiñöå òîòîæíiñòü clEf (x0) = Hf (x0).ßê âèïëèâà¹ ç ëåìè 8, âèêîíó¹òüñÿ ñïiââiäíîøåííÿ:

Af
x0

⊂ clEf (x0) = Hf (x0) = clAf
x0
. (4.6)Òåïåð äîâåäåìî ëåìó, ÿêà âiäiãðà¹ îñíîâíó ðîëü ó äîâåäåííi íàïiâíåïåðå-ðâíîñòi çíèçó âiäîáðàæåííÿ If (x0).



112 À. Â. ÄÎÂÆÅÍÊÎËåìà 9. Äëÿ áóäü-ÿêî¨ çáiæíî¨ äî x0 ïîñëiäîâíîñòi {xk}k, âiäïîâiäíà ïîñëi-äîâíiñòü Af
xk

ìà¹ ñâî¹þ íèæíüîþ ãðàíèöåþ çà Ïåíåâëå�Êóðàòîâñüêèì ìíî-æèíó Af
x0.Äîâåäåííÿ. Íåîáõiäíî äîâåñòè, ùî çà óìîâ ëåìè Af

x0 ⊂ lim inf
k

Af
xk
. Äëÿ öüîãîäîñòàòíüî äîâåñòè, ùî

Ef (x0) ⊂ lim inf
k

Af
xk
. (4.7)Íåõàé y0 ∈ Ef (x0). Ïîêàæåìî, ùî

y0 ∈ lim inf
k

Af
xk
.Çðîçóìiëî, ùî y0 ≺Λ If (x0). Íåõàé ïîñëiäîâíiñòü {βk}k ⊂ clAf

x0 çàäîâîëüíÿ¹óìîâàì ëåìè 7, à ñàìå βk → If (x0) i
y0 ≺Λ If (x0) , ∀ k > 0. (4.8)Âèáåðåìî äîâiëüíó ïîñëiäîâíiñòü yk → y0 òàê, ùîáè yk �Λ y0, ∀ k > 0. Ïîêà-æåìî íàñòóïíå:

∃δ0 : ∀ k > 0, yk �Λ f(x) ∀x ∈ B (x0, δ0) . (4.9)Ïðèïóñòèìî, ùî öå íå òàê. Îòæå, äëÿ áóäü-ÿêîãî δ > 0, iñíó¹ k > 0 i
xδ ∈ B (x0,δ) òàêå, ùî

f (xδ) − yk 6∈ Λ.Iíàêøå êàæó÷è, ìà¹ìî ñïiââiäíîøåííÿ
f (xδ) − y0 ∈ yk − y0 + F\Λ

∈ −Λ + F\Λ = F\Λ.Îòæå, ìîæíà ïîáóäóâàòè ïîñëiäîâíiñòü ωn → x0 òàêó, ùî
f (ωn) − y0 ∈ F\Λ, ∀n. (4.10)Çà�iêñó¹ìî äîâiëüíå ÷èñëî k0 > 0. ×åðåç òå, ùî βk0 ∈ clAf

x0 , iñíó¹ ïîñëi-äîâíiñòü {γm}m = {γm (k0)}m òàêà, ùî
γm → βk0 ,äå γm ∈ Af

x0 . Òîäi ç îçíà÷åííÿ ìíîæèíè íèæíüîãî ðiâíÿ âèïëèâà¹, ùî iñíó¹ïîñëiäîâíiñòü {pn}n := {pn (k0,m)}n, ÿêà çáiãà¹òüñÿ äî γm i äëÿ áóäü-ÿêîãî nçàäîâîëüíÿ¹ âêëþ÷åííþ:
−f (ωn) + pn ∈ −Λ (4.11)Ç (4.10), (4.11) òà ëåìè 5 âèïëèâà¹

pn − y0 ∈ (F\Λ) − Λ = F\Λ. (4.12)Òîäi,
pn − y0 6∈ cor Λ. (4.13)



ÍÀÏIÂÍÅÏÅ�Å�ÂÍÀ ÇÍÈÇÓ �Å�ÓËß�ÈÇÀÖIß 113Ïåðåõîäÿ÷è äî ãðàíèöi ó (4.13), ìè îòðèìà¹ìî
γm − y0 6∈ cor Λ. (4.14)Ó òîé æå ÷àñ, ãðàíè÷íèé ïåðåõiä â (4.14) äà¹
βk0 − y0 6∈ cor Λ, (4.15)ùî ñóïåðå÷èòü (4.8). À öå îçíà÷à¹, ùî (4.9) ¹ ïðàâèëüíèì.Òåïåð, âèêîðèñòîâóþ÷è (4.9) ïîêàæåìî, ùî yk ∈ Af

xk . Äëÿ êîæíîãî k ïî-áóäó¹ìî ïîñëiäîâíîñòi {xn
k}n → xk. Òîäi çíàéäåòüñÿ n0 ∈ N òàêå, ùî

xn
k ∈ B

(
xk,

δ0
2

)
∀n ≥ n0 i ∀ k > n0.Íåõàé (zn

k }n � äîâiëüíà ïîñëiäîâíiñòü, ÿêà çáiãà¹òüñÿ äî yk i ïðè öüîìó zn
k �C

yk. Íåõàé òàêîæ
yn

k =

{
zn
k , n ≥ n0

f (xn
k) , n < n0.

(4.16)Ââàæàþ÷è, ùî xk ∈ B
(
x0,

δ0
2

)
∀ k ≥ n0, ìà¹ìî xn

k ∈ B (x0, δ0) ∀ k, n ≥ n0.Çâiäêè, â ñèëó (4.9), îòðèìó¹ìî yn
k �C f (xn

k) ∀ k, n ≥ n0. Îòæå, yk ∈ Af
xk

∀ k ≥ n0. Òàêèì ÷èíîì, y ∈ lim inf
k

Af
xk
, ç ÷îãî âèïëèâà¹

Ef (x0) ⊂ lim inf
k

Af
xk
.Îñêiëüêè lim inf

k
Af

xk ¹ çàìêíóòîþ ìíîæèíîþ, òî clEf (x0) ⊂ lim inf
k

Af
xk . Âðåçóëüòàòi Af

x0 ⊂ lim inf
k

Af
xk , ùî i ïîòðiáíî áóëî âñòàíîâèòè.Âðàõîâóþ÷è ðåçóëüòàòè, îòðèìàíi â íàâåäåíèõ ëåìàõ, äîâåäåìî òåïåð òåî-ðåìó 1. �îçiá'¹ìî äîâåäåííÿ íà äâà åòàïè. Íà ïåðøîìó ïîêàæåìî, ùî âiäîáðà-æåííÿ If (x) ¹ íí. çí. íà Dom f . Íà äðóãîìó åòàïi � ùî If (x) ¹ íàéáiëüøèìñåðåä óñiõ íí. çí. âiäîáðàæåíü, ÿêi ¹ ìåíøèìè çà f .Äîâåäåííÿ. 1) Íåõàé x0 ∈ Dom f òà ïîñëiäîâíiñòü {xn}n çáiãà¹òüñÿ äî x0. Âíà-ñëiäîê ëåìè 6 iñíó¹ òàêà ïîñëiäîâíiñòü {yk} ∈ Af

x0 , ÿêà çáiãà¹òüñÿ äî If (x0).Ç ëåìè 9 âèïëèâà¹, ùî yk ∈ lim inf
n

Af
xn . Â êîæíié ìíîæèíi Af

xn âèáåðåìîïîñëiäîâíiñòü {yn
k}n, ÿêà çáiãà¹òüñÿ äî yn, êîëè n → +∞. Òîäi, çà ëåìîþ 9ìà¹ìî: {yn

k}n çáiãà¹òüñÿ äî yk ðiâíîìiðíî. Áiëüøå òîãî, âðàõîâóþ÷è âëàñèâîñòiâíóòðiøíîñòi êîíóñà, ÿêi âèêëàäåíî â ïàðàãðà�i 1.2, åëåìåíòè ïîñëiäîâíîñòi
{yn

k}n ìîæíà ïîäàòè òàêèì ÷èíîì:
yn

k = yk − νn, νn ∈ cor Λ, lim
n→+∞

νn = 0F . (4.17)Çðîçóìiëî, ùî
yn

k �Λ supAf
xn

= If (xn) . (4.18)



114 À. Â. ÄÎÂÆÅÍÊÎßñíî, ùî (4.18) ìà¹ ìiñöå äëÿ äîâiëüíèõ k. Òîìó âiçüìåìî âiäîáðàæåííÿ
k(n) òàêèì, ùî k(n) → +∞. Òîäi ïîáóäó¹ìî ïîñëiäîâíiñòü

bn = fn
k(n). (4.19)Öÿ ïîñëiäîâíiñòü çáiãà¹òüñÿ äî If (x0), çàäÿêè ðiâíîìiðíié çáiæíîñòi yn

k äî yki çàäîâiëüíÿ¹ íåðiâíîñòi
bn �Λ If (xn) . (4.20)À, îòæå, äëÿ áóäü-ÿêî¨ çáiæíî¨ äî x0 ïîñëiäîâíîñòi xn, çíàéäåíî âiäïîâiäíóïîñëiäîâíiñòü bn ∈ F òàêó, ùî bn �Λ If(xn) i bn → If (x0). Îòæå, âiäîáðàæåííÿ

If (x) ¹ íí. çí. â òî÷öi x0.2) Íåõàé g : E → F • � äîâiëüíå íí. çí. âiäîáðàæåííÿ, ÿêå ¹ ìåíøèì çà f .Çà ïîáóäîâîþ ìíîæèíè íèæíüîãî ðiâíÿ çðîçóìiëî, ùî ç íåðiâíîñòi
g(x) �Λ f(x), ∀x ∈ Eìà¹ìî

Af (x) ⊇ Ag(x) ⇒ supAf (x) �Λ supAg(x). (4.21)Âiäîìî, ùî If (x) = supAf (x), i ïðè öüîìó g (x) = supAg(x), îñêiëüêè âiäî-áðàæåííÿ g ¹ íí. çí. Ç öüîãî âèïëèâà¹, ùî
If (x) �Λ g (x) .Óíàñëiäîê äîâiëüíîñòi âèáîðó âiäîáðàæåííÿ g, ïîáóäîâàíå âiäîáðàæåííÿ

If (x) ¹ íàéáiëüøèì ñåðåä óñiõ íí. çí. âiäîáðàæåíü, ÿêi ¹ ìåíøèìè çà f . Òàêèì÷èíîì, öå âiäîáðàæåííÿ ¹ íí. çí. ðåãóëÿðèçàöi¹þ äëÿ f .5. Ïðèêëàä íàïiâíåïåðåðâíî¨ çíèçó ðåãóëÿðèçàöi¨Äëÿ iëþñòðàöi¨ íàâåäåíîãî â ðîáîòi ìåòîäó ðîçãëÿíåìî âiäîáðàæåííÿ, ÿêåíå ¹ íí. çí. â îáëàñòi ñâîãî âèçíà÷åííÿ, òà çàëó÷èìî äî íüîãî çàïðîïîíîâàíóâèùå ðåãóëÿðèçàöiþ. �îçãëÿíåìî âiäîáðàæåííÿ f : R2 → l2, äå ïðîñòið l2íàäiëèìî ∗-ñëàáêîþ òîïîëîãi¹þ. Íåõàé ïðîñòið l2 íàïiâóïîðÿäêîâàíî êîíóñîìíåâiä'¹ìíèõ åëåìåíòiâ
l+2 = {(x1, x2, . . . , xn, . . .) ∈ l2|xi ≥ 0,∀i ∈ N} .Íåõàé

f(x) =

{
(x, x+ 1, 0, . . .) x 6= 1,

(0, 3, 0, . . . , 0) x = 1.Âiäîáðàæåííÿ f ¹ íåïåðåðâíèì, à òîìó i íí. çí., âñþäè îêðiì òî÷êè x0 = 1.Ó òî÷öi x0 = 1, f íå ¹ íí. çí., îñêiëüêè äëÿ ïîñëiäîâíîñòi {n−1
n

}
n
íå iñíó¹âiäïîâiäíî¨ ïîñëiäîâíîñòi {bn}, ÿêà á çáiãàëàñÿ äî åëåìåíòà f(1) = (0, 3, 0, . . .)i îäíî÷àñíî

bn �l+2
(
n− 1

n
,
2n− 1

n
, 0, . . .).



ÍÀÏIÂÍÅÏÅ�Å�ÂÍÀ ÇÍÈÇÓ �Å�ÓËß�ÈÇÀÖIß 115Ó çâ'ÿçêó ç öèì ïîáóäó¹ìî ìíîæèíó íèæíüîãî ðiâíÿ äëÿ âiäîáðàæåííÿ f âòî÷öi x0 = 1.
Af

1 := {y ∈ F |∀ {xn}n → 1, ∃ {bn}n → y, bn �Λ f (xn) ∀n ∈ N}Õàðàêòåðíèìè äëÿ öüîãî âèïàäêó áóäóòü äâà òèïè ïîñëiäîâíîñòåé:1. xn = 1. Â öüîìó âèïàäêó f (xn) = (0, 3, 0, . . .). Ç ÷îãî âèïëèâà¹, ùî Af
1íå ìîæå ìiñòèòè åëåìåíòiâ, ÿêi íå ¹ ìåíøèìè çà (0, 3, 0, . . .).2. Äëÿ âñiõ iíøèõ ïîñëiäîâíîñòåé, ùî çáiãàþòüñÿ äî x0 = 1, âiäïîâiäíàãðàíèöÿ ïîñëiäîâíîñòåé {fxn} áóäå äîðiâíþâàòè (1, 2, 0, . . .). Âðàõîâóþ-÷è, ùî â óñiõ òî÷êàõ, îêðiì òî÷êè 1, âiäîáðàæåííÿ íåïåðåðâíå, ëåãêîáà÷èòè, ùî Af

1 íå ìiñòèòü åëåìåíòiâ, ÿêi íå ¹ ìåíøèìè çà (1, 2, 0, . . .).Âðàõîâóþ÷è öå òà ñõåìó ïîáóäîâè ìíîæèíè íèæíüîãî ðiâíÿ, ëåãêî áà÷èòè,ùî Af
1 âêëþ÷à¹ ëèøå òi åëåìåíòè, ÿêi îäíî÷àñíî ìåíøi íiæ (1, 2, 0, . . .) òà

(0, 3, 0, . . .). Îòæå, Af
1 ìiñòü ëèøå òi åëåìåíòè, ÿêi ¹ ìåíøèìè çà

inf {(1, 2, 0, . . .), (0, 3, 0, . . .)} = (0, 2, 0, . . .).Òàêèì ÷èíîì, ìíîæèíà Af
1 ìà¹ âèãëÿä:
Af

1 = (0, 2, 0, . . .) − l+2 .Òîáòî, ðåãóëÿðèçàöiÿ âiäîáðàæåííÿ f â òî÷öi 1 ìà¹ âèãëÿä:
If (1) = supAf

1 = sup
(
(0, 2, 0, . . .) − l+2

)
= (0, 2, 0, . . .),â òîé ÷àñ, ÿê íà óñüîìó ïðîñòîði äiéñíèõ ÷èñåë ¨¨ ìîæíà ïîäàòè ó âèãëÿäi:

f(x) =

{
(x, x+ 1, 0, . . .) x 6= 1,

(0, 2, 0, . . .) x = 1.6. ÂèñíîâêèÒàêèì ÷èíîì, ìåòîä íàïiâíåïåðåðâíî¨ çíèçó ðåãóëÿðèçàöi¨, çàïðîïîíîâàíèéó ðîáîòi [4℄, ìîæíà ïîøèðèòè íà êëàñ âiäîáðàæåíü, ÿêi äiþòü ó ïðîñòîðè, ùî ¹íàïiâóïîðÿäêîâàíèìè çà êîíóñàìè ç ìîæëèâî ïóñòîþ òîïîëîãi÷íîþ âíóòðiø-íiñòþ. Áiáëiîãðà�i÷íi ïîñèëàííÿ1. Äîâæåíêî À. Â. Êâàçi-íàïiâíåïåðåðâíà çíèçó ðåãóëÿðèçàöiÿ âiäîáðàæåíü â áà-íàõîâèõ ïðîñòîðàõ // À. Â. Äîâæåíêî, Ï. I. Êîãóò // Âiñíèê ÄÍÓ, Ñåð. Ìàòå-ìàòèêà, 2009. � Ò. 18, � 2. � Ñ. 62�75.2. Combari, C., Laghdir, M. et Thibault Sous-di�erentiel de fontions onvexesomposes // Ann. Si. Math. Quebe, 1994. � Vol. 18, � 2. � P. 119�148.3. Jahn Johannes Vetor Optimization: Theory, Appliations and Extensions. � Berlin:Springer-Verlag, 2004. � 400 p.4. Mansour M. A., Metrane A., Théra M. Lower semiontinuous regularization forvetor-valued mappings // Rapport de reherhe, Université de Limoges, 2004.5. Penot, J-P. et Thera, M. Semi-ontinuous mappings in general topology // Arhivder Math, 1982. � Vol. 38, � P. 158�166. Íàäiéøëà äî ðåäàêöi¨ 01.09.2009
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∗∗ Íàöiîíàëüíà ìåòàëóðãiéíà àêàäåìiÿ Óêðà¨íè, Äíiïðîïåòðîâñüê 49050.�îçãëÿäà¹òüñÿ çàäà÷à ïðî íàïðóæåíî-äå�îðìîâàíèé ñòàí (ÍÄÑ) â'ÿçêîïðóæ-íîãî ïóñòîòiëîãî öèëiíäðà, ÿêèé íàðîùó¹òüñÿ ïiä äi¹þ âíóòðiøíüîãî òèñêó.Ïðèïóñêà¹òüñÿ, ùî ïðîöåñ íåïåðåðâíîãî íàðîùóâàííÿ ìà¹ ìiñöå çi ñòîðîíèâíóòðiøíüîãî ðàäióñà. �îçãëÿíóòî ÷àñòèííèé âèïàäîê ëiíiéíîãî çàêîíó ïîâçó-÷îñòi, à òàêîæ íàâåäåíî ðåçóëüòàòè ðîçðàõóíêiâ, ÿêi ïîêàçóþòü äèíàìiêó íà-ïðóæåíü òà äå�îðìàöié, ùî ïðè öüîìó âèíèêàþòü.Êëþ÷îâi ñëîâà. Â'ÿçêîïðóæíèé öèëiíäð, âíóòðiøí¹ íàðîùóâàííÿ, ìîäåëü ïðîöåñó íàðî-ùóâàííÿ.1. ÂñòóïÏðîöåñ ðîçâèòêó íîâèõ òåõíîëîãié ó âèðîáíèöòâi îáîëîíîê, òðóá òà iíøèõäåòàëåé îáåðòàííÿ øëÿõîì íàðîùóâàííÿ âèìàãà¹ ðîçâèòêó âiäïîâiäíèõ ìåòî-äiâ ðîçðàõóíêó, ÿêi á âðàõîâóâàëè ìåõàíi÷íi âëàñòèâîñòi ìàòåðiàëó, ç ÿêîãîãîòó¹òüñÿ òà àáî iíøà äåòàëü. Âiäîìî, íàïðèêëàä, ùî ïîëiìåðè, à îñòàííiì÷àñîì i äåÿêi ìåòàëè, ÿêi ÷àñòî çàëó÷àþòüñÿ äëÿ âèãîòîâëåííÿ òðóá ìåòîäîìâiäöåíòðîâîãî ëèòòÿ [5℄, ìàþòü ÷iòêî âèðàæåíi âëàñòèâîñòi ïîâçó÷îñòi. Çàçâè-÷àé öÿ îáñòàâèíà ïðèçâîäèòü äî ïåðåðîçïîäiëó íàïðóæåíü ó äåòàëi (òðóái)ïðè ¨¨ íàðîùóâàííi, çìiíi �îðìè i ðîçìiðiâ, à òàêîæ ïðè ¨¨ ïîäàëüøîìó íà-âàíòàæóâàííi. Â öüîìó âèïàäêó çàëó÷åííÿ òåîði¨ â'ÿçêîïðóæíîñòi äîçâîëÿ¹çäiéñíèòè òåîðåòè÷íó îöiíêó öèõ ÷èííèêiâ i ïðîïîíóâàòè òàêi òåõíîëîãi¨ íà-ðîùóâàííÿ, ÿêi á âiäïîâiäàëè îñíîâíèì âèìîãàì äî ãîòîâî¨ ïðîäóêöi¨.Ó çâ'ÿçêó ç öèì äîðå÷íî çàóâàæèòè, ùî â ðîáîòi [4℄, ïðè äîñëiäæåííi çàäà-÷i ïðî íàðîùóâàííÿ öèëiíäðà, îñíîâíà óâàãà ïðèäiëÿ¹òüñÿ îöiíöi ðåëàêñàöi¨çàëèøêîâèõ íàïðóæåíü. �àçîì iç òèì, ìåòîþ äàíî¨ ðîáîòè ¹ äîñëiäæåííÿâïëèâó ÷àñó íàðîùóâàííÿ íà ðîçïîäië íàïðóæåíü ó â'ÿçêîïðóæíîìó ïîðîæ-íèñòîìó öèëiíäði.2. Ôiçè÷íà ïîñòàíîâêà çàäà÷iÏðè ïîáóäîâi ìàòåìàòè÷íî¨ ìîäåëi íàðîùóâàííÿ â'ÿçêîïðóæíîãî ïóñòîòi-ëîãî öèëiíäðà, ÿêèé íàðîùó¹òüñÿ ïiä äi¹þ âíóòðiøíüîãî òèñêó, ñêîðèñòà¹ìî-ñÿ ïiäõîäîì, ÿêèé íàâåäåíî â [4℄. Íåõàé ¹ çàäàíèì ïîðîæíèñòèé îäíîðiäíèé© À. Â. Ñÿñ¹â, I. Â. Ùåðáèíà, 2009
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�èñ. 1. Ñõåìà âíóòðiøíüîãî íàðîùóâàííÿâ'ÿçêîïðóæíèé êðóãîâèé öèëiíäð, äëÿ ÿêîãî íà ìîìåíò ÷àñó t = 0 ¹ âiäîìè-ìè éîãî âíóòðiøíié a0 òà çîâíiøíié b0 ðàäióñè (äèâ. ðèñ. 1). Ïðîöåñ íàðî-ùóâàííÿ äàíîãî öèëiíäðà ïîëÿãà¹ â éîãî ïîòîâùåííi ç ñåðåäèíè îäíîðiäíèìâ'ÿçêîïðóæíèì ìàòåðiàëîì ïiä äi¹þ âíóòðiøíüîãî òèñêó P (t). Áóäåìî ðîç-ãëÿäàòè öåé ïðîöåñ íà iíòåðâàëi ÷àñó [0, T ] i äîòðèìóâàòèñÿ òàêèõ ïðèïóùåíü:1. íà ìîìåíò ÷àñó t = 0 ¹ çàäàíèì ïî÷àòêîâå çíà÷åííÿ òèñêó P (0) = P0;2. ¹ âiäîìèì çàêîí a = a(t), çà ÿêèì ìiíÿ¹òüñÿ â ÷àñi âíóòðiøíié ðàäióñöèëiíäðà;3. �óíêöiÿ a = a(t) ¹ ìîíîòîííî ñïàäíîþ i òàêîþ, ùî a(0) = a0;4. �óíêöi¨ a(t) i P (t) íåïåðåðâíî äè�åðåíöiéîâàíi íà iíòåðâàëi 0 < t < T ;5. ïðîöåñ íàðîùóâàííÿ ïðèïèíÿ¹òüñÿ ïðè t = T , ùî îçíà÷à¹ a(t) = a1 =
const ïðè t ≥ T .Çàäà÷à ïîëÿãà¹ â iäåíòè�iêàöi¨ íàïðóæåíî-äå�îðìîâàíîãî ñòàíó öèëiíäðàïðè êîæíîìó çíà÷åííi t ∈ [0, T ].3. Ìàòåìàòè÷íà ìîäåëü òà ¨¨ àíàëiçÓâåäåìî ïîëÿðíi êîîðäèíàòè r, θ, z i ðîçãëÿíåìî ïëîñêó äå�îðìàöiþ öè-ëiíäðà (òîáòî uz = 0). Íàäàëi áóäåìî êîðèñòóâàòèñÿ çàãàëüíîïðèéíÿòèìèïîçíà÷åííÿìè äëÿ ïåðåìiùåíü, êîìïîíåíò òåíçîðà íàïðóæåíü i äå�îðìàöié.Çàïèøåìî îñíîâíi ñïiââiäíîøåííÿ, ÿêi õàðàêòåðèçóþòü ïðîöåñ íàðîùóâàííÿâ ïîñòàâëåíié çàäà÷i:

• óìîâà ñïiëüíîñòi äå�îðìàöié:
εr + εθ = 0; (3.1)

• ðiâíÿííÿ ðiâíîâàãè:
∂σr

∂r
= −σr − σθ

r
; (3.2)
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• ñïiââiäíîøåííÿ Êîøi äëÿ øâèäêîñòåé äå�îðìàöié i ïåðåìiùåíü:

ε̇r =
∂u̇r

∂r
, ε̇θ =

u̇

r
. (3.3)Òóò òî÷êîþ ïîçíà÷åíà ÷àñòèííà ïîõiäíà çà ÷àñîì.Îñêiëüêè âñi êîìïîíåíòè òåíçîðà äå�îðìàöi¨, îêðiì εr i εθ, äîðiâíþþòüíóëþ, òî ç óðàõóâàííÿì ñïiââiäíîøåííÿ (3.1), ìà¹ìî:

εu = (2εijεij)
1/2 = 2 |εr| = 2 |εθ| .Òîäi, âðàõîâóþ÷è âèçíà÷àëüíi ðiâíÿííÿ íåëiíiéíî¨ òåîði¨ ïîâçó÷îñòi äëÿ íå-îäíîðiäíî-ñòàðiþ÷èõ òië (äèâ., íàïð., [2℄) òà óìîâó εθ > 0, ðiâíÿííÿ ñòàíóìîæíà ïîäàòè ó âèãëÿäi:

σr(t, r) − σθ(t, r) = 2G1(t− τ∗) (εr(t, r) − εθ(t, r))ε
m−1
θ (t, r)−

−
∫ t

τ∗

R1(t− τ∗, τ − τ∗) (εr(τ, r) − εθ(τ, r)) ε
m−1
θ (τ, r) dτ. (3.4)Òóò ïîçíà÷åíî G1 = G · 2m−1, R1 = R · 2m−1, à �óíêöiÿ τ∗ = τ∗(r) äîðiâíþ¹íóëþ ïðè a0 ≤ r ≤ b0 i çáiãà¹òüñÿ ç �óíêöi¹þ, ÿêà îáåðíåíà äî �óíêöi¨ a(t),ïðè a1 ≤ r ≤ a0.�ðàíè÷íi óìîâè ïðè öüîìó ìàþòü âèãëÿä:

σr

∣∣
r=b0 = 0, σr

∣∣
r=a(t), 0≤t<T = −P (t) , (3.5)

σα |r=a1,t≥T = 0, α = r, θ. (3.6)Äè�åðåíöiþþ÷è ñïiââiäíîøåííÿ (3.1) çà ÷àñîì i ïiäñòàâèâøè â îòðèìàíèéðåçóëüòàò ïîäàííÿ (3.3), ïðèéäåìî äî íàñòóïíîãî ðiâíÿííÿ:
∂u̇r

∂r
+
u̇r

r
= 0.Çâiäñè

u̇r =
c(t)

r
, ε̇r = −ε̇θ = −c(t)

r2
, (3.7)äå c(t) � äåÿêà �óíêöiÿ, ùî ïiäëÿãà¹ âèçíà÷åííþ.Ç ðiâíÿíü (3.7) ç óðàõóâàííÿì ïî÷àòêîâî¨ óìîâè ur(τ ∗ (r), r) = εθ(τ ∗

(r), r) = 0 îòðèìó¹ìî íàñòóïíó ñóêóïíiñòü ñïiââiäíîøåíü:
ur(t, r) =

A(t) −A(τ ∗ (r))

r
, (3.8)

−εr(t, r) = εθ(t, r) =
A(t) −A(τ ∗ (r))

r2
ïðè a(t) ≤ r < a0, (3.9)

ur(t, r) = A(t)/r, (3.10)
−εr(t, r) = εθ(t, r) = A(t)/r2 ïðè a0 ≤ r ≤ b0, (3.11)

A(t) = −
∫ t

0
c(τ) dτ. (3.12)



ÄÅÔÎ�ÌÓÂÀÍÍß Ê�Ó�ÎÂÎ�Î ÖÈËIÍÄ�À Ï�È ÉÎ�Î ÍÀ�ÎÙÓÂÀÍÍI 119Îñêiëüêè îáëàñòü iíòåãðóâàííÿ â (3.12) âêëþ÷à¹ òî÷êó t = 0, ïîçíà÷èâ-øè ñèíãóëÿðíó ñêëàäîâó �óíêöi¨ c(t) ÷åðåç c0δ(t), ç'ÿñîâó¹ìî, ùî ãðàíèöÿ�óíêöi¨ A(t) ó òî÷öi t = 0 ñïðàâà äîðiâíþ¹ c0.Òåïåð ïîâ'ÿæåìî íàïðóæåííÿ σr òà �óíêöiþ A(t) äëÿ âèõiäíîãî öèëiíäðàâ éîãî îáëàñòi ðîñòó. Çðîáèìî öå ïîåòàïíî.(à) �îçãëÿíåìî ïiäîáëàñòü a0 ≤ r ≤ b0. Ïiäñòàâëÿþ÷è â (3.4) çíà÷åííÿ êîì-ïîíåíò äå�îðìàöi¨ (3.11), îäåðæèìî
σr(t, r) − σθ(t, r) = − 2

r2m

[
2G1(t)A

m(t) −
∫ t

0
R1(t, τ)A

m(τ) dτ

] (3.13)Òîäi, ïiñëÿ iíòåãðóâàííÿ ðiâíÿííÿ (3.2) â ìåæàõ âiä r äî b0, ç óðàõó-âàííÿì ãðàíè÷íî¨ óìîâè (3.6)) i ïiäñòàíîâêè â ðåçóëüòàò ïîäàííÿ (3.13),îòðèìó¹ìî:
σr(t, r) = −

∫ b0

r

2 dr

r2m+1

[
2G1(t)A

m(t) −
∫ t

0
R1(t, τ)A

m(τ) dτ

]
. (3.14)(á) �îçãëÿíåìî ïiäîáëàñòü a(t) ≤ r < a0. Ïiäñòàâëÿþ÷è â (3.4) âèðàç äëÿêîìïîíåíò äå�îðìàöi¨ (3.9), ìà¹ìî:

σr(t, r) − σθ(t, r) = − 2

r2m
[2G1(t− τ∗(r)) (A(t) −A(τ∗(r)))m−

−
∫ t

τ∗(r)
R1 (t− τ∗(r), τ − τ∗(r)) (A(τ) −A(τ∗(r)))m d τ ] . (3.15)Òîäi, çà ðåçóëüòàòàìè iíòåãðóâàííÿ ñïiââiäíîøåííÿ (3.2) â ìåæàõ âiä

a(t) äî r ç óðàõóâàííÿì ãðàíè÷íî¨ óìîâè (3.6), i ïiäñòàíîâêè îòðèìàíîãîðåçóëüòàòó â (3.15), îäåðæèìî:
σr(t, r) = −P (t) +

∫ r

a(t)

2 dr

r2m+1
[2G1(t− τ∗(r)) (A(t) −A(τ∗(r)))m −

−
∫ t

τ∗(r)
R1 (t− τ∗(r), τ − τ∗(r)) (A(τ) −A(τ∗(r)))m d τ ] . (3.16)Ïiñëÿ çàìiíè çìiííî¨ r = a(s) (s = τ ∗ (r)) ó ðiâíÿííi (3.16) i çìiíèïîðÿäêó iíòåãðóâàííÿ, ìà¹ìî:

σr(t, r) = −P (t) −
[∫ t

τ∗(r)

2ȧ(τ)

a2m+1(τ)
2G1(t− τ)(A(t) −A(τ))m dτ−

−
∫ t

τ∗(r)
dτ

∫ τ

τ∗(r)
dsR1(t− s, τ − s)

2ȧ(s)

a2m+1(s)
(A(τ) −A(s))m

]
. (3.17)Â ðåçóëüòàòi ðiâíÿííÿ äëÿ âèçíà÷åííÿ A(t) âèïëèâà¹ ç óìîâè íåïåðåðâíîñòiíàïðóæåííÿ σr(t, r) íà ìåæi ïîäiëó äâîõ ðîçãëÿíóòèõ îáëàñòåé, òîáòî ïðè r =

a0. Òîáòî, ïiäñòàâëÿþ÷è â (3.14) i (3.17) çíà÷åííÿ r = a0 i ïðèðiâíþþ÷è ïðàâi
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H1

(
2G1(t)A

m(t) −
∫ t

0
R1(t, τ)A

m(τ) dτ

)
+

+

∫ t

0
H2(t, τ) (A(t) −A(τ))m dτ−

−
∫ t

0

∫ τ

0
H3(t, τ, s)(A(τ) −A(s))m ds dτ = P (t). (3.18)Òóò

H1 =

∫ b0

a0

2 dr

r2m+1
, H2(t, τ) =

2ȧ(τ)

a2m+1(τ)
2G1(t− τ),

H3(t, τ, s) =
2ȧ(s)

a2m+1(s)
R1(t− s, τ − s).Òàêèì ÷èíîì, âèçíà÷èâøè �óíêöiþ A(t) ç ðiâíÿííÿ (3.18), çà �îðìóëàìè(3.8)�(3.11) çíàõîäèìî ïåðåìiùåííÿ ur i êîìïîíåíòè äå�îðìàöié εr òà εθ, àíàïðóæåííÿ σr i σθ ìîæíà îòðèìàòè çà �îðìóëàìè (3.13), (3.14), (3.15), (3.17).Äëÿ íàïðóæåííÿ σz ç óìîâè εz = 0 i ðiâíÿííÿ ñòàíó, çà àíàëîãi¹þ ç [1℄, [2℄,ìà¹ìî:

σz =
1

2
(σr + σθ) .Òåïåð ðîçãëÿíåìî âèïàäîê, êîëè ïðîöåñ íàðîùóâàííÿ ìà¹ ìiñöå ïðè ëiíié-íîìó çàêîíi ïîâçó÷îñòi. Äëÿ öüîãî äîñèòü ïîêëàñòè ó íàâåäåíèõ âèùå ñïiââiä-íîøåííÿõ m = 1. Òîäi, âèõîäÿ÷è ç �îðìóë (3.10), (3.11), (3.13), òà (3.4), çíà-õîäèìî:

ur(t, r) = A(t)/r, −εr(t, r) = εθ(t, r) = A(t)/r2, (3.19)
σr(t, r) − σθ(t, r) =

= − 2

r2

(
2G(t)A(t) −

∫ t

0
R(t, τ)A(τ) dτ

)
, ïðè a0 ≤ r ≤ b0. (3.20)Òåïåð, áåðó÷è äî óâàãè (3.8), (3.9), (3.15), òà (3.17), îäåðæèìî:

ur(t, r) =
A(t) −A(τ∗(r))

r
,−εr(t, r) = εθ(t, r) = (A(t) −A(τ∗(r))) /r2, (3.21)

σr(t, r) − σθ(t, r) = − 2

r2
[2G(t− τ∗(r))(A(t) −A(τ∗(r)))−

−
∫ t

τ∗(r)
R(t− τ∗(r), τ − τ∗(r))(A(τ) −A(τ∗(r))) dτ

]
,ïðè a(t) ≤ r < a0, (3.22)
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σz =

1

2
(σr + σθ), (3.23)

D1(t)A(t) −
∫ t

0
D2(t, τ)A(τ) dτ = P (t), (3.24)

D1(t) =

∫ b0

a(t)
2G(t− τ∗(r))

2|, dr
r3

, (3.25)
D2(t, τ) =

∫ b0

a(τ)
R(t− τ∗(r), τ − τ∗(r))

2 dr

r3
+ (3.26)

+
2ȧ(τ)

a3(τ)

(
2G(t − τ) −

∫ t

τ
R(t− τ, s− τ) ds

)
. (3.27)Çàóâàæèìî, ùî ðiâíÿííÿ (3.24) îòðèìàíî ç ðiâíÿííÿ (3.18). Îòæå, éîãî ðîçâ'ÿ-çîê ìîæíà îäåðæàòè ó êâàäðàòóðàõ [2, 4℄.Ïðèïóñòèìî, ùî ÿäðî ðåëàêñàöi¨ ìà¹ �îðìó ÿê ó ðîáîòi [2℄, òîáòî:

R(t, τ) =
∂µ(t, τ)

∂τ
, µ(t, τ) = 2G(τ) − ϕ(τ)(1 − e−γ(t−τ)). (3.28)Òîäi ðiâíÿííÿ (3.24), âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ (3.28), ìîæíà ïîäàòè óâèãëÿäi:

A(t)µ1(t, t) −
∫ t

0

∂µ1(t, τ)

∂τ
A(τ) dτ = P (t), (3.29)äå ïîçíà÷åíî:

µ1(t, τ) =

∫ b0

a(t)
µ(t− τ ∗ (r), τ − τ ∗ (r))

2 dr

r3
. (3.30)Ïiäñòàâëÿþ÷è (3.28) ó (3.30), îäåðæèìî:

µ1(t, τ) = 2G2(τ) − ϕ2(τ)(1 − e−γ(t−τ)), (3.31)
G2(τ) =

∫ b0

a(t)
G(τ − τ∗(r))

2 dr

r3
, ϕ2(τ) =

∫ b0

a(t)
ϕ(τ − τ∗(r))

2 dr

r3
. (3.32)�iâíÿííÿ (3.29) ìîæíà çâåñòè äî äè�åðåíöiàëüíîãî ðiâíÿííÿ äðóãîãî ïî-ðÿäêó âiäíîñíî �óíêöi¨ A(t) [1℄, [3℄. Äiéñíî, iíòåãðóþ÷è ðiâíÿííÿ (3.29) ÷à-ñòèíàìè ç óðàõóâàííÿì (3.30) òà (3.32), çíàõîäèìî:

∫ t

0
Ȧ (τ)

[
2G2 (τ) − ϕ 2 (τ)

(
1 − e−γ(t−τ)

)]
dτ = P (t) .Äè�åðåíöiþ¹ìî îñòàíí¹ ðiâíÿííÿ ïîñëiäîâíî äâi÷i ïî t, ïðèõîäèìî äîñïiââiäíîøåíü

2G2 (t) Ȧ (t) −
∫ t

0
Ȧ (τ) ϕ2 (τ) γ e−γ (t−τ) dτ = Ṗ (t) , (3.33)

2G2 (t) Ä (t) + 2Ġ2 (t) Ȧ (t) − γ ϕ 2 (t) Ȧ (t)

+ γ2

∫ t

0
Ȧ (τ) ϕ 2 (τ) e−γ (t−τ) dτ = P̈ (t) .
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∫ t

0
Ȧ (τ) ϕ 2 (τ) e−γ (t−τ) dτ,îäåðæèìî íàñòóïíå äè�åðåíöiàëüíå ðiâíÿííÿ äëÿ A (t):

2G2 (t) Ä (t) + Ȧ (t)
[
2Ġ2 (t) − γ ϕ 2 (t) + γ2G2 (t)

]
= P̈ (t) + γṖ (t) , (3.34)ç ïî÷àòêîâèìè óìîâàìè, ÿêi âèïëèâàþòü ç (3.29)�(3.33)

A (0) =
P (0)

2G2 (0)
, Ȧ (0) =

Ṗ (0)

2G2 (0)
. (3.35)Ó ðåçóëüòàòi, ðîçâ'ÿçóþ÷è ðiâíÿííÿ (3.34) ç ïî÷àòêîâèìè óìîâàìè (3.35), ïðè-õîäèìî äî íàñòóïíîãî ñïiââiäíîøåííÿ:

A (t) =
P0

2G2 (0)
+

Ṗ (0)

2G2 (0)

∫ t

0
e−η(τ) dτ+

+

∫ t

0
e−η(τ) dτ

∫ τ

0

P̈ (x) + γṖ (x)

2G2 (x)
eη(x)dx, (3.36)äå

η (τ) =

∫ τ

0

[
γ +

(
2Ġ2 (z) − γ ϕ2 (z)

)
2G−1

2 (z)
]
dz. (3.37)Âèçíà÷èâøè �óíêöiþ A (t) ç ðiâíÿííÿ (3.36), çíàõîäèìî ïåðåìiùåííÿ ur,êîìïîíåíòè äå�îðìàöié εr, θ, à òàêîæ íàïðóæåííÿ çà �îðìóëàìè (3.20), (3.23).�îçãëÿíåìî òåïåð âèïàäîê, êîëè �óíêöiÿ µ(t, τ) ìà¹ âèãëÿä (3.28), çà óìî-âè, ùî

G = const, ϕ(τ) = 2G(C0 +A0e
−βτ ). (3.38)Íåõàé âíóòðiøíié ðàäióñ öèëiíäðà a(t) ìiíÿ¹òüñÿ çà çàêîíîì

1

a2 (t)
=

1

a2
0

+

(
1

a2
1

− 1

a2
0

)
t

T
, 0 ≤ t ≤ T. (3.39)Áåðó÷è äî óâàãè ñïiââiäíîøåííÿ (3.34) i (3.35), ÿäðî ðiâíÿííÿ (3.29), àòàêîæ ÿäðà iíòåãðàëüíèõ îïåðàòîðiâ ó (3.20), (3.23) ìîæíà âèðàçèòè ÷åðåçåëåìåíòàðíi �óíêöi¨. Íåõàé âíóòðiøíié òèñê ðiâíîìiðíî ñïàäà¹ íà âiäðiçêó

[0, T ] äî çíà÷åííÿ, ÿêå ìåíøå óäâi÷i âiä ïî÷àòêîâîãî, i â ìîìåíò çàêií÷åííÿíàðîùóâàííÿ t = T , òèñê ïàäà¹ äî íóëÿ.Íà ðèñóíêàõ 2�4 íàâåäåíî çàëåæíîñòi äèíàìiêè ìàêñèìàëüíîãî äîòè÷íîãîíàïðóæåííÿ i ïåðåìiùåíííÿ ur äëÿ íàñòóïíèõ òî÷îê öèëiíäðà 1 � r = b0; 2 �
r = a0 − 0 = 0, 9b0 − 0; 3 � r = 0, 79b0. Ïðè ðîçðàõóíêàõ ïàðàìåòðè C0 ,A0,
β, γ i ðîçìiðè a0, a1 âèáèðàëèñÿ òàêèìè: C0 = 0.05, A0 = 0.75, β = 0.02−1,
γ = 0, 1−1, a0 = 0, 9b0, a1 = 0, 5b0. ×åðåç òå, ùî íàïðóæåííÿ íå çàëåæàòü âiäâåëè÷èíè ïðóæíîìèòò¹âîãî ìîäóëÿ G, à ïåðåìiùåííÿ i äå�îðìàöi¨ îáåðíåíîïðîïîðöiéíi éîìó, ó ðîçðàõóíêàõ ïðèéìàëîñÿ, ùî G = 1.ßê âèäíî ç ðèñóíêiâ 3�4, òðèâàëiñòü ïðîöåñó íàðîùóâàííÿ âïëèâà¹ ÿê íàíàïðóæåíèé ñòàí, òàê i íà ïåðåìiùåííÿ òî÷îê öèëiíäðà. Ïðè öüîìó õàðàêòåð
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ÄÅÔÎ�ÌÓÂÀÍÍß Ê�Ó�ÎÂÎ�Î ÖÈËIÍÄ�À Ï�È ÉÎ�Î ÍÀ�ÎÙÓÂÀÍÍI 125êðèâèõ çìiíþ¹òüñÿ íåçíà÷íèì ÷èíîì, ïðîòå ìàþòü ìiñöå çíà÷íi çìiíè ó âåëè-÷èíàõ ñàìèõ íàïðóæåíü i ïåðåìiùåíü. Òàê, íàïðèêëàä, iç ðèñóíêiâ 2�3 âèäíî,ùî íà äåñÿòó äîáó íàðîùóâàííÿ íàïðóæåííÿ â òî÷öi 1 ìîíîòîííî ñïàäàþòü,à â òî÷öi 2 ìà¹ ìiñöå íåçíà÷íå çðîñòàííÿ. Íà ï'ÿòäåñÿòó äîáó íàðîùóâàííÿêàðòèíà ¹ çîâñiì iíøîþ � íàïðóæåííÿ â äðóãié òî÷öi ïî÷èíàþòü çíà÷íî çáiëü-øóâàòèñÿ çãîäîì i çà ñâî¨ìè çíà÷åííÿìè íàáëèæàþòüñÿ äî çíà÷åíü ó òî÷öi1. Íàïðóæåííÿ â òî÷öi 3 çðîñòàþòü íàñòiëüêè, ùî ïî÷èíàþòü ïåðåâèùóâàòèíàïðóæåííÿ â òî÷êàõ 1 i 2 óäâi÷i. Öåé ðîçïîäië íàïðóæåíü ìîæíà ïîÿñíèòèòàêèì ÷èíîì: ïî-ïåðøå, òî÷êè 2 i 3 óâåñü ÷àñ çíàõîäÿòüñÿ áëèæ÷å äî ëiíi¨ äi¨íàâàíòàæåííÿ, íiæ òî÷êà 1, ïî-äðóãå, ïðè áiëüø øâèäêîìó ïðîöåñi íàðîùó-âàííÿ ìàòåðiàë íå âñòèãà¹ äî êiíöÿ ïðîÿâèòè ñâî¨ â'ÿçêîïðóæíi âëàñòèâîñòi,ùî ïiäòâåðäæóþòü i êðèâi äëÿ ïåðåìiùåíü, ïîêàçàíi íà ðèñóíêàõ 3�4.Òàêèì ÷èíîì, íàâåäåíèé ìåòîä ðîçðàõóíêó äîçâîëÿ¹ îöiíèòè âïëèâ ÷àñóíàðîùóâàííÿ íà ðîçïîäië íàïðóæåíü i ïåðåìiùåíü ó â'ÿçêîïðóæíîìó ïîðîæ-íèñòîìó êðóãîâîìó öèëiíäði, âèãîòîâëåíîìó ç îäíîðiäíîãî â'ÿçêîïðóæíîãîìàòåðiàëó. Áiáëiîãðà�i÷íi ïîñèëàííÿ1. Àðóòþíÿí Í. Õ. Ìåõàíèêà ðàñòóùèõ âÿçêîóïðóãîïëàñòè÷åñêèõ òåë / Í. Õ. Àð-óòþíÿí, À. Ä. Äðîçäîâ, Â. Ý. Íàóìîâ. � Ì: Íàóêà, 1987. � 335 ñ.2. Àðóòþíÿí Í. Õ. Òåîðèÿ ïîëçó÷åñòè íåîäíîðîäíûõ òåë / Í. Õ. Àðóòþíÿí,Â. Á. Êîëìàíîâñêèé. � Ì.: Íàóêà, 1983. � 289 ñ.3. Äåìèäîâè÷ Á. Ï. ×èñëåííûå ìåòîäû àíàëèçà / Á. Ï. Äåìèäîâè÷, È. À. Ìàðîí,Ý. Ç. Øóâàëîâà. � Ì.: Íàóêà, 1967. � 360 ñ.4. Ñÿñåâ À. Â., Áèíêåâè÷ Å. Â. Íàðàùèâàíèå âÿçêîóïðóãîãî ïîëîãî öèëèíäðà ïðèäåéñòâèè âíóòðåííåãî äàâëåíèÿ // À. Â. Ñÿñåâ, Å. Â. Áèíêåâè÷ // Âiñíèê ÄÄÓ. �1999. � Ò. 2, � 2. � Ñ. 153�160.5. Þäèí Ñ. Á. Öåíòðîáåæíîå ëèòü¼. � Ì. : Íàóêà, 1972. � 380 ñ.Íàäiéøëà äî ðåäàêöi¨ 01.09.2009



ISSN � 9125 0912. ÂIÑÍÈÊ ÄÍÓ. Ñåðiÿ "Ìîäåëþâàííÿ". � 8. 2009. Âèï. 1. C. 126�131Ïðîáëåìè ìàòåìàòè÷íîãî ìîäåëþâàííÿòà òåîði¨ äè�åðåíöiàëüíèõ ðiâíÿíüÓÄÊ 519:876.2ÑÈÍÒÅÇ ÀÄÅÊÂÀÒÍÛÕ ÌÀÒÅÌÀÒÈ×ÅÑÊÈÕÎÏÈÑÀÍÈÉÞ. Ë. ÌåíüøèêîâÄíåïðîïåòðîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Îëåñÿ �îí÷àðà,Äíåïðîïåòðîâñê 49050. E-mail: Menshikov2003�list.ru�àññìàòðèâàþòñÿ àëãîðèòìû ïîñòðîåíèÿ ìàòåìàòè÷åñêèõ îïèñàíèé ðåàëü-íûõ ïðîöåññîâ, êîòîðûå îïèñûâàþòñÿ ñèñòåìîé îáûêíîâåííûõ äè��åðåíöè-àëüíûõ óðàâíåíèé è êîòîðûå ïîçâîëÿþò ïîëó÷àòü àäåêâàòíûå ðåçóëüòàòû ìà-òåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Âûäåëÿþòñÿ äâà îñíîâíûõ ïîäõîäà ê ïðîáëåìåïîñòðîåíèÿ òàêèõ îïèñàíèé. Â ðàìêàõ îäíîãî èç ýòèõ ïîäõîäîâ ïðåäëîæåíîíåñêîëüêî àëãîðèòìîâ. Äëÿ ïîëó÷åíèÿ óñòîé÷èâûõ ðåçóëüòàòîâ èñïîëüçóþòñÿìåòîäû ðåãóëÿðèçàöèè À. Í. Òèõîíîâà äëÿ óðàâíåíèé ñ íåòî÷íî çàäàííûì îïå-ðàòîðîì. Ïðåäëîæåíû íîâûå çàäà÷è è àëãîðèòìû ïîñòðîåíèÿ àäåêâàòíûõ ìà-òåìàòè÷åñêèõ îïèñàíèé.Êëþ÷åâûå ñëîâà. Aäåêâàòíîå îïèñàíèå, íåêîððåêòíûå çàäà÷è, ðåãóëÿðèçàöèÿ, íåòî÷íûåîïåðàòîðû.1. ÂâåäåíèåÎãðàíè÷èìñÿ ðàññìîòðåíèåì òîëüêî äèíàìè÷åñêèõ ñèñòåì (ïðîöåññîâ),êîòîðûå îïèñûâàþòñÿ îáûêíîâåííûìè äè��åðåíöèàëüíûìè óðàâíåíèÿìè.Îòìåòèì, ÷òî â äàííîé ðàáîòå èñïîëüçóåòñÿ òåðìèíîëîãèÿ, êîòîðàÿ íåìíîãîîòëè÷àåòñÿ îò îáùåïðèíÿòîé. Ìû áóäåì ïîä ìàòåìàòè÷åñêèì îïèñàíèåì äè-íàìè÷åñêèõ ñèñòåì ïîíèìàòü äè��åðåíöèàëüíûå óðàâíåíèÿ, êîòîðûå óñòà-íàâëèâàþò ñâÿçü ìåæäó ïåðåìåííûìè ñîñòîÿíèÿ x̃ = (x̃1, x̃2, . . . , x̃n1)
T , äè-íàìè÷åñêîé ñèñòåìû (âûõîäàìè) è âíåøíèì âîçäåéñòâèåì z̃ (âõîäîì), z̃ =

(z1, z2, . . . , zm1)
T , (.)T �� îïåðàöèÿ òðàíñïîíèðîâàíèÿ. Íàïðèìåð, â ñëó÷àå ëè-íåéíîé äèíàìè÷åñêîé ñèñòåìû ýòà ñâÿçü ìîæåò èìåòü âèä [4℄:

˙̃x = C1x̃+D1z̃, (1.1)ãäå C1,D1 åñòü ìàòðèöû ñ ïîñòîÿííûìè êîý��èöèåíòàìè. Ïðåäïîëîæèì, ÷òîâíåøíåå âîçäåéñòâèå z̃ è ÷àñòü ïåðåìåííûõ ñîñòîÿíèÿ x̃r1+1, . . . , x̃n1 , r1 + 1 ≤
n1 íåèçâåñòíû. Äðóãàÿ ÷àñòü ïåðåìåííûõ ñîñòîÿíèÿ â óðàâíåíèè (1.1) èç-ìåðåíà ýêñïåðèìåíòàëüíûì ïóòåì, òî åñòü áóäåì ïîëàãàòü, ÷òî óðàâíåíèåíàáëþäåíèÿ èìååò âèä:

ỹ = F1x̃,ãäå ỹ = (ỹ1, ỹ2, . . . , ỹl1)
T , F1 = {fik}i=l1,k=r1

i=1, k=1 �� ìàòðèöà ñ ïîñòîÿííûìè êîý�-�èöèåíòàìè ðàçìåðîì r1 × l1. Äîïîëíèòåëüíî áóäåì ïîëàãàòü äëÿ ïðîñòîòû,÷òî ìàòðèöà F1 ÿâëÿåòñÿ êâàäðàòè÷íîé è äèàãîíàëüíîé, ò. å. fik = 0 äëÿ
k 6= i, r1 = l1.© Þ. Ë. Ìåíüøèêîâ, 2009



ÑÈÍÒÅÇ ÀÄÅÊÂÀÒÍÛÕ ÌÀÒÅÌÀÒÈ×ÅÑÊÈÕ ÎÏÈÑÀÍÈÉ 127Îïðåäåëåíèå 1. Ìàòåìàòè÷åñêîå îïèñàíèå ðåàëüíîãî ïðîöåññà äëÿ ñëó÷àÿñèñòåìû (1.1) áóäåì íàçûâàòü àäåêâàòíûì ïî âûáðàííûì ïåðåìåííûì ñîñòî-ÿíèÿ x̃j(t), 1 ≤ j ≤ n1, åñëè ïðè âûáðàííûõ îãðàíè÷åíèÿõ íà âíåøíèå âîçäåé-ñòâèÿ z(t) è îãðàíè÷åíèÿ íà çíà÷åíèÿ ïåðåìåííûõ ñîñòîÿíèÿ ïðè íåêîòîðûõäîïîëíèòåëüíûõ ðàâíûõ óñëîâèÿõ (íà÷àëüíûõ è ãðàíè÷íûõ), âûáðàííûå ïå-ðåìåííûå ñîñòîÿíèÿ ìàòåìàòè÷åñêîãî îïèñàíèÿ áóäóò ñîâïàäàòü ñ ýêñïåðè-ìåíòàëüíûìè èçìåðåíèÿìè ñîîòâåòñòâóþùèõ �èçè÷åñêèõ õàðàêòåðèñòèê ðå-àëüíîãî ïðîöåññà x̃j(t), 1 ≤ j ≤ n1 â äàííîé ìåòðèêå ñ òî÷íîñòüþ ýêñïåðèìåí-òàëüíûõ èçìåðåíèé è òî÷íîñòüþ îïðåäåëåíèÿ ïàðàìåòðîâ ìàòåìàòè÷åñêîéìîäåëè ïðîöåññà x̃j(t), C̃, D̃.Áóäåì ðàññìàòðèâàòü èçâåñòíóþ ïåðåìåííóþ ñîñòîÿíèÿ x̃j(t) êàê äâà èç-âåñòíûõ âíóòðåííèõ âîçäåéñòâèÿ dJ x̃j(t) è −[dJ x̃j(t)], 1 ≤ j ≤ r1, dj �� ïî-ñòîÿííûå. Òàêàÿ èíòåðïðåòàöèÿ ïåðåìåííîé ñîñòîÿíèÿ ïîçâîëÿåò óïðîñòèòüèñõîäíóþ ñèñòåìó. Áóäåì íàçûâàòü òàêîå ïðåîáðàçîâàíèå ¾j-ñå÷åíèåì¿ èñ-õîäíîé ñèñòåìû [1℄. Âî ìíîãèõ ñëó÷àÿõ ïîñëå ðÿäà ¾ñå÷åíèé¿ èñõîäíàÿ ñè-ñòåìà (1.1) ïðåîáðàçóåòñÿ â íåêîòîðóþ ïîäñèñòåìó, ó êîòîðîé èçâåñòíà îäíàïåðåìåííàÿ ñîñòîÿíèÿ, íàïðèìåð, x̂1(t), è èçâåñòíû âñå âíåøíèå âîçäåéñòâèÿ
ẑk(t), k = 2, . . . ,m2, êðîìå, íàïðèìåð, ẑ1(t). Ýòîò ñëó÷àé ñâîäèòñÿ ê ñëó÷àþ,êîãäà íåèçâåñòíî òîëüêî îäíî âíåøíåå âîçäåéñòâèå ẑ1(t) = z(t), áëàãîäàðÿëèíåéíîñòè ïîäñèñòåìû. Òàêèì îáðàçîì, ïîëó÷åííàÿ ïîäñèñòåìà èìååò âèä:

˙̂x = Cx̂+Dz, (1.2)ãäå x̂ =
(
x̂, ˙̂x, ¨̂x, . . . , x̂(n−1)

)T , z =
(
z, ż, z̈, . . . , z(m−1)

)T ,C,D �� ìàòðèöû ñïîñòîÿííûìè êîý��èöèåíòàìè. Ñ èñïîëüçîâàíèåì èìïóëüñíîé ïåðåõîäíîé�óíêöèè ìîæíî çàïèñàòü ðàâåíñòâî:
Apz =

∫ t

0
K(t− τ)z(τ) dτ = u(t) = B1x̃, x̃ ∈ X, (1.3)ãäå K(t − τ) �- èçâåñòíîå ÿäðî, Ap �� îïåðàòîð îïðåäåëåííîé ñòðóêòóðû

Ap : Z → U ; B1 : X → U ; X,U,Z � íåêîòîðûå �óíêöèîíàëüíûå ïðîñòðàí-ñòâà. Åñëè âåðíóòüñÿ ê ñòàðûì ïåðåìåííûì ñîñòîÿíèÿ, òî óðàâíåíèå (1.3)ïðåîáðàçóåòñÿ ê âèäó
Apz = Bp x̃, (1.4)ãäå Bp �� îïåðàòîð, ïåðåâîäÿùèé ýëåìåíòû x̃ ∈ X â U .Åñëè ñ ïîìîùüþ ðÿäà ¾ñå÷åíèé¿ íå óäàåòñÿ âûäåëèòü ïîäñèñòåìó (1.2) ñîäíèì âíåøíèì âîçäåéñòâèåì, òîãäà ïðèâåäåííûå ðàññóæäåíèÿ òåðÿþò ñèëó.Åñëè æå èñõîäíàÿ äèíàìè÷åñêàÿ ñèñòåìà (1.1) èìååò íåñêîëüêî íåèçâåñò-íûõ âíåøíèõ âîçäåéñòâèé è äëÿ êàæäîãî èç íèõ óäàåòñÿ ïîëó÷èòü ïîäñèñòåìûòèïà (1.2) ñ îäíèì íåèçâåñòíûì âíåøíèì âîçäåéñòâèåì, òî ïðèâåäåííûå âû-øå ðàññóæäåíèÿ ñîõðàíÿþò ñèëó, îäíàêî äàëüíåéøèå àëãîðèòìû ïîñòðîåíèÿàäåêâàòíîãî ìàòåìàòè÷åñêîãî îïèñàíèÿ ñóùåñòâåííî óñëîæíÿþòñÿ.



128 Þ. Ë. ÌÅÍÜØÈÊÎÂ2. Ïîñòàíîâêà çàäà÷èÄëÿ óñïåøíîãî ïðèìåíåíèÿ ìåòîäîâ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ïðèèññëåäîâàíèè äèíàìè÷åñêèõ ñèñòåì íåîáõîäèìî âûïîëíèòü ïîñòðîåíèå ìàòå-ìàòè÷åñêîãî îïèñàíèÿ ðåàëüíîãî ïðîöåññà, êîòîðîå ïîçâîëÿåò ïîëó÷àòü ðå-çóëüòàòû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, ñîâïàäàþùèå ñ ýêñïåðèìåíòàëü-íûìè äàííûìè (èçìåðåíèÿìè) [1, 2, 5, 6℄. Òàêîãî ñîâïàäåíèÿ äîáèâàþòñÿïóòåì ñèíòåçà ¾ïðàâèëüíîé¿ ìàòåìàòè÷åñêîé ìîäåëè äâèæåíèÿ äèíàìè÷å-ñêîé ñèñòåìû è âûáîðîì ¾õîðîøåé¿ ìîäåëè âíåøíåãî âîçäåéñòâèÿ íà ýòóñèñòåìó, åñëè ñèñòåìà îòêðûòàÿ. Ïðîèëëþñòðèðóåì ñêàçàííîå íà ïðèìåðåäèíàìè÷åñêîé ñèñòåìû ñ ñîñðåäîòî÷åííûìè ïàðàìåòðàìè. Óðàâíåíèå (1.4)áóäåì ðàññìàòðèâàòü êàê îñíîâíîå. Áóäåì ïðåäïîëàãàòü, ÷òî èñõîäíûå äàí-íûå x̃ = (x̃1, x̃2, . . . , x̃n1)
T ïîëó÷åíû ýêñïåðèìåíòàëüíûì ïóòåì ñ íåêîòîðîéèçâåñòíîé àïðèîðè ïîãðåøíîñòüþ:

‖xT − x̃‖X ≤ δ, (2.1)ãäå xT �� òî÷íûå èñõîäíûå äàííûå. Ïðîâåðêà àäåêâàòíîñòè ìàòåìàòè÷åñêîãîîïèñàíèÿ (ìîäåëè äèíàìè÷åñêîé ñèñòåìû è ìîäåëè âíåøíåãî âîçäåéñòâèÿ) âäàííîì ñëó÷àå ñâîäèòñÿ ê ïðîâåðêå âûïîëíåíèÿ íåðàâåíñòâà
ρU (Apz,Bp x̃) ≤ ε, (2.2)ãäå ρU (.) åñòü ðàññòîÿíèå ìåæäó ýëåìåíòàìè �óíêöèîíàëüíîãî ïðîñòðàíñòâà

U , ε �� onst, ε > 0, ε �� òðåáóåìàÿ òî÷íîñòü ñîâïàäåíèÿ ñ ýêñïåðèìåíòîì.Åñëè �óíêöèîíàëüíûå ïðîñòðàíñòâà ÿâëÿþòñÿ íîðìèðîâàííûìè, òîãäà íåðà-âåíñòâî (2.2) ìîæåò èìåòü âèä:
‖Apz −Bpxδ‖U ≤ ε. (2.3)Åñòåñòâåííî, ÷òî ε íå ìîæåò áûòü ìåíüøå âåëè÷èíû δ. Õàðàêòåðíîé ÷åðòîéäëÿ ðàññìàòðèâàåìûõ çàäà÷ ÿâëÿåòñÿ òî, ÷òî îïåðàòîð ÿâëÿåòñÿ êîìïàêòíûì[1℄. Î÷åâèäíî, ÷òî ïðè âûïîëíåíèè íåðàâåíñòâà (2.2) îïåðàòîð Ap è �óíêöèÿ

z ñâÿçàíû ìåæäó ñîáîé. Íåòðóäíî ïîêàçàòü, ÷òî ïðè �èêñèðîâàííîì îïåðà-òîðå Ap â (2.2) ñóùåñòâóåò áåñêîíå÷íî ìíîãî ðàçëè÷íûõ �óíêöèé z, êîòîðûåáóäóò óäîâëåòâîðÿòü íåðàâåíñòâó (2.2) [1, 3℄. È íàîáîðîò, ïðè íåêîòîðîé �èê-ñèðîâàííîé �óíêöèè z ñóùåñòâóåò áåñêîíå÷íî ìíîãî ðàçëè÷íûõ îïåðàòîðîâ
Ap, äëÿ êîòîðûõ âûïîëíÿåòñÿ (2.2) [3℄.Ñóùåñòâóåò äâà îñíîâíûõ ïîäõîäà ê ïðîáëåìå ïîñòðîåíèÿ ïàðû (ìàòåìà-òè÷åñêàÿ ìîäåëü ïîâåäåíèÿ ïðîöåññà è ìîäåëü âíåøíåãî âîçäåéñòâèÿ) [1, 2,4, 5, 6℄:1) ïî ìàòåìàòè÷åñêîé ìîäåëè äâèæåíèÿ äèíàìè÷åñêîé ñèñòåìû âûáðàí-íîé àïðèîðè ñòðóêòóðîé è íåòî÷íûìè ïàðàìåòðàìè îïðåäåëÿåòñÿ òàêàÿìîäåëü âíåøíåãî âîçäåéñòâèÿ, ïðè èñïîëüçîâàíèè êîòîðîé âûïîëíÿåòñÿíåðàâåíñòâî (2.2);2) ïî àïðèîðè çàäàííîé ìîäåëè âíåøíåãî âîçäåéñòâèÿ ïîäáèðàåòñÿ ìàòå-ìàòè÷åñêàÿ ìîäåëü ïîâåäåíèÿ ïðîöåññà çàäàííîé ñòðóêòóðû, äëÿ êîòî-ðîé ðåçóëüòàòû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ñîâïàäàþò ñ ýêñïåðè-ìåíòîì ñ òî÷íîñòüþ ε.



ÑÈÍÒÅÇ ÀÄÅÊÂÀÒÍÛÕ ÌÀÒÅÌÀÒÈ×ÅÑÊÈÕ ÎÏÈÑÀÍÈÉ 129Â ñèëó ýòîãî ìåòîäû èäåíòè�èêàöèè ñòðóêòóðû ìàòåìàòè÷åñêîé ìîäåëèèìåþò âåñüìà îãðàíè÷åííóþ îáëàñòü ïðèìåíåíèÿ. Ïðè âûïîëíåíèè êîíêðåò-íûõ ðàñ÷åòîâ ñëåäóåò ó÷èòûâàòü, ÷òî îïåðàòîðû Ap, Bp çàâèñÿò îò âåêòîðàïàðàìåòðîâ p ìàòåìàòè÷åñêîé ìîäåëè äâèæåíèÿ äèíàìè÷åñêîé ñèñòåìû, êî-òîðûå îïðåäåëÿþòñÿ ïðèáëèæåííî ñ íåêîòîðîé ïîãðåøíîñòüþ. Òàêèì îáðà-çîì, áóäåì ïîëàãàòü, ÷òî äëÿ íîðìèðîâàííûõ ïðîñòðàíñòâ X,U,Z âûïîëíÿ-þòñÿ íåðàâåíñòâà:
‖Ap −AT ‖Z→U ≤ h, ‖Ap −AT ‖X→U ≤ d. (2.4)ãäå AT , BT � òî÷íûå îïåðàòîðû â óðàâíåíèè (1.4), h, d � èçâåñòíûå âåëè÷èíû.3. Îáúåêòèâíûå îöåíêè âåëè÷èíû εÅñëè âåëè÷èíó ε â íåðàâåíñòâå (2.2) âûáèðàòü âîëåâûì ñïîñîáîì, òî ðå-çóëüòàòû ïðîâåðêè àäåêâàòíîñòè íå áóäóò ñóáúåêòèâíûìè. Ïîýòîìó ïðåä-ñòàâëÿåò ñìûñë êîíñòðóèðîâàòü àëãîðèòìû ïðîâåðêè àäåêâàòíîñòè, â êîòî-ðûõ âåëè÷èíà ε îïðåäåëÿåòñÿ îáúåêòèâíûìè �àêòîðàìè. Î÷åâèäíî, ÷òî åñëèîïåðàòîðû Ap, Bp íå áóäóò èçìåíÿòüñÿ â áóäóùåì ïðè ìàòåìàòè÷åñêîì ìîäå-ëèðîâàíèè ïðîöåññà, òî â êà÷åñòâå ε ìîæíî âçÿòü âåëè÷èíó ‖Bp‖X→U δ. Ýòîòâûâîä ñëåäóåò èç îöåíêè

‖ApzT −Bpxδ‖U = ‖BpxT −Bpxδ‖U ≤ ‖xT − xδ‖X ≤ ‖Bp‖X→U δ (3.1)ãäå ApzT = BpxT . Åñëè ó÷èòûâàòü ïîãðåøíîñòü îïåðàòîðîâ Ap, Bp, òîãäà âíåðàâåíñòâå (2.2) âåëè÷èíó ε ñëåäóåò âûáèðàòü ïî èíîìó àëãîðèòìó. Áóäåìïðåäïîëàãàòü, ÷òî ñóùåñòâóþò òî÷íûå îïåðàòîðû AT , BT , óäîâëåòâîðÿþùèåíåðàâåíñòâàì (2.4), äëÿ êîòîðûõ âûïîëíÿåòñÿ ðàâåíñòâî BTxT = uT = AT zT ,ãäå zT �� òî÷íîå ðåøåíèå óðàâíåíèÿ (1.4). Òîãäà ñïðàâåäëèâà îöåíêà
‖ApzT − uδ‖U = ‖AT zT −AT zT +ApzT − uδ‖U

≤ ‖Ap −AT ‖ ‖zT ‖ + ‖AT zT − uδ‖U ≤ h ‖zT ‖Z + ‖BTxT − uδ‖U ≤ ‖zT ‖Z

+ ‖BT zT −BpzT ‖U + ‖BpzT −Bpzδ‖U ≤ h ‖zT ‖Z + d ‖xT ‖X + ‖Bp‖ δ.Òàêèì îáðàçîì, ìîæíî ïðèíÿòü
ε = h ‖zT ‖Z + d ‖xT ‖X + ‖Bp‖ δ. (3.2)Îöåíêà (3.2) ÿâëÿåòñÿ îáúåêòèâíîé, íî ñëèøêîì ãðóáîé, åñëè ó÷åñòü, ÷òîâåëè÷èíû h, d ìîãóò áûòü âû÷èñëåíû òîëüêî åñëè èçâåñòíû òî÷íûå îïåðàòî-ðû AT , BT . Êðîìå òîãî, âåëè÷èíà ‖zT ‖Z íå ÿâëÿåòñÿ àïðèîðè èçâåñòíîé. Òà-êèì îáðàçîì, îöåíêà (3.2) íå ÿâëÿåòñÿ êîíñòðóêòèâíîé. Õîòÿ âåëè÷èíà ‖xT ‖Xëåãêî îöåíèâàåòñÿ ÷åðåç èçâåñòíûå âåëè÷èíû ‖xδ‖X è δ:

‖xT ‖X ≤ ‖xT − xδ‖X + ‖xδ‖X ≤ δ + ‖xδ‖X .



130 Þ. Ë. ÌÅÍÜØÈÊÎÂ4. Àäåêâàòíîñòü â íåòðàäèöèîííûõ ïîñòàíîâêàõ çàäà÷�àññìîòðèì íåêîòîðûå íåòðàäèöèîííûå çàäà÷è ïîñòðîåíèÿ àäåêâàòíîãîìàòåìàòè÷åñêîãî îïèñàíèÿ â ðàìêàõ ïåðâîãî ïîäõîäà [1, 4℄. Ïóñòü zp åñòüðåøåíèå ýêñòðåìàëüíîé çàäà÷è:
Ω[zp] = inf

z∈Qδ,p

Ω[z], (4.1)ãäå Ω[z] �� ñòàáèëèçèðóþùèé êâàçèìîíîòîííûé �óíêöèîíàë [3, 4℄,
Qδ,p =

{
z : ‖Apz −Bpx̃‖U ≤ ‖Bp‖ δ

}
.Î÷åâèäíî, ÷òî ëþáàÿ �óíêöèÿ èç ìíîæåñòâà Qδ,p, âêëþ÷àÿ Ω[z], áóäåò óäîâ-ëåòâîðÿòü óñëîâèþ àäåêâàòíîñòè (3.1). Â ðàáîòàõ [1, 4℄ ïðåäëîæåíî íåñêîëü-êî íåòðàäèöèîííûõ ïîñòàíîâîê çàäà÷ ñèíòåçà àäåêâàòíîãî ìàòåìàòè÷åñêîãîîïèñàíèÿ. Íàïðèìåð, ðàññìàòðèâàëàñü ñëåäóþùàÿ çàäà÷à îïðåäåëåíèÿ ìîäå-ëè âíåøíåãî âîçäåéñòâèÿ â ðàìêàõ ïåðâîãî ïîäõîäà:

inf
Ap,Bp

inf
z∈Qδ,p

Ω[z] = inf
Ap,Bp

Ω[z] = Ω[z0
p]. (4.2)Â ýòîì ñëó÷àå îöåíêà àäåêâàòíîñòè áóäåò èìåòü âèä:

inf
Ap,Bp

‖ Apz
0
p −Bpx̃ ‖U= inf

Ap,Bp

{‖ Ap −AT ‖‖ zp ‖ + ‖ Apzp −Bpx̃ ‖} ‖ B0 ‖,ãäå ‖ B0 ‖= inf
Bp

‖ Bp ‖. Ïðè ýòîì èñïîëüçîâàëàñü ñâîéñòâî
‖ Apzp −Bpx̃ ‖=‖ Bp ‖ δðåãóëÿðèçîâàííîãî ðåøåíèÿ äëÿ êâàçèìîíîòîííûõ îïåðàòîðîâ [3℄. Äëÿ ýêñò-ðåìàëüíîé çàäà÷è

sup
Ap,Bp

inf
z∈Qδ,p

Ω[z] = sup
Ap,Bp

Ω[zp] = Ω[z1
p]. (4.3)îöåíêà àäåêâàòíîñòè èìååò âèä (2.2) ñ âåëè÷èíîé ε, ðàâíîé

ε = h ‖ zp0 ‖ + ‖ B1 ‖ δ, (4.4)ãäå ‖ B1 ‖= sup
Bp

‖ Bp ‖ . Äëÿ ýêñòðåìàëüíîé çàäà÷è
inf

Ap,Bp

‖ Apzp ‖=‖ Ap 0zp 0 ‖ (4.5)îöåíêà àäåêâàòíîñòè èìååò âèä (2.2) ñ âåëè÷èíîé ε ðàâíîé ε =‖ B0 ‖ δ. Äëÿýêñòðåìàëüíîé çàäà÷è
sup

Ap,Bp

‖ Apzp ‖=‖ Ap 1zp 1 ‖ (4.6)îöåíêà àäåêâàòíîñòè èìååò âèä (2.2) ñ âåëè÷èíîé ε ðàâíîé
ε =‖ B1 ‖ δ. (4.7)



ÑÈÍÒÅÇ ÀÄÅÊÂÀÒÍÛÕ ÌÀÒÅÌÀÒÈ×ÅÑÊÈÕ ÎÏÈÑÀÍÈÉ 131Òàêèì îáðàçîì, äëÿ ðàçëè÷íûõ àëãîðèòìîâ ñèíòåçà ìîäåëåé âíåøíèõ âîç-äåéñòâèé, êîòîðûå äàþò àäåêâàòíûå ðåçóëüòàòû ìàòåìàòè÷åñêîãî ìîäåëèðî-âàíèÿ â ðàìêàõ ïåðâîãî ïîäõîäà, ñóùåñòâóþò ðàçëè÷íûå îáúåêòèâíûå îöåíêè.5. Çàêëþ÷åíèåÂ ðàáîòå ïðåäëîæåí àëãîðèòì ñèíòåçà àäåêâàòíûõ ìàòåìàòè÷åñêèõ îïè-ñàíèé äëÿ äåòåðìèíèðîâàííûõ ïðîöåññîâ, ïîâåäåíèå êîòîðûõ îïèñûâàåòñÿñèñòåìîé îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé. Ïðåäëîæåíî îïðå-äåëåíèå àäåêâàòíîãî ìàòåìàòè÷åñêîãî îïèñàíèÿ äëÿ äàííîãî ñëó÷àÿ. Ñ�îð-ìóëèðîâàíî íåñêîëüêî ðàçëè÷íûõ ïîñòàíîâîê çàäà÷ ñèíòåçà àäåêâàòíîãî ìà-òåìàòè÷åñêîãî îïèñàíèÿ. Ïîëó÷åíû îáúåêòèâíûå îöåíêè àäåêâàòíîñòè ìàòå-ìàòè÷åñêîãî îïèñàíèÿ â ðàññìàòðèâàåìûõ âàðèàíòàõ çàäà÷.Áèáëèîãðà�è÷åñêèå ññûëêè1. Ìåíüøèêîâ Þ. Ë. Î àäåêâàòíîñòè ðåçóëüòàòîâ ìàòåìàòè÷åñêîãî ìîäåëèðîâà-íèÿ //Þ. Ë. Ìåíüøèêîâ // Ñá. òð. êîí�. Ìîäåëèðîâàíèå-2008. � Êèåâ : 2008. �Ñ. 119�124.2. Ñïåïàøêî Â. Ñ. Ìåòîä êðèòè÷åñêèõ äèñïåðñèé êàê àíàëèòè÷åñêèé àïïàðàò òåî-ðèè èíäóêòèâíîãî ìîäåëèðîâàíèÿ // Â. Ñ. Ñïåïàøêî. // Ïðîáë. óïðàâ. è èí-�îðìàò. �2008. �� 1. � Ñ. 8�26.3. Òèõîíîâ À. Í., Àðñåíèí Â. ß. Ìåòîäû ðåøåíèÿ íåêîððåêòíûõ çàäà÷ / À. Í. Òè-õîíîâ, Â. ß. Àðñåíèí. � Ì. : Íàóêà, 1979. � 365 ñ.4. Menshikov Yu. L. Identi�ation of Models of External Loads // Pro. of ICINCO2007. � 2007. �Angers, Frane. � p. 376�379.5. Gubarev V. F. Method of iterative identi�ation of many-dimensional systems withinexat data. Part 1. Theoretial basises.// In: Problems of Control and Information,2008, 2, 8�26.6. Gukov O. O. Algorithms of Àëãîðèòìè iterative identi�ation of many-dimensionalsystems.// In: Pro. of XV International Conferene on Automatial Control½Automatis �2008�, Sept. 23�26, 2008ð.� Odessa: ÎNÌÀ, 774�777.7. Menshikov Yu. L. Algorithms of onstrution of adequate mathematial desriptionof dynami system. // Proeedings MATHMOD 09 Vienna� Full Papers CD Volume,Vienna Univ. of Tehnology, February, 2009, ISBM 978-3-901608-35-3. � ð. 2482�2485. Íàäiéøëà äî ðåäàêöi¨ 28.09.2009



ISSN � 9125 0912. ÂIÑÍÈÊ ÄÍÓ. Ñåðiÿ "Ìîäåëþâàííÿ". � 8. 2009. Âèï. 1. C. 132�148Ïðîáëåìè ìàòåìàòè÷íîãî ìîäåëþâàííÿòà òåîði¨ äè�åðåíöiàëüíèõ ðiâíÿíüÓÄÊ 517.9Ï�Î IÑÍÓÂÀÍÍß ÅÔÅÊÒÈÂÍÈÕ �ÎÇÂ'ßÇÊIÂ ÇÀÄÀ×IÂÅÊÒÎ�ÍÎ� ÎÏÒÈÌIÇÀÖI� Ò�ÀÍÑÏÎ�ÒÍÎ�Î ÏÎÒÎÊÓÍÀ ÌÅ�ÅÆIÒ. À. ÁîæàíîâàÄíiïðîïåòðîâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Îëåñÿ �îí÷àðà,Äíiïðîïåòðîâñüê, 49050.E-mail: tamara-bozhanova�ukr.net�îçãëÿäà¹òüñÿ ãiäðîäèíàìi÷íà ìîäåëü äëÿ òðàíñïîðòíîãî ïîòîêó íà ìåðåæi.Ó ïðèïóùåííi, ùî òàêèé ïîòiê ¹ êåðîâàíèì ïðîöåñîì, ñòàâèòüñÿ çàäà÷à éîãî îï-òèìiçàöi¨ ó âåêòîðíié �îðìi. �îçãëÿíóòî âèïàäîê, êîëè öiëüîâå âiäîáðàæåííÿäi¹ â ëåáåãiâ ïðîñòið i ¹ íàïiâíåïåðåðâíèì çâåðõó íà îáëàñòi âèçíà÷åííÿ. Ïîêà-çàíî, ùî ìíîæèíà äîïóñòèìèõ ðîçâ'ÿçêiâ òàêî¨ çàäà÷i ¹ êîìïàêòíîþ âiäíîñíîñëàáêî¨ òîïîëîãi¨ ïðîñòîðó RK
×L2(0, T ; BV (Ω)), òà äîâåäåíî iñíóâàííÿ å�åêòèâ-íèõ ðîçâ'ÿçêiâ ðîçãëÿíóòî¨ çàäà÷i âåêòîðíî¨ îïòèìiçàöi¨ íà ìåðåæi.Êëþ÷îâi ñëîâà. Òðàíñïîðòíèé ïîòiê íà ìåðåæi, ãiäðîäèíàìi÷íà ìîäåëü, âåêòîðíà îïòè-ìiçàöiÿ íà ìåðåæi, iñíóâàííÿ å�åêòèâíèõ ðîçâ'ÿçêiâ.1. ÂñòóïÍà ñüîãîäíi ïðîáëåìà êåðóâàííÿ òðàíñïîðòíèìè ïîòîêàìè íà ìåðåæàõ,îñîáëèâî ó âåëèêèõ ìiñòàõ, ñòà¹ âñå áiëüø àêòóàëüíîþ. Çáiëüøåííÿ êiëüêîñòiòðàíñïîðòíèõ çàñîáiâ ïðèçâåëî äî ïåðåâàíòàæåííÿ ìiñüêèõ äîðiã, áàãàòîãî-äèííèõ çàòîðiâ, ïåðåøêîäæàííÿ ðóõó ïiøîõîäiâ, çàáðóäíåííÿ íàâêîëèøíüîãîñåðåäîâèùà òîùî. Òîìó äîñëiäæåííþ òà àíàëiçó òàêèõ ïðîáëåì ïðèñâÿ÷åíàäîñèòü øèðîêà ëiòåðàòóðà (äèâ. [1, 4, 5, 6, 15℄). Çîêðåìà, áiëüøiñòü iñíóþ÷èõðåçóëüòàòiâ, êîòði òîðêàþòüñÿ îïòèìiçàöiéíèõ çàäà÷ íà òðàíñïîðòíèõ ìåðå-æàõ, ñòîñóþòüñÿ çíàõîäæåííÿ íåîáõiäíèõ óìîâ îïòèìàëüíîñòi òà ìåòîäiâ ïî-áóäîâè îïòèìàëüíèõ çàêîíiâ ðåãóëþâàííÿ òðàíñïîðòíèõ ïîòîêiâ çi ñêàëÿðíè-ìè ïîêàçíèêàìè âàðòîñòi (äèâ. [3, 11, 12℄).Îñíîâíèì îá'¹êòîì äîñëiäæåííÿ ó äàíié ðîáîòi âèñòóïà¹ ìàêðîñêîïi÷íàìîäåëü òðàíñïîðòíîãî ïîòîêó íà ìåðåæi. Ââàæà¹òüñÿ, ùî ìåðåæà ñêëàäà¹òüñÿiç ñêií÷åííî¨ êiëüêîñòi äîðiã, ÿêi ç'¹äíàíi ìiæ ñîáîþ ïåâíèìè âóçëàìè (òî÷-êàìè ñïîëó÷åííÿ). Íà êîæíié îêðåìî âçÿòié äîðîçi ïðèïóñêà¹òüñÿ, ùî ðóõòðàíñïîðòíèõ çàñîáiâ ïiäêîðÿ¹òüñÿ òàê çâàíîìó ãiäðîäèíàìi÷íîìó çàêîíó çáå-ðåæåííÿ, ÿêèé ïðèçâîäèòü äî ðîçãëÿäó íåëiíiéíî¨ çàäà÷i Êîøi äëÿ ðiâíÿííÿó ÷àñòèííèõ ïîõiäíèõ ïåðøîãî ïîðÿäêó. Ïðè öüîìó �àêòîðàìè êåðóâàííÿâèñòóïàþòü ïàðàìåòðè, ÿêi ðåãóëþþòü òðàíñïîðòíèé ïîòiê ó âóçëàõ òàêî¨ìåðåæi.Íà âiäìiíó âiä íèíi iñíóþ÷èõ ðåçóëüòàòiâ (äèâ., íàïð., [3, 11, 12℄), áóäåìîââàæàòè, ùî ÿêiñòü êåðóâàííÿ òðàíñïîðòíèì ïîòîêîì íà ìåðåæi âèçíà÷à¹òü-ñÿ íåñêàëÿðíèì âiäîáðàæåííÿì ó ïðîñòið L2(Ω), óïîðÿäêîâàíèé çà êîíóñîì Λ© Ò. À. Áîæàíîâà, 2009



Ï�Î �ÎÇÂ'ßÇÍIÑÒÜ ÎÏÒÈÌIÇÀÖIÉÍÎ� ÇÀÄÀ×I ÍÀ ÌÅ�ÅÆI 133äîäàòíèõ åëåìåíòiâ. Çà öèõ ïðèïóùåíü ïîêàæåìî, ùî ïîñòàâëåíà çàäà÷à âåê-òîðíî¨ îïòèìiçàöi¨ òðàíñïîðòíèõ ïîòîêiâ íà ìåðåæi äîïóñêà¹ iñíóâàííÿ òàêçâàíèõ å�åêòèâíèõ ðîçâ'ÿçêiâ ïîñòàâëåíî¨ çàäà÷i.2. Îñíîâíi ïîíÿòòÿ òà ïîçíà÷åííÿÓ öüîìó ïàðàãðà�i íàâåäåìî äåÿêi âiäîìi �àêòè, ÿêi ñòîñóþòüñÿ �óíêöiéç îáìåæåíîþ âàðiàöi¹þ, òðàíñïîðòíèõ ìåðåæ, âåêòîðíîçíà÷íèõ âiäîáðàæåíüòà ÷àñòêîâî âïîðÿäêîâàíèõ íîðìîâàíèõ ïðîñòîðiâ.Íåõàé J = (a, b) (a < b) çàäàíèé iíòåðâàë â R. �îçãëÿíåìî �óíêöiþ f :
J → R òàêó, ùî f ∈ L1(J). Òîäi ïîâíîþ âàðiàöi¹þ �óíêöi¨ f íàçèâàþòü
Tot. Vj(f) = sup





n∑

j=1

|f(xj) − f(xj−1)| : m ∈ N, a < x0 < x1 < · · · < xm < b



 ,äå xj ∈ J, j ∈ {0, . . . ,m}.Îçíà÷åííÿ 1. Áóäåìî êàçàòè, ùî �óíêöiÿ f ∈ L1(J) ¹ �óíêöi¹þ ç îáìåæå-íîþ ïîâíîþ âàðiàöi¹þ íà J , ÿêùî iñíó¹ êîíñòàíòà K òàêà, ùî Tot. Vj ≤ K.Ïîçíà÷èìî ÷åðåç BV (J) ìíîæèíó âñiõ äiéñíèõ �óíêöié f ∈ L1(J) ç îáìåæå-íîþ ïîâíîþ âàðiàöi¹þ íà J .Çàóâàæèìî, ùî ïîâíà âàðiàöiÿ �óíêöi¨ f ¹ íåâiä'¹ìíèì ÷èñëîì. ßêùî

f ∈ BV (Ω), òîäi f : J → R îáìåæåíà ìàéæå ñêðiçü íà J . Îáåðíåíå íå âiðíî.� åêâiâàëåíòíèìè òàêi òâåðäæåííÿ (äèâ. [9℄):(i): f ∈ BV (Ω);(ii): f ∈ L1(J) òà |Df | (J) := sup

{∫

J
fϕ′dx : ϕ ∈ C1

0 (J), |ϕ| ≤ 1

}
< +∞;(iii): iñíó¹ ïîñëiäîâíiñòü ãëàäêèõ �óíêöié {fk}∞k=1 ⊂ C∞

0 (R) òàêèõ, ùî
fk → f â L1(J) i lim sup

k→∞

∫

J
|f ′k|dx < +∞,äå óçàãàëüíåíà ïîõiäíà Df � öå ìiðà �àäîíà, i |Df | (J) ñïiâïàäà¹ ç ïîâ-íîþ âàðiàöi¹þ �óíêöi¨ f íà J . Áiëüøå òîãî, äëÿ �óíêöi¨ f ∈ BV (J) iñíóþòüïðàâîñòîðîííi òà ëiâîñòîðîííi ãðàíèöi:

f(x+) = lim
h→0+

1

h

∫ x+h

x
f(s)ds, f(x−) = lim

h→0+

1

h

∫ x

x−h
f(s)dsäëÿ ∀ x ∈ [a, b) òà ∀ x ∈ (a, b], âiäïîâiäíî. I ïðè öüîìó, f(x+) = f(x−), ÿêùî

|Df |({x}) = 0.Ìà¹ ìiñöå íàñòóïíèé ðåçóëüòàò.Òåîðåìà 1. à) Ïðîñòið BV (J) ¹ ïðîñòîðîì Áàíàõà âiäíîñíî íîðìè
‖f‖BV (J) = ‖f‖L1(J) + |Df | (J);á) âiäîáðàæåííÿ f → |Df | (J) ¹ íàïiâíåïåðåðâíèì çíèçó âiäíîñíî L1(J)�çáiæíîñòi, òîáòî, ÿêùî fk → f ó L1(J), òî
|Df | (J) ≤ lim inf

k→∞
|Dfk| (J);



134 Ò. À. ÁÎÆÀÍÎÂÀâ) ÿêùî {fk}∞k=1 ⊂ BV (J) i
sup
k∈N

‖fk‖BV (J) < +∞,òî iñíó¹ ïiäïîñëiäîâíiñòü ïîñëiäîâíîñòi {fk}∞k=1, ÿêà ñèëüíî çáiãà¹òüñÿ äîäåÿêî¨ �óíêöi¨ f ∈ BV (J).Êàæóòü, ùî ïîñëiäîâíiñòü �óíêöié {fk}∞k=1 ⊂ BV (J) ñëàáêî çáiãà¹òüñÿ â
BV (J) äî f (ïîçíà÷àþòü fk ⇀ f), ÿêùî

fk → f â L1(J) i sup
k∈N

|Dfk| (J) < +∞.Ïðè öüîìó, ÿêùî fk ⇀ f ó BV (J), òî f ∈ BV (J) i Dfk ⇀ Df ÿê ìiðè �àäîíà.Íåõàé Θ � öå âiäêðèòà âèïóêëà ïiäìíîæèíà ïðîñòîðó R2 i F � ïëîñêèéãðà� íà R2.Îçíà÷åííÿ 2. Áóäåìî êàçàòè, ùî ìíîæèíà Ω = Θ
⋂

F ¹ ìåðåæåþ äîðiã,îáìåæåíîþ îáëàñòþ Ω, ÿêùî ¨¨ ìîæíà ïîäàòè ó âèãëÿäi ïàðè (I,J ), äå(à): I � ñêií÷åííà ñóêóïíiñòü ðåáåð, ÿêi âiäïîâiäàþòü äîðîãàì ìåðåæi òà¹ âiäðiçêàìè Ii = [ai, bi] â R, i = 1, . . . , N ;(á): J � ñêií÷åííà êiëüêiñòü âåðøèí, ÿêi âiäïîâiäàþòü âóçëàì äàíî¨ ìå-ðåæi.Êîæíà âåðøèíà J ¹ îá'¹äíàííÿì äâîõ íåïóñòèõ ïiäìíîæèí Inc (J) òà Out (J)òàêèõ, ùî:(i): êîæíà âåðøèíà J ∈ I ¹ âíóòðiøíüîþ òî÷êîþ Ω;(ii): äëÿ ∀J 6= J ′ ∈ J òà Inc (J)
⋂
Inc (J ′) = ∅ ìà¹ìî: Out (J)

⋂
Out(J ′) = ∅;(iii): ÿêùî i 6∈ YJ⊂J Inc (J), òîäi bi âiäïîâiäà¹ äåÿêié òî÷öi íà ∂Ω (âèõiäíà äî-ðîãà ç ìåðåæi), i ÿêùî i 6∈ YJ⊂JOut (J), òîäi ai âiäïîâiäà¹ äåÿêié òî÷öi íà ∂Ω(âõiäíà â ìåðåæó äîðîãà). Êðiì òîãî, öi äâà âèïàäêè âçà¹ìíî âèêëþ÷íi.Íåõàé Ω � ìåðåæà. Ïîâ'ÿæåìî ç öi¹þ ìíîæèíîþ äiéñíèé ïðîñòið L2(Ω).Íàäàëi, ïðèéìàþ÷è ïîçíà÷åííÿ y ∈ L2(Ω), ââàæà¹ìî, ùî y = (y1, . . . , yN )òà yk ∈ L2(Ik) äëÿ k = 1, . . . , N . Ââàæàòèìåìî, ùî L2(Ω), ÿê òîïîëîãi÷íèéïðîñòið, íàäiëåíèé ñëàáêîþ òîïîëîãi¹þ. Äëÿ ïiäìíîæèíè S ⊂ L2(Ω) ïîçíà-÷èìî ÷åðåç intωS òà lωS âiäïîâiäíî ¨¨ âíóòðiøíiñòü òà çàìèêàííÿ âiäíîñíîñëàáêî¨ òîïîëîãi¨ ïðîñòîðó L2(Ω). Òàêîæ ïðèïóñòèìî, ùî L2(Ω) ¹ ÷àñòêîâîâïîðÿäêîâàíèì çà êîíóñîì äîäàòíèõ åëåìåíòiâ Λ, ÿêèé âèçíà÷à¹òüñÿ ÿê:

Λ =
{
f ∈ L2(Ω); f(x) ≥ 0 ìàéæå ñêðiçü íà Ω

}
. (2.1)Òîäi äëÿ åëåìåíòiâ y, z ∈ L2(Ω) áóäåìî çàïèñóâàòè y ≤Λ z óñÿêèé ðàç, êîëè z ∈

y+Λ, i y <Λ z, ÿêùî z−y ∈ Λ\{0}. Áóäåìî êàçàòè, ùî ïîñëiäîâíiñòü {yk}∞k=1 ⊂
L2(Ω) ¹ íåçðîñòàþ÷îþ òà âèêîðèñòîâóâàòè ïîçíà÷åííÿ yk ↓ óñÿêèé ðàç, êîëèäëÿ âñiõ k ∈ N ìà¹ìî: yk+1 ≤Λ yk. Òàêîæ áóäåìî êàçàòè, ùî ïîñëiäîâíiñòü
{yk}∞k=1 ⊂ L2(Ω) ¹ îáìåæåíîþ çíèçó, ÿêùî iñíó¹ åëåìåíò y∗ ∈ L2(Ω) òàêèé,ùî y∗ ≤Λ yk äëÿ ∀ k ∈ N .Äëÿ òîãî, ùîá îçíà÷èòè "îïòèìàëüíi"åëåìåíòè äëÿ ïiäìíîæèíè S ÷àñò-êîâî óïîðÿäêîâàíîãî ïðîñòîðó L2(Ω), ñêîðèñòà¹ìîñÿ íàñòóïíèì ïîíÿòòÿì:



Ï�Î �ÎÇÂ'ßÇÍIÑÒÜ ÎÏÒÈÌIÇÀÖIÉÍÎ� ÇÀÄÀ×I ÍÀ ÌÅ�ÅÆI 135Îçíà÷åííÿ 3. [13℄ Åëåìåíò y∗ ∈ S ⊂ L2(Ω) áóäåìî íàçèâàòè ìàêñèìàëüíèìåëåìåíòîì ìíîæèíè S, ÿêùî íå iñíó¹ y ∈ S òàêîãî, ùî y ≥Λ y
∗, y 6= y∗, òîáòî

S ∪ (y∗ + Λ) = y∗.Ïîçíà÷èìî ÷åðåç MaxΛ(S) ñóêóïíiñòü óñiõ ìàêñèìàëüíèõ åëåìåíòiâ ìíî-æèíè S. Ââåäåìî äâà äîäàòêîâi åëåìåíòè −∞Λ i +∞Λ ó L2(Ω). Ïðèïóñòèìî,ùî öi åëåìåíòè çàäîâîëüíÿþòü íàñòóïíi óìîâè:
1) −∞Λ ≤ y ≤ +∞Λ, ∀ y ∈ L2(Ω); 2) + ∞Λ + (−∞Λ) = 0.Ïîçíà÷èìî ÷åðåç Y ∗ ÷àñòêîâî ðîçøèðåíèé ïðîñòið Áàíàõà: Y ∗ = L2(Ω) ∪

{−∞Λ}, ïðèïóñêàþ÷è, ùî
‖ −∞Λ‖L2(Ω) = +∞ i y + λ(−∞Λ) = −∞, ∀ y ∈ L2(Ω), ∀ λ ∈ R+.Îçíà÷åííÿ 4. Áóäåìî êàçàòè, ùî ìíîæèíà E ¹ å�åêòèâíèì ñóïðåìóìîììíîæèíè S ⊂ L2(Ω) âiäíîñíî ñëàáêî¨ òîïîëîãi¨ ïðîñòîðó L2(Ω) çà êîíóñîì Λ(àáî ñêîðî÷åíî (Λ, ω)-ñóïðåìóìîì), ÿêùî E ¹ ñóêóïíiñòþ óñiõ ìàêñèìàëüíèõåëåìåíòiâ ìíîæèíè clωS ó âèïàäêó, êîëè öÿ ìíîæèíà íåïóñòà, i E äîðiâíþ¹

+∞Λ iíàêøå.Íàäàëi, (Λ, ω)-ñóïðåìóì äëÿ ìíîæèíè E áóäåìî ïîçíà÷àòè ÿê Sup Λ, ωS.Òàêèì ÷èíîì, ç îãëÿäó íà ïîïåðåäí¹ îçíà÷åííÿ, ìà¹ìî:
Sup Λ, ωS :=

{
MaxΛ(clωS), MaxΛ(clωS) 6= ∅,
+ ∞Λ, MaxΛ(clωS) = ∅.Íåõàé X∂ � íåïóñòà ïiäìíîæèíà áàíàõîâîãî ïðîñòîðó X òà I : X∂ → L2(Ω)� äåÿêå âiäîáðàæåííÿ. Çàóâàæèìî, ùî âiäîáðàæåííÿ I : X∂ → L2(Ω) ìîæíàïîâ'ÿçàòè ç éîãî ðîçøèðåííÿì Î : X → Y ∗ íà âåñü ïðîñòið X, äå

Î =

{
I(x), x ∈ X∂

−∞Λ, x 6∈ X∂ .
(2.2)Áóäåìî êàçàòè, ùî âiäîáðàæåííÿ I : X∂ → Y ∗ ¹ îáìåæåíèì çâåðõó, ÿêùîiñíó¹ åëåìåíò z ∈ L2(Ω) òàêèé, ùî z ≥Λ I(x) äëÿ âñiõ x ∈ X∂ .Îçíà÷åííÿ 5. Ïiäìíîæèíó A ∈ L2(Ω) áóäåìî íàçèâàòè å�åêòèâíèì ñóïðå-ìóìîì âiäîáðàæåííÿ

I : X∂ → L2(Ω)âiäíîñíî ñëàáêî¨ òîïîëîãi¨ ïðîñòîðó L2(Ω) i ïîçíà÷àòè SupΛ, ω
x∈X∂

I(x), ÿêùî A¹ (Λ, ω)-ñóïðåìóìîì îáðàçó I(X∂) iç X∂ íà L2(Ω), òîáòî,
Sup Λ, ω

x∈X∂
I(x) = SupΛ, ω {I(x) : ∀ x ∈ X∂} .Çàóâàæåííÿ 1. Òåïåð çðîçóìiëî, ùî ÿêùî a ∈ Sup Λ, ω

x∈X∂
I(x), òî

clω {I(x) : ∀ x ∈ X∂} ∩ (a+ Λ) = {a}çà óìîâè, ùî Sup Λ, ω
x∈X∂

I(x) = MaxΛ[clω {I(x) : ∀ x ∈ X∂}].



136 Ò. À. ÁÎÆÀÍÎÂÀÍåõàé {yk}∞k=1 ïîñëiäîâíiñòü ó ïðîñòîði L2(Ω). Ïîçíà÷èìî ÷åðåç Lω {yk}ìíîæèíó âñiõ ¨¨ òî÷îê çãóùåííÿ âiäíîñíî ñëàáêî¨ òîïîëîãi¨ ïðîñòîðó L2(Ω) ,òîáòî y ∈ Lω {yk}, ÿêùî iñíó¹ ïiäïîñëiäîâíiñòü {yki
}∞i=1 ⊂ {yk}∞k=1 òàêà, ùî

yki
⇀ y ó L2(Ω) ïðè i → ∞. ßêùî öÿ ìíîæèíà íå îáìåæåíà çâåðõó, òîáòî

Sup Λ, ωLω {yk} = +∞Λ, òî ïðèïóñêà¹ìî, ùî {+∞Λ} ∈ Lω {yk}. Çà�iêñó¹ìîåëåìåíò x0 ∈ X∂ . Òîäi äëÿ äîâiëüíîãî âiäîáðàæåííÿ I : X∂ → L2(Ω) ââåäåìîäî ðîçãëÿäó íàñòóïíi ìíîæèíè:
Lσ×ω (I, x0) :=

⋃

{xk}
∞
k=1∈ Mσ(x0)

Lω
{
Î(xk)

}
, (2.3)

Lσ×ω
max (I, x0) := Lσ×ω (I, x0) ∩ SupΛ, ω

x∈X∂
I(x), (2.4)äå Mσ(x0) � öå ìíîæèíà âñiõ ïîñëiäîâíîñòåé {xk}∞k=1 ⊂ X òàêèõ, ùî xk → x0âiäíîñíî σ-òîïîëîãi¨ ïðîñòîðó X.Îçíà÷åííÿ 6. Áóäåìî êàçàòè, øî ïiäìíîæèíà A ⊂ L2(Ω) ∪ {±∞Λ} ¹ Λ�íèæíüîþ ñåêâåíöiàëüíîþ ãðàíèöåþ âiäîáðàæåííÿ I : X∂ → L2(Ω) ó òî÷öi

x0 ∈ X∂ âiäíîñíî òîïîëîãi¨ äîáóòêó σ× ω ïðîñòîðó X ×L2(Ω) i âèêîðèñòîâó-âàòè ïîçíà÷åííÿ A = lim supΛ, ω

x
σ
→x0

I(x), ÿêùî
lim supΛ, ω

x
σ
→x0

I(x) :=

{
Lσ×ω

max (I, x0) , Lσ×ω
max (I, x0) 6= ∅,

Sup Λ, ωLσ×ω(I, x0), L
σ×ω
max (I, x0) = ∅.

(2.5)Çàóâàæåííÿ 2. Ó ñêàëÿðíîìó âèïàäêó (I : X∂ → R) ìíîæèíè
SupΛ, ω

x∈X∂
I(x) òà Sup Λ, ωLσ×ω(I, x0)ìiñòÿòü òiëüêè îäèí åëåìåíò. Òîìó, ÿêùî Lσ×ω

max (I, x0) 6= ∅, òî ìà¹ìî:
Lσ×ω

max (I, x0) = Lσ×ω (I, x0) ∩ SupΛ, ω
x∈X∂

I(x) =

= Sup Λ, ωLσ×ω(I, x0) ∩ SupΛ, ω
x∈X∂

I(x) = Sup Λ, ωLσ×ω(I, x0).Îòæå, â öüîìó âèïàäêó (2.5) äà¹ êëàñè÷íå îçíà÷åííÿ âåðõíüî¨ ãðàíèöi.3. Ìîäåëü òðàíñïîðòíîãî ïîòîêóÓ öüîìó ïàðàãðà�i íàâåäåìî êîðîòêèé îãëÿä ãiäðîäèíàìi÷íèõ ìîäåëåéäëÿ òðàíñïîðòíèõ ïîòîêiâ íà ìåðåæàõ, âèêîðèñòîâóþ÷è ïiäõiä Colite, Pioli[6℄ (äèâ. [1, 7℄). Íåõàé (I,J ) � òðàíñïîðòíà ìåðåæà, êîòðà íàëi÷ó¹ ñòðîãî Näîðiã. Äëÿ i ∈ {1, . . . , N} äîðîãà i âiäïîâiäà¹ âiäðiçêó [ai, bi]. Ïîçíà÷èìî ÷å-ðåç ρi = ρi(t, x) ùiëüíiñòü ìàøèí íà äîðîçi i â òî÷öi x ∈ [ai, bi], t ∈ [0, T ];ïðè öüîìó ìàêñèìàëüíî ìîæëèâó ùiëüíiñòü íà äîðîçi i, ÿêà âiäïîâiäà¹ ïî-ÿâi çàòîðó íà äàíié äiëÿíöi ìåðåæi, ïîçíà÷èìî ÿê ρmax,i. Ïðèïóñòèìî, ùîäîðîãè äàíî¨ ìåðåæi âiäïîâiäàþòü ðåáðàì ãðà�a F, îáìåæåíîãî îáëàñòþ Ω,à âóçëè, ÿêi ç'¹äíóþòü äîðîãè, � âåðøèíàì öüîãî ãðà�à. Êiëüêiñòü ìàøèí,ùî ïðî¨æäæàþòü çà îäèíèöþ ÷àñó ¹ f(ρ) = ρυ, äå υ(ρ) � øâèäêiñòü ìàøèí.



Ï�Î �ÎÇÂ'ßÇÍIÑÒÜ ÎÏÒÈÌIÇÀÖIÉÍÎ� ÇÀÄÀ×I ÍÀ ÌÅ�ÅÆI 137Ñëiä çàóâàæèòè, ùî υ(ρ) ¹ ñïàäíîþ �óíêöi¹þ ùiëüíîñòi ρ. Âiäïîâiäíî äî[8, 12℄ ïðèïóñòèìî, ùî iñíóþòü �óíêöi¨ ïîòîêó fi òàêi, ùî äëÿ êîæíî¨ äîðîãè
i ∈ {1, . . . , N} âèêîíóþòüñÿ íàñòóïíi âëàñòèâîñòi:





fi íåïåðåðâíî äè�åðåíöiéîâíi íà [0, ρmax, i],

fi(0) = fi(ρmax, i) = 0,

fi � ñòðîãî óãíóòi �óíêöi¨,
∃ σ ∈ (0, ρmax,i) : f ′i(σi) = 0 òà (ρ− σi)f

′
i(ρ) < 0, ∀ ρ 6= σi.

(3.1)ßê âèïëèâà¹ ç íàâåäåíèõ âèùå óìîâ, òðàíñïîðòíèé ïîòiê ¹ äîäàòíèì ïðè çíà-÷åííÿõ ùiëüíîñòi 0 < ρi < ρmax, i. Òóò σi � îïòèìàëüíà ùiëüíiñòü, ïðè ÿêiéòðàíñïîðòíèé ïîòiê äîñÿãà¹ ñâîãî ìàêñèìóìó, ââàæà¹òüñÿ çàäàíîþ. Òàêèì÷èíîì, äëÿ äîâiëüíîãî i ∈ {1, . . . , N} ìàêðîñêîïi÷íà ìîäåëü òðàíñïîðòíîãîïîòîêó íà äîðîçi i ìîæå áóòè âèðàæåíà íàñòóïíèì íåëiíiéíèì çàêîíîì çáå-ðåæåííÿ (äèâ. [16℄):
∂tρi(t, x) + ∂xfi(ρi(t, x)) = 0, ∀ x ∈ (ai, bi), ∀ t ∈ (0, T ], (3.2)

ρi(0, x) = ρ̄i(x), ∀ x ∈ [ai, bi] (3.3)ç �óíêöi¹þ ïîòîêó
fi(ρ) = ρυi(ρ),äå øâèäêiñòü υi � íåïåðåðåâíî-äè�åðåíöiéîâàíà ñïàäíà �óíêöiÿ ñâîãî àðãó-ìåíòà ρ.Çàóâàæåííÿ 3. �îëîâíîþ îñîáëèâiñòþ íåëiíiéíî¨ ñèñòåìè (3.2)-(3.3) ¹ òîé�àêò, ùî êëàñè÷íèé ðîçâ'ÿçîê ìîæå íå iñíóâàòè äëÿ äåÿêîãî t > 0, íà-âiòü ÿêùî ïî÷àòêîâi óìîâè ¹ äîñèòü ãëàäêèìè. Îêðiì öüîãî, òàêà ñèñòåìàíå ¹ êîðåêòíîþ çà Àäàìàðîì, ùî îçíà÷à¹ âiäñóòíiñòü íåïåðåðâíî¨ çàëåæíî-ñòi ¨¨ ðîçâ'ÿçêiâ âiä ïî÷àòêîâèõ óìîâ. Ó çâ'ÿçêó ç öèì ãðàíè÷íi óìîâè äëÿäîðiã, ùî âõîäÿòü òà âèõîäÿòü iç ìåðåæi Ω, ïîâèííi áóòè çàäàíèìè ó ñåíñiBardos, LeRoux òà Nedeles [3℄. Ïðîòå äëÿ ïðîñòîòè ïðèïóñòèìî, ùî ai = −∞òà bi = +∞, ÿêùî i 6∈ ∪J∈J Inc(J) òà i 6∈ ∪J∈JOut(J), âiäïîâiäíî.Äëÿ ïîâíîòè ìîäåëi (3.2)�(3.3) íåîáõiäíî âèçíà÷èòè ïîòiê ÷åðåç êîæíèéâóçîë J ∈ J ìåðåæi. Äëÿ öüîãî ó êîæíîìó âóçëi áóäåìî ðîçãëÿäàòè òàêçâàíèé ðîçâ'ÿçíèê �iìàíà (äèâ. [8℄), ÿêèé çàäîâîëüíÿ¹ çáåðåæåííþ êiëüêîñòiìàøèí çà òàêèì ïðàâèëîì:(À): ó êîæíîìó âóçëi ç ðîçãàëóæåííÿì âèõiäíèõ äîðiã iñíóþòü êîíêðåòíiïåðåâàãè âîäi¨â, óíàñëiäîê ÿêèõ ðóõ òðàíñïîðòó iç âõiäíèõ ó âóçîë äîðiãðîçïîäiëÿ¹òüñÿ ïî âèõiäíèõ äîðîãàõ ïðîïîðöiéíî âiäïîâiäíèõ ïåðåâàãàõ;(Á): âiäïîâiäíî äî ïðàâèëà (À) âîäi¨ ïðàãíóòü ìàêñèìiçóâàòè ïîòiê.�îçãëÿíåìî âóçîë J ç n âõiäíèìè äîðîãàìè I1, . . . , In ç êiíöåì bi ó âóçëi, äå

(i ∈ {1, . . . , n}), òàm âèõiäíèìè äîðîãàìè In+1, . . . , In+m ç êiíöåì ai ó âóçëi, äå
(i ∈ {n+ 1, . . . , n+m}) . Òîäi, ùîá ãàðàíòóâàòè çáåðåæåííÿ êiëüêîñòi ìàøèí,ÿêi ïðî¨æäæàþòü ÷åðåç âóçîë J , ââåäåìî íàñòóïíó óìîâó:

n∑

i=1

fi(ρi(t, bi)) =

n+m∑

i=n+1

fi(ρi(t, ai)) ∀ t ∈ [0, T ] ∀ J. (3.4)



138 Ò. À. ÁÎÆÀÍÎÂÀÖå ñïiââiäíîøåííÿ ùå íàçèâàþòü óìîâîþ Rankine�Hugoniot ó âóçëi. Ïðîòåâèêîíàííÿ öi¹¨ óìîâè íå ¹ äîñòàòíiì äëÿ âèçíà÷åííÿ ¹äèíîãî ðîçâ'ÿçêó ñè-ñòåìè (3.2) íà ìåðåæi. Äiéñíî, íåõàé ρ̂ = (ρ̂1, . . . , ρ̂n+m) ¹ äåÿêèé ðîçâ'ÿçîêó âóçëi J , ÿêèé çàäîâîëüíÿ¹ óìîâó (3.4). Öå îçíà÷à¹, ùî âiäïîâiäíi çàäà-÷i �iìàíà (3.2)�(3.3) ìàþòü ñâî¨ìè ðîçâ'ÿçêàìè �óíêöi¨ ρi, êîòði íà ïðàâèõêiíöÿõ âõiäíèõ äîðiã (i ≤ n) òà íà ëiâèõ êiíöÿõ âèõiäíèõ iç âóçëà äîðiã
(i ∈ {n+ 1, . . . , n+m}) äîðiâíþþòü âiäïîâiäíèì çíà÷åííÿì ρ̂i. Îäíàê ó çà-ãàëüíîìó âèïàäêó òàêå ïî¹äíàííÿ çíà÷åíü ùiëüíîñòi ó âóçëi ìîæå ïðèçâåñòèäî ïîÿâè òàê çâàíèõ "øîêîâèõ" òà "ðîçðiäæåíèõ" õâèëü, ùî ïðîõîäÿòü ÷å-ðåç íüîãî (äèâ. [11℄). Îòæå, äàëåêî íå êîæíèé âèáið çíà÷åíü (ρ̂1, . . . , ρ̂n+m)áóäå äîïóñòèìèì ó âóçëàõ òðàíñïîðòíî¨ ìåðåæi. Äëÿ ¨õ âèçíà÷åííÿ íåäî-ñòàòíüî ìàòè òiëüêè ñïiââiäíîøåííÿ (3.4). Íåîáõiäíî âíåñòè ùå n +m − 1 �äîïîìiæíó óìîâó. Òîìó ó äàíîìó âèïàäêó ðîçóìíî ñêîðèñòàòèñÿ ïiäõîäîìColite, Garavello & Pioli [8℄ òà ââåñòè ìàòðèöþ ðîçïîäiëó ðóõó A(J) ∈ Rn+mòàêó, ùî

A(J) = [αji(J)], j ∈ {n+ 1, . . . , n+m} , i ∈ {1, . . . , n} , (3.5)




αji(J) 6= αji′(J), ∀ i 6= i′, 0 < αji(J) < 1,

n+m∑

j=n+1

αji(J) = 1 äëÿ êîæíîãî i ∈ {1, . . . , n} . (3.6)Òàêèì ÷èíîì, i-é ñòîâï÷èê ìàòðèöi A îïèñó¹ ðîçïîäië òðàíñïîðòíîãî ïîòîêóïî âèõiäíèõ iç âóçëà äîðîãàõ. Öå îçíà÷à¹, ùî ÿêùî C � êiëüêiñòü ìàøèí,ÿêi ïðèáóâàþòü ç äîðîãè Ii ó çàäàíèé âóçîë, òî αjiC � êiëüêiñòü ìàøèí, ÿêiïåðåñóâàþòüñÿ ïî âèõiäíié ç âóçëà äîðîçi Ij . Ìîæíà òàêîæ ïðèïóñòèòè, ùîìàòðèöÿ A çàëåæèòü âiä ÷àñó. Íàïðèêëàä, ó âèïàäêó ðóõó ìàøèí íà ìiñüêiéìåðåæi, ïåðåâàãè âîäi¨â çìiíþþòüñÿ ïðîòÿãîì äîáè.Ç òåõíi÷íî¨ òî÷êè çîðó, íà ìàòðèöþ A íåîáõiäíî íàêëàñòè ðÿä äîïîìiæíèõóìîâ. Áóäåìî ãîâîðèòè, ùî ìàòðèöÿ A çàäîâîëüíÿ¹ ãiïîòåçó (Â), ÿêùî ìà¹ìiñöå òàêå: íåõàé {e1, . . . , en} êàíîíi÷íèé áàçèñ â Rn i äëÿ äîâiëüíî¨ ïiäìíî-æèíè V ⊂ Rn ïîçíà÷èìî ÷åðåç V ⊥ � ¨¨ îðòîãîíàëüíå äîïîâíåííÿ. Äëÿ ∀ i =
1, . . . , n âèçíà÷èìî ìíîæèíó Hi = (ei)

⊥, òîáòî êîîðäèíàòíó ãiïåðïëîùèíó, îð-òîãîíàëüíó äî ei, òà äëÿ ∀ j = n+ 1, . . . , n+m íåõàé αj = (αj1, . . . , αjn) ∈ Rni Hj = {αj}⊥. Íåõàé K � ìíîæèíà iíäåêñiâ k = (k1, . . . , kl), 1 ≤ l ≤ n − 1òàêèõ, ùî 0 ≤ k1 < k2 < · · · < kl ≤ n+m, i äëÿ ∀ k ∈ K âèêîíó¹òüñÿ ðiâíiñòü
Hk =

l∪
h=1

Hkh
. Ïîêëàâøè 1 = (1, . . . , 1) ∈ Rn, îòðèìà¹ìî ∀ k ∈ K

1 6∈ H⊥
k .Çàóâàæåííÿ 4. Iç óìîâè (Â) áåçïîñåðåäíüî îòðèìó¹ìî, ùî m ≥ n.Óìîâà (Â) íå çàñòîñîâó¹òüñÿ äëÿ âóçëiâ ç n âõiäíèìè äîðîãàìè i îäíi¹þâèõiäíîþ. Òàêèì ÷èíîì, ââåäåìî äåÿêi ïàðàìåòðè, çìiñò ÿêèõ ïîëÿãà¹ ó íà-ñòóïíîìó. Çà óìîâè, êîëè íå âñi ìàøèíè ìîæóòü ïðî¨õàòè ÷åðåç âóçîë, iñ-íó¹ ïðàâèëî, ÿêå ó ïðîöåíòíîìó ñïiââiäíîøåííi îïèñó¹ êiëüêiñòü ìàøèí, ùîïðî¨æäæàþòü ç îêðåìî¨ âõiäíî¨ äîðîãè ÷åðåç âóçîë äàíî¨ ìåðåæi, à ñàìå:



Ï�Î �ÎÇÂ'ßÇÍIÑÒÜ ÎÏÒÈÌIÇÀÖIÉÍÎ� ÇÀÄÀ×I ÍÀ ÌÅ�ÅÆI 139(�): ïðèïóñòèìî, ùî íå âñi ìàøèíè ìîæóòü ïðî¨õàòè íà âèõiäíó ç âóçëàäîðîãó, i íåõàé C � êiëüêiñòü ìàøèí, ÿêèì öå âäà¹òüñÿ. Òîäi qiC ìàøèííàäõîäèòü ç äîðîãè i, i = 1, . . . , n, ïðè öüîìó ∑n
i=1 qi = 1.Òåïåð, çãiäíî ç òåîði¹þ [8], ââåäåìî ïîíÿòòÿ ðîçâ'ÿçêó çàäà÷i (3.2) ó âóçëi

J ∈ J òà íà âñié ìåðåæi Ω.Îçíà÷åííÿ 7. Íåõàé J � âóçîë ç n âõiäíèìè äîðîãàìè I1, . . . , In ç êiíöåì bi
(i ∈ {1, . . . , n}) ó âóçëi òà m âèõiäíèìè äîðîãàìè In+1, . . . , In+m ç êiíöåì ai

(i ∈ {n+ 1, . . . , n+m}). Áóäåìî êàçàòè, ùî
ρ = (ρ1, . . . , ρn+m) :

n+m∏

l=1

([0, T ] × Ii) → R n+m,

ρ(t, ·) ∈
n+m∏

l=1

BV (Il) äëÿ êîæíîãî t ∈ [0, T ]¹ ñëàáêèì ðîçâ'ÿçêîì çàäà÷i (3.2) âiäíîñíî ìàòðèöi A(J) ∈ Rm+n ó âóçëi J ,ÿêùî âií ¹ ñóêóïíiñòþ �óíêöié ρl : [0, T ] × Ii → R, l ∈ {1, . . . , n+m} òàêèõ,ùî(i):
n+m∑

l=1

(∫ T

0

∫ bi

ai

(ρl∂tϕl + fl(ρl)∂xϕl)dxdt

)
= 0, (3.7)äëÿ äîâiëüíî¨ ãëàäêî¨ �óíêöi¨ ϕl, l = 1, . . . , n+m, ÿêà ìà¹ êîìïàêòíèéíîñié íà ìíîæèíi (0,+∞)× (al, bl] äëÿ l = 1, . . . , n (âõiäíi äîðîãè) òà íàìíîæèíi (0,+∞) × [al, bl) l = 1, . . . , n äëÿ l = n + 1, . . . , n +m (âèõiäíiäîðîãè), ïðè öüîìó

ϕi(·, bi) = ϕj(·, aj),
∂ϕi

∂ x
(·, bi) =

∂ϕj

∂ x
(·, aj),

i ∈ {1, . . . , n} , j ∈ {n+ 1, . . . , n+m} ;(ii): fj(ρj(·, aj+)) =

n∑

i=1

αjifi(ρi(·, bi−)) äëÿ ∀ j = n+ 1, . . . , n+m;(iii): L(J, A, ρ) :=

n∑

i=1

fi(ρi(·, bi−)) äîñÿãà¹ ìàêñèìàëüíîãî çíà÷åííÿ íà ïàði
(A, ρ) ïðè îáìåæåííÿõ (i)-(11).Çàóâàæåííÿ 5. Ïåðøà óìîâà öüîãî îçíà÷åííÿ ¹, ïî ñóòi, óìîâîþ çáåðåæåííÿêiëüêîñòi ìàøèí ó âóçëi. Áiëüøå òîãî, �îðìóëà 3.7 ìiñòèòü ó ñîái óìîâó 3.4,ÿêùî �óíêöi¨ ρl äîñèòü ðåãóëÿðíi. Ùî ñòîñó¹òüñÿ óìîâ (2)�(3), òî âîíè îïè-ñóþòü ïðàâèëà (À) òà (Á), òîáòî ïåðåâàãè âîäi¨â ó âóçëàõ ìåðåæi.Âiäîìî, ùî çàäà÷à �iìàíà (3.2)�(3.3) iç çàäàíèìè óìîâàìè ρ̄i : [ai, bi] → Rìà¹ ðîçâ'ÿçîê íà âñié ìåðåæi Ω ó òàêîìó ñåíñi (äèâ. [8℄).



140 Ò. À. ÁÎÆÀÍÎÂÀÎçíà÷åííÿ 8. Íåõàé çàäàíî �óíêöi¨ ρ̄i ∈ L∞(Ii) ∩ BV (Ii), i ∈ {1, . . . , N}.Áóäåìî êàçàòè, ùî ñóêóïíiñòü �óíêöié ρ = (ρ1, . . . , ρN ) :
∏N

i=1([o, T ] × Ii) →
RN , äå

ρi ∈ C([0, T ]; L1
loc(Ii)), i ∈ {1, . . . , N}¹ äîïóñòèìèì ðîçâ'ÿçêîì çàäà÷i (3.2)-(3.5), ÿêùî:(a): ρi : [0, T ]× Ii → R ¹ ñëàáêèì åíòðîïiéíèì ðîçâ'ÿçêîì çàäà÷i (3.2) íà Ii,òîáòî ∫ T

0

∫ bi

ai

(ρi∂tϕ+ fi(ρi)∂xϕ)dxdt = 0, (3.8)
∫ T

0

∫ bi

ai

(|ρi − k|∂tϕ̃+ sgn(ρi − k)(fi(ρi) − fi(k))∂xϕ̃) dxdt ≥ 0 (3.9)äëÿ äîâiëüíî¨ ãëàäêî¨ �óíêöi¨ ϕ : [0, T ] × Ii → R ç êîìïàêòíèì íîñi¹ìíà ìíîæèíi (0, T )× (ai, bi) äëÿ k ∈ R òà äëÿ äîâiëüíî¨ ãëàäêî¨ äîäàòíî¨�óíêöi¨ ϕ̃ : [0, T ] × Ii → R ç êîìïàêòíèì íîñi¹ì íà (0, T ) × (ai, bi);(á): ρi(0, ·) = ρ̄i íà Ii äëÿ ∀ i ∈ {1, . . . , N};(â): ó êîæíîìó âóçëi J ñóêóïíiñòü �óíêöié ρ = (ρ1, . . . , ρn+m) ¹ ñëàáêèìðîçâ'ÿçêîì çàäà÷i (3.2) âiäíîñíî ìàòðèöi A(J) ∈ Rn+m ó ñåíñi îçíà÷åííÿ7.Çàóâàæåííÿ 6. ßê ïîêàçàíî ó [8℄, çà íàÿâíîñòi òî÷îê ðîçðèâó ó ïî÷àòêî-âèõ óìîâàõ ρ̄i(·) íà äîðîçi Ii, ëèøå îäíîãî ðiâíÿííÿ Rankine�Hugoniot 3.4 íåäîñòàòíüî äëÿ òîãî, ùîá âiäîêðåìèòè ¹äèíèé ðîçâ'ÿçîê çàäà÷i Êîøi (3.2)�(3.3). Òîìó ïîíÿòòÿ ñëàáêîãî ðîçâ'ÿçêó çàäà÷i ïîòðiáíî äîïîâíèòè äîäàòêî-âèìè óìîâàìè. Çà òàêèé äîïóñòèìèé êðèòåðié, óçÿòèé iç �içè÷íèõ ìiðêóâàíü,ìîæíà ïðèéíÿòè òàê çâàíó åíòðîïiéíó óìîâó, êîòðà ó öüîìó âèïàäêó íàáóâà¹âèãëÿäó åíòðîïiéíî¨ äîïóñòèìî¨ óìîâè Êðóæêîâà 3.9 (äèâ. [14℄).Îçíà÷åííÿ 9. Íåõàé J ∈ J � âóçîë ìåðåæi (I, J ), ÿêèé ìà¹ òiëüêè äâiâõiäíi äîðîãè òà äâi âèõiäíi. Òîìó, çãiäíî ç [8℄, áóäåìî êàçàòè, ùî ìàòðèöÿ
A(J), ÿêà ó öüîìó âèïàäêó íàáóâà¹ âèãëÿäó:

A(J) =

(
α β

1 − α 1 − β

)
, (3.10)çàäîâîëüíÿ¹ ãiïîòåçó (Â), ÿêùî α, β ∈ (0, 1) òà α 6= β.Çàóâàæåííÿ 7. �iïîòåçà (Â) ¹ âèíÿòêîâî òåõíi÷íîþ óìîâîþ, ÿêà íåîáõiäíàäëÿ âèäiëåííÿ ¹äèíîãî ðîçâ'ÿçêó ç âiäïîâiäíèõ ðîçâ'ÿçêiâ çàäà÷i �iìàíà óâóçëàõ. Ïðîòå, ÿêùî îäèí iç ïàðàìåòðiâ α àáî β ó âèðàçi (3.10) íàáóâà¹ çíà-÷åííÿ ç ìíîæèíè {0, 1}, òî âiäïîâiäíèé âóçîë J ìà¹ îäíó âõiäíó äîðîãó òà äâiâèõiäíi. Òîìó, â öüîìó âèïàäêó, ¹ ñåíñ âíåñòè íåçíà÷íi çìiíè â äàíó ìåðåæóòà, âiäïîâiäíî, ó çàäà÷ó (3.2)-(3.5).Áåðó÷è öå äî óâàãè, äàìî íàñòóïíèé âiäîìèé ðåçóëüòàò ñòîñîâíî iñíóâàííÿòà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i Êîøi (3.2)-(3.4) (äèâ. [6, 8, 10℄).



Ï�Î �ÎÇÂ'ßÇÍIÑÒÜ ÎÏÒÈÌIÇÀÖIÉÍÎ� ÇÀÄÀ×I ÍÀ ÌÅ�ÅÆI 141Òåîðåìà 2. Íåõàé äàíî ìåðåæó Ω = (I, J ) òà ñóêóïíiñòü �óíêöié ïîòîêó
{fi : R→ R}N

i=1, ÿêi çàäîâîëüíÿþòü âëàñòèâîñòi (3.1), i íåõàé çàäàíî ïî-÷àòêîâèé ðîçïîäië ùiëüíîñòi ïîòîêó ìàøèí ρ̄ = {ρ̄i ∈ L∞(Ii) ∩BV (Ii)}N
i=1.Ïðèïóñòèìî, ùî ìåðåæà äîðiã (I, J ) ñêëàäà¹òüñÿ iç âóçëiâ, êîòði ìàþòüíå áiëüøå äâîõ âõiäíèõ òà äâîõ âèõiäíèõ äîðiã, i êîæíà ¨õ ìàòðèöÿ ðîçïîäi-ëó ðóõó A(J) íàëåæèòü êëàñó (Â). Òîäi iñíó¹ ¹äèíèé äîïóñòèìèé ðîçâ'ÿçîê

ρ = (ρ1, . . . , ρN ) :
∏N

i=1([0, T ] × Ii) → RN çàäà÷i (3.2)-(3.5) òàêèé, ùî
ρi ∈ C([0, T ]; L∞(Ii) ∩BV (Ii)), i ∈ {1, . . . , N} , (3.11)
Tot. VIi

(ρi(t, ·)) ≤ Tot. VIi
(ρ̄i), i ∈ {1, . . . , N} . (3.12)4. Ïîñòàíîâêà çàäà÷i âåêòîðíî¨ îïòèìiçàöi¨Îñêiëüêè òðàíñïîðòíèé ïîòiê íà ìåðåæi íàäà¹ ìîæëèâiñòü çàëó÷åííÿ �àê-òîðiâ êåðóâàííÿ, êîòði âïëèâàþòü íà ùiëüíiñòü òðàíñïîðòíèõ ïîòîêiâ, òî íà-äàëi òðàíñïîðòíèé ïîòiê áóäåìî òðàêòóâàòè ÿê îá'¹êò êåðóâàííÿ. Ó öüîìóâèïàäêó íåîáõiäíî �îðìàëiçóâàòè �içè÷íi òà ìàòåìàòè÷íi çíà÷åííÿ �àêòîðiâêåðóâàííÿ òà ïîâ'ÿçàòè ç íèìè âiäïîâiäíèé ñòàí òàêîãî îá'¹êòà êåðóâàííÿ.Äëÿ ïðîñòîòè îáìåæèìîñÿ âèïàäêîì ìåðåæi Ω = (I, J ), ÿêà âêëþ÷à¹âóçëè J ∈ J ëèøå äâîõ âèäiâ: J ∈ J1, 2 òà J ∈ J2, 1. Ïåðøèé âèä âóçëà(J ∈ J1, 2) ìà¹ îäíó âõiäíó äîðîãó m ç êiíöåì bm ó âóçëi òà äâi âèõiäíiäîðîãè r, s ç êiíöÿìè ar, as ó âóçëi, âiäïîâiäíî. Çãiäíî ç ïiäõîäîì Colite,Garavello& Pioli [6, 8℄, ó òàêîìó âóçëi ìàòðèöÿ ðîçïîäiëó ïîòîêó íàáóâà¹âèãëÿäó: A(J) = [αm, 1 − αm]t, äå 0 ≤ αm ≤ 1. Îòæå, ó òàêîìó âóçëi äiéñíèéïàðàìåòð αm ∈ (0, 1) ìîæíà âçÿòè çà �àêòîð êåðóâàííÿ.Çàóâàæåííÿ 8. Çàóâàæèìî, ùî óìîâà (Â) ñïðàâåäëèâà äëÿ êîæíîãî âóçëà

J ∈ J1, 2. Áiëüøå òîãî, öÿ óìîâà ¹ çàìêíåíîþ âiäíîñíî çáiæíîñòi ó ïðîñòîðiìàòðèöü A(J) = [αm, 1−αm]t çà óìîâè, ùî αm ∈ [β, 1−β] β ∈ (0, 1/2) äîñèòüìàëå äîäàòíå ÷èñëî.Äðóãèé âèä âóçëiâ (J ∈ J2, 1) ñêëàäà¹òüñÿ ç äâîõ âõiäíèõ äîðiã p òà q çêiíöÿìè bp i bq ó âóçëi òà îäíi¹¨ âèõiäíî¨ äîðîãè r ç êiíöåì ar ó âóçëi. Äëÿâóçëiâ òàêîãî âèäó iñíó¹ ïðàâèëî, ÿêå îïèñó¹ ó ïðîöåíòíîìó ñïiââiäíîøåííiêiëüêiñòü ìàøèí, ùî ïðî¨æäæàþòü iç îêðåìî¨ âõiäíî¨ äîðîãè ÷åðåç öi âóçëèìåðåæi. Áiëüøå òîãî, óìîâà (�) âèêîíó¹òüñÿ äëÿ êîæíîãî âóçëà J ∈ J2, 1, iòîìó â òàêèõ âóçëàõ òðàíñïîðòíèé ïîòiê óæå íå ¹ êåðîâàíèì.Ïðèïóñòèìî, ùî ìåðåæà Ω = (I, J) ìà¹ ñòðîãî N äîðiã i J = J1, 2 ∪ J2, 1,äå ìíîæèíà J1, 2 ìiñòèòü K âóçëiâ ïåðøîãî âèäó, à ìíîæèíà J2, 1 �M âóçëiâäðóãîãî âèäó. Òàêèì ÷èíîì, ìà¹ìî ìåðåæó ç K ïàðàìåòðàìè êåðóâàííÿ α =
(α1, . . . , αK) òà M çàäàíèìè ïàðàìåòðàìè ζ = (ζ1, . . . , ζM), 0 < ζl < 1 l ∈
{1, . . . ,M}. Ïðè öüîìó, íà êîæíié äîðîçi Ii = [ai, bi] ∈ I øâèäêiñòü υ = υ(ρ)çàäîâîëüíÿ¹ òàêi âèìîãè:

υ(ρ)� íåïåðåðâíî-ñïàäíà �óíêöiÿ íà âiäðiçêó [0, max
1≤i≤N

ρmax,i] (4.1)
0 ≤ υ(ρi) ≤ υi,max, ∀ i ∈ {1, . . . , N} , (4.2)



142 Ò. À. ÁÎÆÀÍÎÂÀäå υi,max ∈ L2(Ii) (1 ≤ i ≤ N) âiäîìi �óíêöi¨.Óâåäåìî íàñòóïíi ïîçíà÷åííÿ:1. A = {α = (α1, . . . , αK)| β ≤ αi ≤ 1 − β, i = 1, . . . ,K} ⊂ RK � ìíîæèíàïàðàìåòðiâ êåðóâàííÿ, äå β ∈ (0, 1/2) äîñèòü ìàëå äîäàòíå ÷èñëî;2. X = RK × C(0, T ; L∞(Ω) ∩BV (Ω)) � ïðîñòið äîïóñòèìèõ ïàð (α, ρ) ;3. P : RK × C(0, T ; L∞(Ω) ∩ BV (Ω)) → L2(Ω) (1 < p < +∞) � öiëüîâåâiäîáðàæåííÿ;4. Λ =
{
g ∈ L2(Ω) : g(x) ≥ 0 ìàéæå ñêðiçü íà Ω

} �óïîðÿäêîâàíèé êîíóñäîäàòíèõ åëåìåíòiâ ó ïðîñòîði L2(Ω).Iç ïîïåðåäíüîãî ïàðàãðà�à âiäîìî, ùî äëÿ ∀ α = (α1, . . . , αK) ∈ A çàäà÷à
∫ T

0

∫ bi

ai

(ρi∂tϕ+ fi(ρi)∂xϕ)dxdt = 0, ∀ϕ ∈ C∞
0 ((0, T )× (ai, bi)), ∀ Ii ∈ I, (4.3)





∫ T

0

∫ bi

ai

(|ρi − k|∂tϕ̃+ sgn(ρi − k)(fi(ρi) − fi(k))∂xϕ̃) dxdt ≥ 0,

∀ d ∈ R, ∀ ϕ̃ ∈ C∞
0 ((0, T ) × (ai, bi)), ϕ̃ ≥ 0, ∀ i ∈ {1, . . . , N} ,

(4.4)
ρi(0, ·) = ρ̄i íà Ii äëÿ ∀ i ∈ {1, . . . , N} , (4.5)





fr(ρr(·, a+
r )) = αkfm(ρm(·, b−m)) òà

fs(ρs(·, a+
s )) = (1 − αk)fm(ρm(·, b−m)),äëÿ ∀ Jk ∈ J1, 2 ç îäíi¹þ âõiäíîþ äîðîãîþ m ç êiíöåì bmó âóçëi Jk òà âèõiäíèìè äîðîãàìè r, s ç êiíöÿìè ar, asó Jk, ∀ k ∈ {1, . . . ,K} ,

(4.6)




fr(ρr(·, a+
r )) = ζlfp(ρp(·, b−p )) + (1 − ζl)fq(ρq(·, b−q ))äëÿ ∀ Jl ∈ J2, 1 ç äâîìà âõiäíèìè äîðîãàìè p, q ç êiíöÿìè bp, bq Jlòà îäíi¹þ âèõiäíîþ äîðîãîþ r ç êiíöåì ar ó Jl, ∀ l ∈ {1, . . . ,M} ,

(4.7)




L(J, α, ρ) :=

n∑

i=1

fi(ρi(·, b+i )) äîñÿãà¹ ìàêñèìàëüíîãî çíà÷åííÿ ïðèîáìåæåííÿõ (4.3)-(4.7) ∀ J ∈ J , äå n = 1, ÿêùî J ∈ J1, 2,i n = 2, ÿêùî J ∈ J2, 1

(4.8)ìà¹ ¹äèíèé ðîçâ'ÿçîê:
ρ = (ρ1, . . . , ρN ) :

N∏

i=1

([0, T ] × Ii) → RN ó ïðîñòîði C(0, T ; L∞(Ω) ∩BV (Ω))iç âëàñòèâîñòÿìè (3.11)�(3.12).Ïîâ'ÿæåìî ç çàäà÷åþ (4.3)�(4.8) íàñòóïíó çàäà÷ó âåêòîðíî¨ îïòèìiçàöi¨:ðåàëiçóâàòè SupΛ, ω {P (α, ρ)} (4.9)äëÿ âñiõ α = (α1, . . . , αK) ∈ RK òà ρ = (ρ1, . . . , ρN ) ∈ C(0, T ; L∞(Ω)∩BV (Ω))çà óìîâ (4.3)�(4.7) òà (4.1)�(4.2).



Ï�Î �ÎÇÂ'ßÇÍIÑÒÜ ÎÏÒÈÌIÇÀÖIÉÍÎ� ÇÀÄÀ×I ÍÀ ÌÅ�ÅÆI 143Îçíà÷åííÿ 10. Áóäåìî êàçàòè, ùî çàäà÷à (4.9) ¹ ðåãóëÿðíîþ, ÿêùî äëÿçàäàíî¨ ñóêóïíîñòi �óíêöié ïîòîêó f = (f1, . . . , fN ) ç âëàñòèâîñòÿìè (3.1)iñíó¹ ïàðà
(α, ρ) ∈ A× C(0, T ; L∞(Ω) ∩BV (Ω)),äå ρ = ρ(α) � öå âiäïîâiäíèé ðîçâ'ÿçîê çàäà÷i (4.3)�(4.8) òàêèé, ùî ρ çàäî-âîëüíÿ¹ óìîâè (4.1)�(4.2), i P (α, ρ) >Λ z äëÿ äåÿêîãî åëåìåíòà z ∈ L2(Ω). Óöüîìó âèïàäêó ïàðó (α, ρ) áóäåìî íàçèâàòè äîïóñòèìîþ.Ïîçíà÷èìî ÷åðåç Ξ ìíîæèíó âñiõ äîïóñòèìèõ ïàð çàäà÷i (4.3)�(4.9). Î÷å-âèäíî, ùî Ξ ⊂ A × C(0, T ; L∞(Ω) ∩ BV (Ω)). Íàäàëi áóäåìî ïîâ'ÿçóâàòè öþçàäà÷ó ç ÷åòâiðêîþ < Ξ, P, Λ, ω >, äå ω ¹ ñëàáêîþ òîïîëîãi¹þ ïðîñòîðóêåðóâàíü L2(Ω).Çàóâàæåííÿ 9. Ó çàãàëüíîìó âèïàäêó iñíó¹ ïðèíöèïîâà ðiçíèöÿ ìiæ çàäà÷åþ(4.9) òà çàäà÷åþ âåêòîðíî¨ îïòèìiçàöi¨ ó êëàñè÷íié ïîñòàíîâöi:

{ çíàéòè ìàêñèìóì âiäîáðàæåííÿ P (α, ρ) âiäíîñíî êîíóñà Λçà óìîâè, ùî (α, ρ) ∈ Ξ
(4.10)Ñïðàâäi, íåõàé ïàðà (αeff , ρeff ) ∈ Ξ ¹ å�åêòèâíèì ðîçâ'ÿçêîì çàäà÷i (4.9).Òîäi P (αeff , ρeff ) ∈ MaxΛ(lωP (Ξ)). Çâiäñè

P (αeff , ρeff ) ∈ P (Ξ) òà P (αeff , ρeff ) ∈ MaxΛP (Ξ).Òîìó (αeff , ρeff ) ¹ ðîçâ'ÿçêîì çàäà÷i (4.10). Ïðîòå, îáåðíåíå òâåðäæåííÿ,ó çàãàëüíîìó âèïàäêó, íå ¹ âiðíèì. Ó òîé æå ÷àñ, äëÿ ñêàëÿðíîãî âèïàäêóçàâæäè ìà¹ ìiñöå òàêå:ÿêùî P (αeff , ρeff ) = max
(α, ρ)∈ Ξ

P (α, ρ), òî
(αeff , ρeff ) ∈ Ξ i P (αeff , ρeff ) = sup

(α, ρ)∈ Ξ
P (α, ρ).Çàóâàæèìî, ùî çàäà÷i âåêòîðíî¨ îïòèìiçàöi¨ (4.9) òà (4.10) iäåíòè÷íi ó òî-ìó âèïàäêó, êîëè Y = R òà Λ = R+, i ïðèâîäÿòü äî êëàñè÷íî¨ ïîñòàíîâêèñêàëÿðíî¨ çàäà÷i ìàêñèìiçàöi¨ ç îáìåæåííÿìè.Îçíà÷åííÿ 11. Äîïóñòèìó ïàðó (αeff , ρeff ) ∈ Ξ áóäåìî íàçèâàòè (Λ, ω)-å�åêòèâíèì ðîçâ'ÿçêîì çàäà÷i (4.1)�(4.9), ÿêùî ïàðà (αeff , ρeff ) ðåàëiçó¹

(Λ, ω)-ñóïðåìóì âiäîáðàæåííÿ P : Ξ → L2(Ω), òîáòî
P (αeff , ρeff ) ∈ SupΛ, ω

(α, ρ)∈ ΞP (α, ρ) = SupΛ, ω {P (α, ρ) : ∀ (α, ρ) ∈ Ξ} .Ïîçíà÷èìî ÷åðåç E�ω(Ξ; P ; Λ) ìíîæèíó âñiõ (Λ, ω)-å�åêòèâíèõ ðîçâ'ÿçêiââåêòîðíî-îïòèìiçàöiéíî¨ çàäà÷i (4.1)�(4.9), òîáòîE�ω(Ξ; P ; Λ) =
{

(αeff , ρeff ) ∈ Ξ : P (αeff , ρeff ) ∈ SupΛ, ω
(α, ρ)∈ Ξ P (α, ρ)

}
.Òåïåð äàìî íàñòóïíèé ðåçóëüòàò ñòîñîâíî òîïîëîãi÷íèõ âëàñòèâîñòåé ìíî-æèíè äîïóñòèìèõ ïàð Ξ çàäà÷i (4.9). Íåõàé τ -òîïîëîãiÿ íà

Y = RK × L2(0, T ; BV (Ω)),



144 Ò. À. ÁÎÆÀÍÎÂÀçàäàíà ÿê äîáóòîê ïîòî÷êîâî¨ çáiæíîñòi â RK òà ñëàáêî¨ òîïîëîãi¨ ïðîñòîðó
L2(0, T ;
BV (Ω)). Òîäi ìà¹ ìiñöå íàñòóïíà òåîðåìà, äîâåäåííÿ ÿêî¨ ìîæíà çíàéòè â [2℄.Òåîðåìà 3. Íåõàé {(αk, ρk) ∈ Ξ

}∞
k=1

äîâiëüíà ïîñëiäîâíiñòü äîïóñòèìèõïàð ó çàäà÷i (4.3)�(4.8). Òîäi çíàéäåòüñÿ ïàðà (α∗, ρ∗) ∈ Y i ïiäïîñëiäîâ-íiñòü äàíî¨ ïîñëiäîâíîñòi (äëÿ ÿêî¨ çáåðåæåìî ïîïåðåäíi ïîçíà÷åííÿ) òàêi,ùî
(α∗, ρ∗) ∈ Ξ, (αk, ρk)

τ→ (α∗, ρ∗),òîáòî ìíîæèíà Ξ ¹ ñåêâåíöiéíî êîìïàêòíîþ âiäíîñíî τ -çáiæíîñòi.Íàñëiäîê 1. ßêùî α ∈ A, òî âiäîáðàæåííÿ α 7→ ρ(α) ¹ íåïåðåðâíèì âiä-íîñíî òîïîëîãi¨ ïîòî÷êîâî¨ çáiæíîñòi â RK òà ñëàáêî¨ òîïîëîãi¨ ïðîñòîðó
L2(0, T ; BV (Ω)).5. Òåîðåìà iñíóâàííÿÍåõàé P̂ : [RK ×C(0, T ; BV (Ω))] → Y • � äåÿêå ðîçøèðåííÿ âiäîáðàæåííÿ

P : Ξ → L2(Ω) íà âåñü ïðîñòið RK ×L2(0, T ; BV (Ω)). Òóò ÷åðåç Y • ïîçíà÷åíî÷àñòêîâî ðîçøèðåíèé ïðîñòið Áàíàõà L2(Ω) ∪ {−∞Λ}.Îçíà÷åííÿ 12. Áóäåìî êàçàòè, ùî âiäîáðàæåííÿ P : Ξ → L2(Ω) ¹ (Λ, τ ×ω)-íàïiâíåïåðåðâíèì çâåðõó ((Λ, τ × ω)-íí. çâ.) ó òî÷öi (α0, ρ0) ∈ Ξ, ÿêùî
P (α0, ρ0)∈ lim supΛ, ω

(α, ρ)
τ
→(α0, ρ0)

P̂ (α, ρ).Âiäîáðàæåííÿ P ¹ (Λ, τ × ω)-íí. çâ. íà ìíîæèíi Ξ, ÿêùî P ¹ (Λ, τ × ω)-íí. çâ. íà êîæíié ïàði ç Ξ.Òâåðäæåííÿ 1. Ïðèïóñòèìî, ùî ïðîñòið êåðóâàííÿ L2(Ω) ÷àñòêîâî âïîðÿä-êîâàíèé çà êîíóñîì äîäàòíèõ åëåìåíòiâ Λ. Íåõàé Ξ íåïóñòà ïiäìíîæèíà çïðîñòîðó RK×L2(0, T ; BV (Ω)) i P : Ξ → L2(Ω) � çàäàíå âiäîáðàæåííÿ. ßêùîïàðà (α0, ρ0) ∈ Ξ ¹ äîâiëüíèì (Λ, ω)-å�åêòèâíèì ðîçâ'ÿçêîì çàäà÷i (4.9), òîòîäi âiäîáðàæåííÿ P : Ξ → L2(Ω) ¹ (Λ, τ × ω)-íí. çâ. íà öié ïàði.Äîâåäåííÿ. Íåõàé (α0, ρ0) ∈ E�ω(Ξ; P ; Λ). Òîäi P (α0, ρ0) ∈ SupΛ, ω
(α, ρ)∈ ΞP (α, ρ).Ç iíøîãî áîêó, P (α0, ρ0) ∈ Lτ×ω(P, α0, ρ0), òîìó P (α0, ρ0) ∈ Lτ×ω
max (P, α0, ρ0).Çâiäñè, çãiäíî ç îçíà÷åííÿì (6), ìà¹ìî:

P (α0, ρ0)∈ lim supΛ, ω

(α, ρ)
τ
→(α0, ρ0)

P̂ (α, ρ),ùî i äîâîäèòü òâåðäæåííÿ.Çàóâàæèìî, ùî êîíóñ äîäàòíèõ åëåìåíòiâ Λ ó ïðîñòîði L2(Ω) çàäîâîëüíÿ¹òàê çâàíó âëàñòèâiñòü Äàíiåëÿ, ÿêà îçíà÷à¹, ùî êîæíà çðîñòàþ÷à òà îáìåæåíàçâåðõó ïîñëiäîâíiñòü (òîáòî, ÿêùî i ≤ j ⇒ yi ≤Λ yj) ñëàáêî çáiãà¹òüñÿ äî ñâîãî
(Λ, ω)-ñóïðåìóìà.



Ï�Î �ÎÇÂ'ßÇÍIÑÒÜ ÎÏÒÈÌIÇÀÖIÉÍÎ� ÇÀÄÀ×I ÍÀ ÌÅ�ÅÆI 145Îçíà÷åííÿ 13. Áóäåìî êàçàòè, ùî íåïóñòà ïiäìíîæèíà Y0 ⊂ L2(Ω) ç óïîðÿä-êîâàíèì êîíóñîì Λ ¹ íàïiâîáìåæåíîþ çâåðõó, ÿêùî êîæíà çðîñòàþ÷à ïîñëi-äîâíiñòü {yi} ⊂ Y0 ¹ îáìåæåíîþ çâåðõó.Çàóâàæåííÿ 10. Íåõàé Y0 � íàïiâîáìåæåíà çâåðõó ïiäìíîæèíà ÷àñòêîâîâïîðÿäêîâàíîãî ëiíiéíîãî ïðîñòîðó < L2(Ω), Λ >. Òîäi äëÿ äîâiëüíîãî åëå-ìåíòà z ∈ Y0 ïåðåòèí Y z
0 = ({z} + Λ) ∩ Y0 áóäå îáìåæåíèì çâåðõó, òîáòîiñíó¹ åëåìåíò z∗ ∈ L2(Ω) òàêèé, ùî z∗ ≤Λ y äëÿ âñiõ y ∈ Y z

0 . Îòæå, íàïiâî-áìåæåíiñòü çâåðõó ïiäìíîæèíè Y0 îçíà÷à¹ íàïiâîáìåæåíiñòü çâåðõó ¨¨ ñëàá-êîãî çàìèêàííÿ lωY0. Ç iíøîãî áîêó, ïîðiâíÿíî çi ñêàëÿðíèì âèïàäêîì, äëÿâåêòîðíî¨ îïòèìiçàöiéíî¨ çàäà÷i (4.9) iç ñåêâåíöiéíî τ -êîìïàêòíîþ ïiäìíî-æèíîþ Ξ òà (Λ, τ × ω)-íàïiâíåïåðåðâíèì çâåðõó öiëüîâèì âiäîáðàæåííÿì
P : Ξ → L2(Ω), ìíîæèíà îáðàçiâ P (Ξ) ìîæå áóòè íåîáìåæåíîþ çâåðõó. Öåîçíà÷à¹, ùî ó çàãàëüíîìó âèïàäêó íå iñíó¹ åëåìåíòà y ∈ L2(Ω) òàêîãî, ùî
P (Ξ) ⊂ {y∗} − Λ.Òåïåð ïåðåéäåìî äî �îðìóëþâàííÿ òà äîâåäåííÿ îñíîâíîãî ðåçóëüòàòóäàíî¨ ðîáîòè.Òåîðåìà 4. Ïðèïóñòèìî, ùî âåêòîðíî-îïòèìiçàöiéíà çàäà÷à (4.9) ¹ ðå-ãóëÿðíîþ. Íåõàé çàäàíî (Λ, τ × ω)-íí. çâ. âiäîáðàæåííÿ P : Ξ → L2(Ω).Òîäi çàäà÷à âåêòîðíî¨ îïòèìiçàöi¨ (4.9) ìà¹ íåïóñòó ïiäìíîæèíó (Λ, ω)-å�åêòèâíèõ ðîçâ'ÿçêiâ.Äîâåäåííÿ. Êðîê 1. Ïîêàæåìî, ùî ìíîæèíà îáðàçiâ P (Ξ) ¹ íàïiâîáìåæåíîþçâåðõó ó ñåíñi îçíà÷åííÿ (13). Ïðèïóñòèìî ïðîòèëåæíå, à ñàìå: íåõàé iñíó¹ïîñëiäîâíiñòü {(αk, ρk)

}∞
k=1

∈ Ξ òàêà, ùî âiäïîâiäíà ïîñëiäîâíiñòü îáðàçiâ{
yk = P (αk, ρk)

}∞
k=1

∈ P (Ξ) ¹ çðîñòàþ÷îþ (òîáòî yk ≤Λ yk+1 äëÿ ∀ k ∈ N) òàíåîáìåæåíîþ çâåðõó â ïðîñòîði L2(Ω). Òîìó ∞Λ ∈ Lω {yk}, äå ÷åðåç Lω {yk}ïîçíà÷åíî ìíîæèíó âñiõ òî÷îê çàìèêàííÿ âiäíîñíî ñëàáêî¨ òîïîëîãi¨ ïðî-ñòîðó L2(Ω). Çãiäíî ç òåîðåìîþ (3), ïîñëiäîâíiñòü {(αk, ρk)
}∞

k=1
∈ X∂ ¹ ñå-êâåíöiéíî τ -êîìïàêòíîþ. Òîìó ìîæåìî ââàæàòè, ùî (αk, ρk)

τ→ (α∗, ρ∗) ó
RK × L2(0, T ; BV (Ω)), äå (α∗, ρ∗) � öå äåÿêà ïàðà ç ìíîæèíè Ξ. Îñêiëüêèïîñëiäîâíiñòü {P (αk, ρk)

}∞
k=1

íåîáìåæåíà çâåðõó, òî {∞Λ} ∈ Lτ×ω
max (P, α∗, ρ∗).Òîìó, çãiäíî ç îçíà÷åííÿì (6), ìà¹ìî:

lim supΛ, ω

(α, ρ)
τ
→(α0, ρ0)

P (α, ρ) = {∞Λ} .Ç iíøîãî áîêó, áåðó÷è äî óâàãè (Λ, τ ×ω)-íàïiâíåïåðåðâíiñòü çâåðõó âiäîáðà-æåííÿ P , îòðèìà¹ìî:
P (α∗, ρ∗) ∈ lim supΛ, ω

(α, ρ)
τ
→(α0, ρ0)

P (α, ρ),ùî ñóïåðå÷èòü ïîïåðåäíüîìó ïðèïóùåííþ. Êðîê 1 äîâåäåíî.Êðîê 2. Äîâåäåìî, ùî ìíîæèíà SupΛ, ω
(α, ρ)∈ Ξ P (α, ρ) ¹ íåïóñòîþ. Äëÿ öüîãîïîêàæåìî, ùî iñíó¹ ïðèíàéìi îäíà çðîñòàþ÷à ïîñëiäîâíiñòü {yk}∞k=1 ⊂ P (Ξ)òàêà, ùî yk ⇀ y∗ i

y∗ ∈ SupΛ, ω
(α, ρ)∈ Ξ P (α, ρ) = SupΛ, ω {P (α, ρ) : ∀ (α, ρ) ∈ Ξ} .



146 Ò. À. ÁÎÆÀÍÎÂÀÍåõàé y � äîâiëüíèé åëåìåíò ìíîæèíè lωP (Ξ). Ñïî÷àòêó ïîêàæåìî, ùî äëÿäîâiëüíîãî îêîëó íóëÿ νω ó ñëàáêié òîïîëîãi¨ ïðîñòîðó L2(Ω) iñíó¹ åëåìåíò
yν ∈ lωP (Ξ) òàêèé, ùî

y ≤Λ y
ν òà ({yν} + Λ \ {0}) ∩ (lωP (Ξ) \ (νω + {yν})) = ∅. (5.1)Ïðèïóñòèìî ïðîòèëåæíå. Íåõàé iñíó¹ ïîñëiäîâíiñòü {yk}∞k=1 ⊂ lωP (Ξ) òàêà,ùî

y1 ∈ P (Ξ), yk+1 ∈ ({yk} + Λ \ {0}) ∩ (lωP (Ξ) \ (νω + {yk})) ∀ k ∈ N.Îñêiëüêè yk+1 ∈ {yk} + Λ \ {0}, òî öÿ ïîñëiäîâíiñòü ¹ ñïàäíîþ. Áåðó÷è äîóâàãè çàóâàæåííÿ (10), îòðèìó¹ìî, ùî ìíîæèíà lωP (Ξ) ¹ íàïiâîáìåæåíîþçâåðõó. Îòæå, iñíó¹ åëåìåíò y∗ ∈ L2(Ω) òàêèé, ùî yk ≤Λ y∗ äëÿ âñiõ k ∈ N .Òîìó, çãiäíî ç âëàñòèâiñòþ Äàíiåëÿ, öÿ ïîñëiäîâíiñòü ñëàáêî çáiãà¹òüñÿ äîñâîãî (Λ, ω)-ñóïðåìóìà: yk ⇀ ỹ ∈ L2(Ω). Ïðîòå öå ñóïåðå÷èòü óìîâi, ùî
yk+1 ∈ lωP (Ξ)\(νω +{yν}) k ∈ N . Òàêèì ÷èíîì, âèáið çà äîïîìîãîþ ïðàâèëà(5.1) ìîæëèâèé äëÿ áóäü-ÿêîãî îêîëó νω.Íåõàé {νk}∞k=1 � ñèñòåìà ñëàáêèõ îêîëiâ íóëÿ ó ïðîñòîði L2(Ω) òàêà, ùî
νk+1 ⊂ νk äëÿ âñiõ k ∈ N , i äëÿ áóäü-ÿêîãî ñëàáêîãî îêîëó ν(0) â L2(Ω) iñíó¹íîìåð k∗ ∈ N òàêèé, ùî νk∗ ⊆ ν(0). Òîäi, âèêîðèñòîâóþ÷è âèáðàíå ïðàâèëî(5.1), ìîæåìî ïîáóäóâàòè ïîñëiäîâíiñòü {uk}∞k=1 ⊂ lωP (Ξ), äå u1 � äîâiëüíèéåëåìåíò ç ìíîæèíè P (Ξ), òàêèì ÷èíîì:

uk−1 ≤Λ uk i ({uk} + Λ \ {0}) ∩ (lωP (Ξ) \ (νk + {uk})) = ∅ ∀ k ≥ 2. (5.2)Òîìó, ç îãëÿäó íà âëàñòèâiñòü Äàíiåëÿ,{uk}∞k=1 ¹ τ -çáiæíîþ çðîñòàþ÷îþ ïîñëi-äîâíiñòþ. Çâiäñè îòðèìó¹ìî, ùî iñíó¹ åëåìåíò
u∗ ∈ SupΛ, ω {uk ∈ lωP (Ξ) : ∀ k ∈ N}òàêèé, ùî uk ⇀ u∗. Î÷åâèäíî, ùî u∗ ∈ lωP (Ξ). Äîâåäåìî, ùî
u∗ ∈ SupΛ, ω {P (α, ρ) : ∀ (α, ρ) ∈ Ξ} .Ïðèïóñòèìî, ùî iñíó¹ åëåìåíò
q ∈ SupΛ, ω {P (α, ρ) : ∀ (α, ρ) ∈ Ξ}òàêèé, ùî u∗ ≤Λ q. Òàê ÿê uk ≤Λ u∗ äëÿ ∀ k ∈ N , òî îòðèìó¹ìî, ùî uk ≤Λ qäëÿ ∀ k ∈ N . Òîäi óìîâà (5.2) ãàðàíòó¹, ùî

({q} + Λ \ {0}) ∩ (lωP (Ξ) \ (νk + {uk})) = ∅ ∀ k ∈ N. (5.3)Îòæå, ç óìîâè (5.3) òà ç òîãî, ùî q ∈ lωP (Ξ), âèïëèâà¹: q ∈ νk +{uk} ∀k ∈ N ,òîáòî uk ⇀ q ó ïðîñòîði L2(Ω). Òàêèì ÷èíîì, u∗ = q.Êðîê 3. Ïîêàæåìî, ùî ìíîæèíà âñiõ (Λ, ω)-å�åêòèâíèõ ðîçâ'ÿçêiâ çà-äà÷i (4.9) E�ω(Ξ; P ; Λ) ¹ íåïóñòîþ. Íåõàé ξ áóäü-ÿêèé åëåìåíò ç ìíîæèíèSupΛ, ω
(α, ρ)∈ ΞP (α, ρ). Òîäi, çãiäíî ç îçíà÷åííÿì (5), iñíó¹ ïîñëiäîâíiñòü {yk}∞k=1 ⊂

L2(Ω) òàêà, ùî yk ⇀ ξ â L2(Ω). Çàäàìî ïîñëiäîâíiñòü {(αk, ρk)
}∞

k=1
∈ Ξ ÿê:
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(αk, ρk) = P−1(yk) äëÿ âñiõ k ∈ N . Îñêiëüêè ìíîæèíà Ξ ¹ ñåêâåíöiéíî τ -êîìïàêòíîþ (äèâ. 3), òî áóäåìî ââàæàòè, ùî iñíó¹ ïàðà

(α0, ρ0) ∈ Ξ : (αk, ρk)
τ→ â Y.Òîìó ξ ∈ Lτ×ω(P, α0, ρ0), i îòðèìó¹ìî, ùî

Lτ×ω(P, α0, ρ0) ∩ SupΛ, ω
(α, ρ)∈ Ξ P (α, ρ) 6= ∅.Òîäi, â ñèëó (Λ, τ × ω)-íí. çâ. âiäîáðàæåííÿ P íà Ξ òà îçíà÷åííÿ (6), ìà¹ìî:

P (α0, ρ0) ∈ SupΛ, ω
(α, ρ)∈ Ξ P (α, ρ) = Lτ×ω(P, α0, ρ0) ∩ SupΛ, ω

(α, ρ)∈ Ξ P (α, ρ).Òàêèì ÷èíîì, ç îäíîãî áîêó,
P (α0, ρ0) ∈ Lτ×ω(P, α0, ρ0),çâiäêè âèïëèâà¹ ðiâíiñòü
P (α0, ρ0) = ξ = lim

k→∞
yk.Ç iíøîãî áîêó, ξ ∈ SupΛ, ω
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tn íàéòè ðåøåíèå òåëåãðà�íîãî óðàâíåíèÿ

∂2 u(x, t)

∂x2
− 1

a2
· ∂

2 u(x, t)

∂t2
+D

∂u(x, t)

∂t
+B

∂u(x, t)

∂x
+ Cu(x, t) = 0, (2.1)óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

u(x, tn) = 0; ut(x, tn) = 0, 0 < x− xn < l (2.2)© Â. À. Îñòàïåíêî, 2009
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u(xn, t) = µ(t− tn); u(xn + l, t) = 0, t > tn. (2.3)3. �åøåíèå çàäà÷èÄëÿ ðåøåíèÿ ýòîé çàäà÷è, ïðåæäå âñåãî, ñòðîèòñÿ ïðîäîëæåíèå �óíêöèè

µ(t) íà âñþ îñü t:
M (t− tn) =

{
µ (t− tn) , t > tn;

0, t < tn.
(3.1)Êðàåâîå óñëîâèå (2.3) òàêæå ïðîäîëæàåòñÿ íà âñþ îñü t:

u (xn, t) = M (t− tn) . (3.2)Íà íà÷àëüíîì ýòàïå ðåøåíèå çàäà÷è îòûñêèâàåòñÿ â âèäå �óíêöèè
u0(x, t) = M0(t− tn − x− xn

a
)e

(Da−B)(x−xn)
2 +

+ ae
−B(x−xn)

2

∫ t−tn−
x−xn

a

0
[
B

2
J0(z) + c1

x− xn

z
J1(z)]e

Da2 (t−tn−η)
2 M0(η) dη (3.3)ñ íåèçâåñòíîé �óíêöèåéM0(t). Çäåñü J0(z), J1(z) - �óíêöèè Áåññåëÿ íóëåâîãîè ïåðâîãî ïîðÿäêà,

z =
√
c1[(x− xn)2 − a2 (t− tn− η)2]; (3.4)
c1 = C +

D2 a2

4
− B2

4
. (3.5)Ôóíêöèÿ (3.3) óäîâëåòâîðÿåò äè��åðåíöèàëüíîìó óðàâíåíèþ (1) ïðè ïðî-èçâîëüíîé �óíêöèè M0(t).Ïîäñòàâèâ �óíêöèþ (3.3) â êðàåâîå óñëîâèå (3.2), ïîëó÷èì:

u0(xn, t) = M0(t− tn)+a

∫ t−tn

0

B

2
J0(z)e

Da2(t−tn−η)
2 M0(η) dη = M(t− tn). (3.6)Çäåñü íóæíî èñïîëüçîâàòü çíà÷åíèå z, ïîëó÷àåìîå èç (3.4) ïðè x = xn, òîåñòü

z = a(t− tn − η)
√−c1 (3.7)Âûïîëíèâ â ðàâåíñòâå (3.6) ïðåîáðàçîâàíèå

τ = t− tn , (3.8)ïðèâåäåì åãî ê âèäó
M0(τ) + a

∫ τ

0

B

2
J0(a(τ − η)

√−c1)e
Da2(τ−η)

2 M0(η) dη = M(τ). (3.9)



ÏÅ�ÂÀß Ê�ÀÅÂÀß ÇÀÄÀ×À 151Òàêèì îáðàçîì, îêàçûâàåòñÿ, ÷òî åñëè �óíêöèÿ M0(τ) ÿâëÿåòñÿ ðåøåíè-åì èíòåãðàëüíîãî óðàâíåíèÿ (3.9), òî �óíêöèÿ (6) óäîâëåòâîðÿåò êðàåâîìóóñëîâèþ (2.3). Ïðè ýòîì èç (3.1) è (3.9) ñëåäóåò, ÷òî �óíêöèÿM0(τ) îáëàäàåòñëåäóþùèì ñâîéñòâîì:
M0(τ) = 0 , τ < 0, (3.10)Òîãäà èç (3.3) ñðàçó ñëåäóåò, ÷òî u(x, tn) = 0, òàê êàê â ñèëó óñëîâèÿ

x−xn > 0 àðãóìåíò �óíêöèèM0(τ), à òàêæå âåðõíèé ïðåäåë èíòåãðèðîâàíèÿâ �îðìóëå (3.11) ñòàíîâÿòñÿ îòðèöàòåëüíûìè ïðè t = tn. Ýòî çíà÷èò, ÷òî�óíêöèÿ (3.3) óäîâëåòâîðÿåò ïåðâîìó íà÷àëüíîìó óñëîâèþ (2.2). Âû÷èñëèìïðîèçâîäíóþ �óíêöèè (3.3) ïî t. Ïîëó÷èì:
∂u0(x, t)

∂t
= M ′

0(t− tn − x− xn

a
)e

(Da−B)(x−xn)
2 +

+ a[
B

2
+ c1

x− xn

2
]M0(t− tn − x− xn

a
)e

Da(x−xn)
2 +

+ ae
−B(x−xn)

2

∫ t−tn−
x−xn

a

0

{
Da2

2

[
B

2
J0(z) + c1

x− xn

z
J1(z)

]
+

+
B

2
a2c1

t− tn − η

z
J1(z)+

+a2c21
(x− xn)(t− tn − η)

z2

(
J ′′

0 (z) − J ′
0(z)

z

)}
e

Da2 (t−tn−η)
2 M0(η) dη. (3.11)Ïðè âû÷èñëåíèè �óíêöèè (3.11) ó÷òåíî, ÷òî

∂z

∂t
= −c1a

2(t− tn − η)

z
;

∂J0(z)

∂z
=
c1a

2(t− tn − η)

z
J1(z) ;

∂

∂t

(
J1(z)

z

)
=
c1a

2(t− tn − η)

z2

(
J ′′

0 (z) − J ′
0(z)

z

)
.Ó÷òåíî òàêæå, ÷òî, êàê ñëåäóåò èç (3.4), z = 0 ïðè η = t− tn − x−xn

a è
J0 = 1 ;

J1(z)

z

∣∣∣∣
z=0

=
1

2
.Ïðè t > tn â ñèëó óñëîâèÿ x − xn > 0 àðãóìåíòû �óíêöèé M0 è M ′

0,à òàêæå âåðõíèé ïðåäåë èíòåãðèðîâàíèÿ â �îðìóëå (3.11) ñòàíîâÿòñÿ îò-ðèöàòåëüíûìè. À ýòî íà îñíîâàíèè ñâîéñòâà (3.10) �óíêöèè M0 îçíà÷àåò,÷òî ut(x, tn) = 0, òî åñòü �óíêöèÿ (3.3) óäîâëåòâîðÿåò è âòîðîìó íà÷àëüíîìóóñëîâèþ (2.2). Òàêèì îáðàçîì, �óíêöèÿ (3.3) â îáëàñòè 0 < x − xn < l; 0 >
t > tn óäîâëåòâîðÿåò âñåì óñëîâèÿì ïîñòàíîâêè êðàåâîé çàäà÷è, êðîìå âòî-ðîãî êðàåâîãî óñëîâèÿ (2.3). Ñ öåëüþ ïðîâåðêè âûïîëíåíèÿ ýòîãî óñëîâèÿ, ñïîìîùüþ (3.3) è (3.9) âû÷èñëèì
u0(xn + l, t) = M0(t− tn − l

a
)e

(Da−B)l
2 +

+ ae−
Bl
2

∫ t−tn−
l
a

0

[
B

2
J0(z) + c1

l

z
J1(z)

]
e

Da2(t−tn−η)
2 M0(η) dη. (3.12)
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z =

√
c1[l2 − a2(t− tn − η)2]. (3.13)Èç �îðìóëû (3.12) è ñâîéñòâà (3.10) �óíêöèè M0 ñëåäóåò, ÷òî �óíêöèÿ (3.3)óäîâëåòâîðÿåò âòîðîìó êðàåâîìó óñëîâèþ (2.3) ïðè t − tn < l

a . Ïðè t −
tn >

l
a äëÿ óäîâëåòâîðåíèÿ âòîðîìó êðàåâîìó óñëîâèþ (2.3) ðåøåíèå çàäà÷èñòðîèòñÿ â âèäå

u(x, t) = u0(x, t) + u1(x, t), (3.14)ãäå
u1(x, t) = −

[
M1

(
t− tn +

x− xn − 2l

a

)
−

−M0

(
t− tn +

x− xn − 2l

a

)]
J0(zp1)e

−(Da+B)(x−xn)+2Dal

2 +

+ ae
−B(x−xn)

2

∫ t−tn+ x−xn−2l
a

0

[
B

2
J0(z)+

+c1
x− xn

z
J1(z)

]
e

Da2(t−tn−η)
2 [M1(η) +M0(η)] dη. (3.15)Çäåñü

z =
√
c1[(x− xn)2 − (2l − (x− xn))2] .Ôóíêöèÿ (3.15) óäîâëåòâîðÿåò óðàâíåíèþ (2.1) ñ ïðîèçâîëüíûìè �óíêöèÿìè

M0 è M1.Ïîäñòàâëÿÿ �óíêöèþ (3.14) âî âòîðîå êðàåâîå óñëîâèå (2.3), ïîëó÷èì:
u0(xn + l, t) + u1(xn + l, t) =

[
2M0

(
t− tn − l

a

)
−M1(t− tn − l

a
)

]
e

(Da−B)l
2 +

+ ae−
Bl
2

∫ t−tn−
l
a

0

[
B

2
J0(z) − c1

l

z
J1(z)

]
e

Da2(t−tn−η)
2 M1(η) dη = 0. (3.16)Ïðè ïîäñòàíîâêå �óíêöèè (3.15) âî âòîðîå êðàåâîå óñëîâèå (2.3) ó÷òåíî,÷òî ïðè x = xn + l zp1 = 0 è ïîýòîìó J0(zp1) = 1. Âûïîëíèâ â ðàâåíñòâå (3.16)ïðåîáðàçîâàíèå,

τ = t− tn − l

a
, (3.17)ïðèâåäåì åãî ê âèäó

M1(τ) − ae
−Dal

2

∫ τ

0

B

2
J0(z)e

Da2(τ+ l
a −η)

2 M1(η) dη = 2M0(τ). (3.18)Çäåñü
z =

√
c1

[
l2 − a2(τ +

l

a
− η)2

]
. (3.19)Èç ñâîéñòâà (3.10) �óíêöèè M0(τ) è óðàâíåíèÿ (3.18) ñëåäóåò, ÷òî �óíê-öèÿ M1(τ) îáëàäàåò ñâîéñòâîì

M1(τ) ≡ 0, τ < 0 . (3.20)



ÏÅ�ÂÀß Ê�ÀÅÂÀß ÇÀÄÀ×À 153Èñïîëüçóÿ ñâîéñòâà (3.10) è (3.20) �óíêöèé M0(τ) è M1(τ), òàê æå, êàêè äëÿ �óíêöèè u0(x, t) ìîæíî ïîêàçàòü, ÷òî �óíêöèÿ (3.14) óäîâëåòâîðÿåòíóëåâûì íà÷àëüíûì óñëîâèÿì (2.2).Òàêèì îáðàçîì, â îáëàñòè 0 < x − xn < l, t > tn �óíêöèÿ (3.14) óäîâëå-òâîðÿåò âñåì óñëîâèÿì ïîñòàíîâêè êðàåâîé çàäà÷è, êðîìå ïåðâîãî êðàåâîãîóñëîâèÿ (2.3). Ó÷èòûâàÿ, ÷òî �óíêöèÿ u0(x, t) óäîâëåòâîðÿåò ïåðâîìó êðàå-âîìó óñëîâèþ (2.3), íóæíî, ÷òîáû �óíêöèÿ u1(x, t) óäîâëåòâîðÿëà êðàåâîìóóñëîâèþ
u1(xn, t) = 0, t > tn . (3.21)Èç �îðìóëû (3.15) è ñâîéñòâ (3.10) è (3.20) �óíêöèé M0(τ) è M1(τ) ñëåäóåò,÷òî óñëîâèå (3.21) áóäåò âûïîëíåíî òîëüêî ïðè t − tn <

2l
a . Äëÿ òîãî ÷òîáûóäîâëåòâîðèòü ýòîìó óñëîâèþ ïðè t− tn >

2l
a , ðåøåíèå çàäà÷è áóäåì ñòðîèòüâ âèäå ñóììû òðåõ �óíêöèé:

u(x, t) = u0(x, t) + u1(x, t) + u2(x, t). (3.22)Ïðè âûáîðå �óíêöèè u2(x, t) ìû èñõîäèì èç ñëåäóþùèõ ñîîáðàæåíèé.Ôóíêöèÿ
w(x, t) = e

−B(x−xn)
2

∫ t−tn±
x−xn∓2nl

a

0
J0(z)e

Da2(t−tn−η)
2 Kn(η) dη (3.23)ÿâëÿåòñÿ ðåøåíèåì òåëåãðà�íîãî óðàâíåíèÿ (2.1) ïðè ëþáûõ Kn(η) è n. Ïî-ýòîìó è ïðîèçâîäíàÿ �óíêöèè (3.23) ïî x òàêæå áóäåò ðåøåíèåì óðàâíåíèÿ(2.1). Âû÷èñëèâ ýòó ïðîèçâîäíóþ, ïîëó÷èì:

∂w(x, t)

∂x
= ±1

a
e

−B(x−xn)
2 e

∓Da(x−xn∓2nl)
2 J0(zn)Kn

(
t− tn ± x− xn ∓ 2nl

a

)
+

+ e
−B(x−xn)

2 ×

×
∫ t−tn±

x−xn∓2nl
a

0

[
−B

2
J0(z) − c1

x− xn

z
J1(z)

]
e

Da2(t−tn−η)
2 Kn(η) dη. (3.24)Â �îðìóëå (3.24) zpn � ýòî çíà÷åíèå �óíêöèè z èç (3.4) ïðè η = t − tn ±

x−xn−2nl
a , òî åñòü

zn =

√√√√c1

[
(x− xn)2 − a2

(
(t− tn) − (t− tn ± x− xn ∓ 2nl

a
)

)2
]

=

=
√
c1
[
(x− xn)2 − (±(∓2nl + (x− xn)))2

]
. (3.25)Ñòàíåì â äàëüíåéøåì îáîçíà÷àòü âåëè÷èíó zn ñ âåðõíèìè çíàêàìè ÷åðåç

zpn, à ñ íèæíèìè çíàêàìè � ÷åðåç zmn. Îòìåòèì, ÷òî çíà÷åíèå âåëè÷èíû
zn çàâèñèò îò òîãî, ñ êàêèì çíàêîì âåëè÷èíà x−xn±2nl

a âõîäèò â àðãóìåíò�óíêöèè è â âåðõíèé ïðåäåë èíòåãðèðîâàíèÿ â �îðìóëå (3.24).Â ÷àñòíîñòè, �óíêöèÿ u1(x, t) ïîëó÷åíà èç �îðìóëû (3.24) ïðè n = 1.Ôóíêöèÿ u0(x, t) òàêæå ïîëó÷åíà èç �îðìóëû (3.24) ïðè n = 0. Ôóíêöèþ
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u2(x, t) â ðåøåíèè (3.22) òàêæå ñòðîèì â �îðìå (3.24):
u2(x, t) = e

−B(x−xn)
2 e

Da(x−xn+2l)
2 J0(zm1)

[
M2

(
t− tn − x− xn + 2l

a

)
−

−
[
M1

(
t− tn − x− xn + 2l

a

)
−M0

(
t− tn − x− xn + 2l

a

)]]
−

− ae
−B(x−xn)

2

∫ t−tn−
x−xn+2l

a

0

[
−B

2
J0(z) − c1

x− xn

z
J1(z)

]
e

Da2(t−tn−η)
2 ×

× [M2(η) − [M1(η) −M0(η)]] dη (3.26) íåèçâåñòíîé �óíêöèåé M2(τ). Ôóíêöèÿ u2(x, t) óäîâëåòâîðÿåò óðàâíåíèþ(2.1) ïðè ïðîèçâîëüíûõ �óíêöèÿõ M0(τ), M1(τ) è M2(τ). Ñóììà �óíêöèé
u1(x, t) è u2(x, t) äîëæíà óäîâëåòâîðÿòü êðàåâîìó óñëîâèþ

u1(xn, t) + u2(xn, t) = 0 t > tn . (3.27)Ïîäñòàâëÿÿ â (3.27) çíà÷åíèÿ �óíêöèé u1(x, t) è u2(x, t) èç (3.15) è (3.26),ïîëó÷èì:
− J0(zm1b)e

Dal

[
M1

(
t− tn − 2l

a

)
−M0

(
t− tn − 2l

a

)
−

−
[
M2

(
t− tn − 2l

a

)
−
[
M1

(
t− tn − 2l

a

)
−M0

(
t− tn − 2l

a

)]]]
+

+ a

∫ t−tn−
2l
a

0

B

2
J0(z)e

Da2(t−tn−η)
2 [M1(η) −M0(η)+

+[M2(η) − (M1(η) −M0(η))]
]
dη = 0. (3.28)Çäåñü èç �îðìóëû (3.25) ïîëó÷åíî:

zm1b = zm1|x=xn
= 2l

√−c1. (3.29)Â �îðìóëå (3.28) z èìååò çíà÷åíèå (3.7).Òàêèì îáðàçîì, îêàçûâàåòñÿ,÷òî åñëè �óíêöèÿ M2(τ) áóäåò óäîâëåòâî-ðÿòü ïîëó÷àåìîìó èç (3.28) èíòåãðàëüíîìó óðàâíåíèþ
M2

(
t− tn − 2l

a

)
+

a

J0(zm1b)
e−Dal

∫ t−tn−
2l
a

0

B

2
J0(z)e

Da2(t−tn−η)
2 M2(η) dη =

= 2

[
M1

(
t− tn − 2l

a

)
−M0

(
t− tn − 2l

a

)]
, (3.30)òî �óíêöèÿ (3.22) áóäåò óäîâëåòâîðÿòü ïåðâîìó êðàåâîìó óñëîâèþ (2.3) ïðèâñåõ t > tn. Ïîñëå âûïîëíåíèÿ ïðåîáðàçîâàíèÿ

τ = t− tn − 2l

a
(3.31)
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M2(τ) +

a

J0(zm1b)
e−Dal

∫ τ

0

B

2
J0

(
a

(
τ +

2l

a
− η

)√−c1
)
×

× e
Da2(τ+2l

a −η)
2 M2(η) dη = 2[M1(τ) −M0(τ)]. (3.32)Èç óðàâíåíèÿ (3.41) è ñâîéñòâ (3.14) è (3.30) �óíêöèé M0(τ) è M1(τ)ñëåäóåò, ÷òî �óíêöèÿ M2(τ) îáëàäàåò ñâîéñòâîì

M2(τ) ≡ 0, τ < 0. (3.33)Èñïîëüçóÿ ñâîéñòâà (3.10), (3.20) è (3.33) �óíêöèé M0(τ), M1(τ) è M2(τ),òàê æå, êàê è äëÿ �óíêöèè u0(x, t), ìîæíî ïîêàçàòü, ÷òî �óíêöèÿ (3.26)óäîâëåòâîðÿåò íóëåâûì íà÷àëüíûì óñëîâèÿì (2.2).Òàêèì îáðàçîì, â îáëàñòè 0 < x − xn < l, t > tn �óíêöèÿ (3.22) óäîâëå-òâîðÿåò âñåì óñëîâèÿì ïîñòàíîâêè êðàåâîé çàäà÷è, êðîìå âòîðîãî êðàåâîãîóñëîâèÿ (2.3). Ó÷èòûâàÿ, ÷òî �óíêöèÿ u0(x, t) + u1(x, t) óäîâëåòâîðÿåò âòî-ðîìó êðàåâîìó óñëîâèþ (2.3), íóæíî, ÷òîáû �óíêöèÿ u2(x, t) óäîâëåòâîðÿëàêðàåâîìó óñëîâèþ
u2(xn + l, t) = 0, t > tn. (3.34)Ïîäñòàíîâêà �óíêöèè u2(x, t) â ëåâóþ ÷àñòü êðàåâîãî óñëîâèÿ (3.34) ïðèâîäèòê ðàâåíñòâó

u2(xn + l, t) = J0(zm1k)e−
B
2

le
Da
2

3l
2∑

i=0

(−1)iMi

(
t− tn − 3l

a

)
+

+ ae−
B
2

l

∫ t−tn−
3l
a

0

[
B

2
J0(z) + c1

l

z
J1(z)

]
e

Da2(t−tn−η)
2

2∑

i=0

(−1)iMi(η) dη. (3.35)Ïðè t−tn < 3l
a , ââèäó îòðèöàòåëüíîñòè àðãóìåíòîâ �óíêöèéMi è âåðõíèõïðåäåëîâ èíòåãðèðîâàíèÿ, íà îñíîâàíèè ñâîéñòâ (3.10), (3.20) è (3.33) �óíê-öèé Mi çàêëþ÷àåì, ÷òî âûðàæåíèå (3.35) áóäåò ðàâíî íóëþ, òî åñòü �óíêöèÿ(3.22) áóäåò óäîâëåòâîðÿòü âòîðîìó êðàåâîìó óñëîâèþ (2.3). Ïðè t − tn >

3l
aâûðàæåíèå (3.35) áóäåò îòëè÷íî îò íóëÿ è ñ öåëüþ óäîâëåòâîðåíèÿ âòîðîìóêðàåâîìó óñëîâèþ (2.3) ñòðîèì ðåøåíèå â âèäå

u(x, t) = u0(x, t) + u1(x, t) + u2(x, t) + u3(x, t), (3.36)ãäå ïî (3.24) ïðè n = 2

u3(x, t) = e
−B(x−xn)

2 e
−Da(x−xn−4l)

2 J0(zp2)×

×
3∑

i=0

(−1)i+1Mi

(
t− tn +

x− xn − 4l

a

)
−

− ae
−B(x−xn)

2

∫ t−tn+ x−xn−4l
a

0

[
−B

2
J0(z)−

−c1
x− xn

z
J1(z)

]
e

Da2(t−tn−η)
2

3∑

i=0

(−1)i+1Mi(η) dη (3.37)



156 Â. À. ÎÑÒÀÏÅÍÊÎñ íåèçâåñòíîé �óíêöèåé M3(τ). Ôóíêöèÿ u3(x, t) óäîâëåòâîðÿåò óðàâíåíèþ(2.1) ïðè ïðîèçâîëüíûõ �óíêöèÿõM0(τ),M1(τ),M2(τ) èM3(τ). Ñóììà �óíê-öèé u3(x, t) è u2(x, t) äîëæíà óäîâëåòâîðÿòü êðàåâîìó óñëîâèþ
u3(xn + l, t) + u2(xn + l, t) = 0 t > tn. (3.38)Çàìåòèì, ÷òî èç �îðìóëû (3.25) ñëåäóåò  ó÷åòîì ñäåëàííûõ âûøå îáî-çíà÷åíèé, ÷òî ñïðàâåäëèâî ðàâåíñòâî:

zp,n+1,k = zmnk, (3.39)òàê êàê
zpnk = zpn|x=l+xn

= l
√
c1[1 − (2n − 1)2];

zmnk = zmn|x=l+xn
= 2l

√
c1[1 − (2n− 1)2]. (3.40)Ïîýòîìó, ïîäñòàâëÿÿ �óíêöèè (3.26) è (3.37) â êðàåâîå óñëîâèå (3.38), ïîëó-÷èì:

− J0(zm1b)e
−B2

l e
Da
3

3l

[
3∑

i=0

(−1)i+1Mi

(
t− tn − 3l

a

)
−

−
2∑

i=0

(−1)iMi

(
t− tn − 3l

a

)]
+ ae−

B
2

l

∫ t−tn−
3l
a

0

[
B

2
J0(z) + c1

l

z
J1(z)

]
×

× e
Da2(t−tn−η)

2

[
3∑

i=0

(−1)i+1Mi(η) +

2∑

i=0

(−1)iMi(η)

]
dη = 0. (3.41)Èç (3.41) ïîëó÷àåì èíòåãðàëüíîå óðàâíåíèå äëÿ îïðåäåëåíèÿ �óíêöèè

M3:
−M3

(
t− tn − 3l

a

)
+

a

J0(zm1b)
e

−3Dal
2

∫ t−tn−
3l
a

0

[
B

2
J0(z)

+c1
l

z
J1(z)

]
e

Da2(t−tn−η)
2 M3(η) dη = −2

2∑

i=0

(−1)iMi

(
t− tn − 3l

a

)
. (3.42)Â óðàâíåíèè (3.42)

z =
√
c1[l2 − a2((t− tn) − η)2]. (3.43)Òàêèì îáðàçîì, åñëè �óíêöèÿ M3 ÿâëÿåòñÿ ðåøåíèåì èíòåãðàëüíîãî óðàâíå-íèÿ (3.42), �óíêöèÿ (3.36) áóäåò óäîâëåòâîðÿòü âòîðîìó êðàåâîìó óñëîâèþ(2.3) ïðè âñåõ t. Âûïîëíèâ â óðàâíåíèè (3.42) ïðåîáðàçîâàíèå
τ = t− tn − 3l

a
, (3.44)ïðèâåäåì åãî ê âèäó

−M3(τ) +
a

J0(zm1b)
e

−3Dal
2

∫ τ

0

[
B

2
J0(z)

+c1
l

z
J1(z)

]
e

Da2(t−tn−η)
2 M3(η) dη = −2

2∑

i=0

(−1)iMi(τ). (3.45)
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z =

√
c1

[
l2 − a2(τ +

3l

a
− η)2

]
. (3.46)Èç ñâîéñòâ (3.10), (3.20) è (3.33) �óíêöèé M0(τ), M1(τ), è M2(τ), à òàêæåóðàâíåíèÿ (3.45) ñëåäóåò, ÷òî �óíêöèÿ M3(τ) îáëàäàåò ñâîéñòâîì

M3(τ) ≡ 0, τ < 0. (3.47)Â ñâîþ î÷åðåäü, èç ýòèõ ñâîéñòâ, òàê æå êàê è äëÿ �óíêöèè u0(x, t) ñëå-äóåò, ÷òî �óíêöèÿ (3.36) óäîâëåòâîðÿåò íà÷àëüíûì óñëîâèÿì (2.2).Ïðîäîëæèâ ïîñòðîåíèå îòðàæåííûõ âîëí àíàëîãè÷íûì ñïîñîáîì, ìû íà-õîäèì, ÷òî ðåøåíèåì ðàññìàòðèâàåìîé êðàåâîé çàäà÷è áóäåò �óíêöèÿ
u(x, t) =

∞∑

n=0

{
e

−B(x−xn)
2 e

Da(x−xn+2nl)
2 J0(zmn)×

×
2n∑

i=0

(−1)iMi

(
t− tn − x− xn + 2nl

a

)
−ae

−B(x−xn)
2

∫ t−tn−
x−xn+2nl

a

0

[
−B

2
J0(z)−

−c1
x− xn

z
J1(z)

]
e

Da2(t−tn−η)
2

n∑

i=0

(−1)iMi(η) dη }−

−
∞∑

n=0

{
e

−B(x−xn)
2 e

−Da(x−xn−2nl)
2 J0(zpn)

2n−1∑

i=0

(−1)i+1Mi

(
t− tn +

x− xn − 2nl

a

)
+

+ ae
−B(x−xn)

2

∫ t−tn+ x−xn−2nl
a

0

[
−B

2
J0(z) − c1

x− xn

z
J1(z)

]
e

Da2(t−tn−η)
2 ×

×
2n−1∑

i=0

(−1)i+1Mi(η) dη

}
, (3.48)â êîòîðîéM0(τ) ÿâëÿåòñÿ ðåøåíèåì èíòåãðàëüíîãî óðàâíåíèÿ (3.9), à îñòàëü-íûå �óíêöèè Mi(τ) ÿâëÿþòñÿ ðåøåíèÿìè ñëåäóþùèõ èíòåãðàëüíûõ óðàâíå-íèé:

M2n(τ) +
a

J0(zmnb)
e−Danl

∫ τ

0

B

2
J0

(
a

(
τ +

2nl

a
− η

)√−c1
)
×

× e
Da2(τ+ 2nl

a −η)

2 M2n(η) dη = −2

2n−1∑

i=0

(−1)iMi(τ); (3.49)
M2n−1(τ) +

a

J0(zmnk)
e−Dal 2n−l

2

∫ τ

0

[
B

2
J0(z)+

+c1
l

z
J1(z)

]
e

Da2(τ+
(2n−1)l

a −η)

2 M2n−1(η) dη = 2

2(n−1)∑

i=0

(−1)iMi(τ). (3.50)



158 Â. À. ÎÑÒÀÏÅÍÊÎÂ óðàâíåíèÿõ (3.50) ñëåäóåò z áðàòü ïðè x = xn + l, òî åñòü çäåñü
z|x=l+xn

=
√
c1[l2 − a2(t− tn − η)2] =

=

√√√√c1

[
l2 − a2

(
τ +

(2n − 1)l

a
− η

)2
]
. (3.51)Ïàðàìåòð τ â óðàâíåíèÿõ (3.49) è (3.50) èìååò ñîîòâåòñòâåííî ñëåäóþùèåïðåäñòàâëåíèÿ: τ = t− tn − 2nl

a ; τ = t− tn − (2n−1)l
a . Ïðè ýòîì âñå �óíêöèè

Mn(τ) îáëàäàþò ñâîéñòâàìè
Mn(τ) ≡ 0, τ < 0, n = 1, 2, . . . (3.52)Â ñèëó ýòèõ ñâîéñòâ, ïðè êàæäîì �èêñèðîâàííîì t − tn = T â �îðìóëå(3.48) îòëè÷íûì îò íóëÿ áóäåò êîíå÷íîå ÷èñëî ñëàãàåìûõ. Â ñàìîì äåëå, âñóììàõ â �îðìóëå (3.48) êàæäîå èç ñëàãàåìûõ ïðè âûïîëíåíèè óñëîâèé (3.1),(3.52) ñòàíîâèòñÿ ðàâíûì íóëþ, åñëè àðãóìåíòû �óíêöèé Mn(τ) è âåðõíèéïðåäåë èíòåãðèðîâàíèÿ áóäóò îòðèöàòåëüíûìè. Äëÿ ïåðâîé ñóììû â �îðìóëå(3.48) óñëîâèå îòðèöàòåëüíîñòè âåðõíåãî ïðåäåëà èíòåãðèðîâàíèÿ ïðè t−tn =

T èìååò âèä:
T − x− xn + 2nl

a
< 0, (3.53)îòêóäà ñëåäóåò:

n >
aT

2l
− x− xn

2l
(3.54)è, ïîñêîëüêó â îáëàñòè îòûñêàíèÿ ðåøåíèÿ x − xn < l , ïîëó÷àåì, ÷òî ïðèâñåõ n, óäîâëåòâîðÿþùèõ óñëîâèþ

n >
aT

2l
− l

2
, (3.55)âñå ñëàãàåìûå â ïåðâîé ñóììå �îðìóëû (3.48) áóäóò ðàâíû íóëþ. Èíûìèñëîâàìè, ñóììèðîâàíèå â ïåðâîé ñóììå �îðìóëû (3.48) íóæíî ïðîèçâîäèòüâ ýòîì ñëó÷àå íå äî áåñêîíå÷íîñòè, à äî N − 1, ãäå N � íàèìåíüøåå íà-òóðàëüíîå ÷èñëî, óäîâëåòâîðÿþùåå íåðàâåíñòâó (3.55). Àíàëîãè÷íî, óñëîâèåîòðèöàòåëüíîñòè âåðõíåãî ïðåäåëà èíòåãðèðîâàíèÿ ïðè t− tn = T èìååò âèä:

T +
x− xn − 2nl

a
< 0, (3.56)îòêóäà ñëåäóåò

n >
aT

2l
+
x− xn

2l
. (3.57)Íî òàê êàê â îáëàñòè èíòåãðèðîâàíèÿ x− xn > 0, èç (3.57) ñëåäóåò, ÷òî ïðè

n >
aT

2l
(3.58)âñå ñëàãàåìûå âî âòîðîé ñóììå �îðìóëû (3.48) áóäóò ðàâíû íóëþ. Òî åñòü,ñóììèðîâàíèå âî âòîðîé ñóììå �îðìóëû (3.48) íóæíî ïðîèçâîäèòü â ýòîìñëó÷àå äî N1 − 1; N1 � íàèìåíüøåå íàòóðàëüíîå ÷èñëî, óäîâëåòâîðÿþùåå



ÏÅ�ÂÀß Ê�ÀÅÂÀß ÇÀÄÀ×À 159íåðàâåíñòâó (3.58). Âñå ñëàãàåìûå â �îðìóëå (3.48) ÿâëÿþòñÿ ðåøåíèÿìèóðàâíåíèÿ (2.1). À òàê êàê äëÿ êàæäîãî �èêñèðîâàííîãî t ÷èñëî ñëàãàåìûõ â�îðìóëå (3.48) êîíå÷íî, äè��åðåíöèðîâàíèå â �îðìóëå (3.48) ìîæíî âûïîë-íÿòü ïî÷ëåííî. Ïîýòîìó �óíêöèÿ (3.48) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (2.1).Èç �îðìóëû (3.48) íåïîñðåäñòâåííî ñëåäóåò, ÷òî ïðè t−tn = 0 è 0 < x−xn < làðãóìåíòû �óíêöèé Mn(τ) è âåðõíèå ïðåäåëû èíòåãðèðîâàíèÿ âñåõ èíòåãðà-ëîâ ñòàíîâÿòñÿ îòðèöàòåëüíûìè. Çíà÷èò, íà îñíîâàíèè ñâîéñòâ (3.1) è (3.52)�óíêöèéM(τ) èMn(τ) ïîëó÷àåì èç (3.48) u(x, tn) = 0. Òàêèì îáðàçîì, �óíê-öèÿ (3.48) óäîâëåòâîðÿåò ïåðâîìó íà÷àëüíîìó óñëîâèþ (2.2). Ïðîäè��åðåí-öèðóåì �óíêöèþ (3.48) ïî t. Ïîëó÷èì:
∂u(x, t)

∂t
=

=
∞∑

n=0

e
−B(x−xn)

2

{
e

Da(x−xn+2nl)
2 J0(zmn)

2n∑

i=0

(−1)iM ′
i

(
t− tn − x− xn + 2nl

a

)
−

− a

[[
−B

2
J0(zmn) − c1(x− xn)

J1(zmn)

zmn

]
×

×
2n∑

i=0

(−1)iMi

(
t− tn − x− xn + 2nl

a

)]
+

+

∫ t−tn−
x−xn+2nl

a

0

{
Da2

2

[
−B

2
J0(z) − c1
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z
J1(z)

]
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2
a2c1
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z
J1(z)−

−a2c21
(x− xn)(t− tn − η)

z2

(
J ′′

0 (z) − J ′
0(z)

z

)}
e

Da2(t−tn−η)
2

2n∑

i=0

(−1)iMi(η) dη

}
−

−
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n=0

e
−B(x−xn)

2 ×

×
{
e

−Da(x−xn−2nl)
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(−1)i+1M ′
i
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a

)
−

− a
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−B
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J0(zpn) − c1(x− xn)
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]
×

×
2n−1∑

i=0

(−1)i+1Mi

(
t− tn +
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a

)]
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∫ t−tn+ x−xn−2nl
a

0

{
Da2
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[
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J0(z) − c1

x− xn

z
J1(z)

]
−

− B

2
a2c1

t− tn − η

z
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e
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2 ×
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(−1)i+1Mi(η) dη

}
. (3.59)Èç ðàâåíñòâà (3.59) íåïîñðåäñòâåííî ñëåäóåò, ÷òî ïðè t−tn = 0 è 0 < x−xn < l
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i(τ) â íåì ñòàíîâÿòñÿ îòðèöàòåëüíûìè. Çíà÷èò, íà îñíîâàíèèñâîéñòâ (3.1) è (3.52) �óíêöèé M(τ) è Mi(τ) ïîëó÷àåì èç (3.58):

ut(x, tn) = 0.Òàêèì îáðàçîì, �óíêöèÿ (3.48) óäîâëåòâîðÿåò è âòîðîìó íà÷àëüíîìó óñëî-âèþ (2.2). Ñ öåëüþ ïðîâåðêè óäîâëåòâîðåíèÿ �óíêöèåé (3.48) êðàåâûì óñëî-âèÿì (2.3) âû÷èñëèì çíà÷åíèå ýòîé �óíêöèè ïðè x − x = 0. Ó÷òåì, ÷òî ïðèòàêîì çíà÷åíèè x ñïðàâåäëèâî ðàâåíñòâî
zmnb = zpnb.Ïåðâîå ñëàãàåìîå â ïåðâîé ñóììå �îðìóëû (3.48) çàïèøåì îòäåëüíî, à îñòàâ-øèåñÿ äâå ñóììû îáúåäèíèì â îäíó. Ïîëó÷èì:

u(xn, t) = M0(t− tn) − a

∫ t−tn

0
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J0(z)e
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2nl
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0

B
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J0(z)e

Da2(t−tn−η)
2 M2n(η) dη

}
. (3.60)Ñëàãàåìîå âíå çíàêà ∑ â �îðìóëå (3.60), â ñîîòâåòñòâèè ñ èíòåãðàëüíûìóðàâíåíèåì (3.6), ðàâíî M(t− tn). Â ñèëó èíòåãðàëüíûõ óðàâíåíèé (3.49) âñåñëàãàåìûå ïîä çíàêîì ∑ îáðàùàþòñÿ â íóëü.Òàêèì îáðàçîì, ïîëó÷àåì, ÷òî

u(x− xn, t) = M0(t− tn),òî åñòü, ÷òî �óíêöèÿ (3.48) óäîâëåòâîðÿåò ïåðâîìó êðàåâîìó óñëîâèþ (2.3).Âû÷èñëÿÿ çíà÷åíèå �óíêöèè (3.48) â òî÷êå x = xn + l, âûïîëíèì âî âòîðîéñóììå çàìåíó èíäåêñà ñóììèðîâàíèÿ n1 = n− 1 è îáúåäèíèì ñëàãàåìûå ïîäîáùèì çíàêîì ñóììû. Ó÷òÿ ïðè ýòîì ðàâåíñòâî (3.39), ïîëó÷èì:
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dη.



ÏÅ�ÂÀß Ê�ÀÅÂÀß ÇÀÄÀ×À 161Â ïîñëåäíåé �îðìóëå îáùèé ÷ëåí ðÿäà ïðåäñòàâëÿåòñÿ â âèäå
− e
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−
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2n−1∑
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+ +a
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(2n+1)l

a

0

[
B

2
J0(z)+

+c1
l

z
J1(z)

]
e

Da2(t−tn−η)
2 M2n+1(η) dηè ïîýòîìó íà îñíîâàíèè èíòåãðàëüíîãî óðàâíåíèÿ (3.50) îí ðàâåí íóëþ. Òà-êèì îáðàçîì, u(xn + l, t) = 0, òî åñòü �óíêöèÿ (3.48) óäîâëåòâîðÿåò è âòî-ðîìó êðàåâîìó óñëîâèþ (2.3). Ñëåäîâàòåëüíî, ïîêàçàíî, ÷òî �óíêöèÿ (3.48)óäîâëåòâîðÿåò âñåì óñëîâèÿì ïîñòàíîâêè êðàåâîé çàäà÷è, òî åñòü ÿâëÿåòñÿ ååðåøåíèåì. Áèáëèîãðà�è÷åñêèå ññûëêè1. Îñòàïåíêî Â. À. Êðàåâàÿ çàäà÷à áåç íà÷àëüíûõ óñëîâèé äëÿ òåëåãðà�íîãî óðàâ-íåíèÿ // Â. À. Îñòàïåíêî // Äè�åðåíöiàëüíi ðiâíÿííÿ òà ¨õ çàñòîñóâàííÿ, Äíå-ïðîïåòðîâñê : ÄÍÓ. � 2008. � C. 3�17.2. Îñòàïåíêî Â. À. Ïåðâàÿ êðàåâàÿ çàäà÷à äëÿ òåëåãðà�íîãî óðàâíåíèÿ â ïîëó-îãðàíè÷åííîé îáëàñòè // Â. À. Îñòàïåíêî // Äè�åðåíöiàëüíi ðiâíÿííÿ òà ¨õçàñòîñóâàííÿ, Äíåïðîïåòðîâñê : ÄÍÓ. � 2008. � C. 18�20.Íàäiéøëà äî ðåäàêöi¨ 25.10.2009



162 �ÅÔÅ�ÀÒÈÓÄÊ 519.6�âäîêèìîâ Ä. Â., Êî÷óáåé Î. Î., Ïîëÿêîâ Ì. Â. Àíàëiç òåíäåíöié ðîçâèòêóñó÷àñíîãî ìàòåìàòè÷íîãî òà ÷èñåëüíîãî ìîäåëþâàííÿ (ðîñ. ) // Âiñíèê ÄÍÓ. Ñå-ðiÿ: Ìîäåëþâàííÿ. � ÄÍÓ, 2009. � Âèï. 1. � � 8. � Ñ. 3�17.�îçãëÿíóòî äåÿêi îñòàííi òåíäåíöi¨ ðîçâèòêó ìàòåìàòè÷íîãî òà ÷èñåëüíîãî ìîäåëþ-âàííÿ, îáóìîâëåíi ÿê óäîñêîíàëþâàííÿì ìàòåìàòè÷íèõ ìîäåëåé òà àëãîðèòìiâ ÷èñåëüíîãîðîçâ'ÿçêó, òàê i áåçïðåöåäåíòíèì çðîñòàííÿì ïîòóæíîñòi åëåêòðîííî-îá÷èñëþâàëüíî¨ òåõ-íiêè. Ïîêàçàíî, ùî âèâ÷åííÿ âëàñòèâîñòåé ÷èñåëüíèõ àëãîðèòìiâ äîöiëüíî ïðîâîäèòè íàñïåöiàëüíèõ òåñòîâèõ ïðèêëàäàõ, ùî ìàþòü àíàëiòè÷íi ðîçâ'ÿçêè.Áiáëiîãð. 15 íàçâ.ÓÄÊ 517.9Êàïóñòÿí Î. Â., Äàíiëîâ Â. ß. Ïðî äîäàòíi ðîçâ'ÿçêè ðiâíÿííÿ ðåàêöi¨ äè�óçi¨ç ïðàâîþ ÷àñòèíîþ òèïó Êàðàòåîäîði (óêð.) // Âiñíèê ÄÍÓ. Ñåðiÿ: Ìîäåëþâàííÿ. �ÄÍÓ, 2009. � Âèï. 1. � � 8. � Ñ. 18�22.Äëÿ íåëiíiéíîãî ðiâíÿííÿ ðåàêöi¨-äè�óçi¨ ç ïðàâîþ ÷àñòèíîþ òèïó Êàðàòåîäîði, óìîâèíà ÿêó íå çàáåçïå÷óþòü ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i Êîøi, äîâåäåíî ãëîáàëüíó ðîçâ'ÿçíiñòü óêëàñi ñóìîâíèõ ç êâàäðàòîì �óíêöié, ùî íàáóâàþòü íåâiä'¹ìíèõ çíà÷åíü.Áiáëiîãð. 4 íàçâ.ÓÄÊ 519.6Êîãóò Î. Ï. Ïðî ñòiéêiñòü äî çáóðåíü îáëàñòi îäíîãî êëàñó çàäà÷ îïòèìàëüíîãîêåðóâàííÿ (óêð.) // Âiñíèê ÄÍÓ. Ñåðiÿ: Ìîäåëþâàííÿ. � ÄÍÓ, 2009. � Âèï. 1. � � 8. �Ñ. 23�41.Äëÿ îäíîãî êëàñó çàäà÷ îïòèìàëüíîãî êåðóâàííÿ êîå�iöi¹íòàìè íåëiíiéíîãî åëiïòè÷-íîãî ðiâíÿííÿ ç óìîâàìè Äiðiõëå íà ãðàíèöi îçíà÷åíå ïîíÿòòÿ ñòiéêîñòi âiäíîñíî çáóðåíüîáëàñòi. Çàïðîïîíîâàíi äîñòàòíi óìîâè íà çáóðåííÿ îáëàñòi, çà ÿêèõ ñòiéêiñòü ðîçãëÿíóòî¨çàäà÷i ìà¹ ìiñöå.Ië. 1. Áiáëiîãð. 15 íàçâ.ÓÄÊ 519.6Ìóñåéêî Î.Ïðî iñíóâàííÿ H1-ðîç'âÿçêiâ äëÿ äåÿêèõ çàäà÷ ðå¹ñòðàöi¨ çîáðàæåíü(English) // Âiñíèê ÄÍÓ. Ñåðiÿ: Ìîäåëþâàííÿ. � ÄÍÓ, 2009. � Âèï. 1. � � 8. � Ñ. 42�46.�îçãëÿíóòî ïèòàííÿ iñíóâàííÿ ðîçâ'ÿçêiâ äëÿ ïåâíîãî êëàñó íåëiíiéíèõ îïòèìiçàöié-íèõ çàäà÷, ÿêi âèíèêàþòü ïðè ðå¹ñòðàöi¨ çîáðàæåíü. Íåîáõiäíîþ óìîâîþ îïòèìàëüíîñòi(ðiâíÿííÿ Åéëåðà�Ëàãðàíæà) äëÿ òàêèõ çàäà÷ ¹ íåëiíiéíà ãðàíè÷íà çàäà÷à Íåéìàíà, ÿêàâ çàãàëüíîìó âèïàäêó ìîæå íå ìàòè ðîçâ'ÿçêó. Äåÿêi ñèëüíi äîñòàòíi óìîâè, ÿêi, ïðîòå,íå ñóïåðå÷àòü ïðåäìåòíié îáëàñòi ðå¹ñòðàöi¨ çîáðàæåíü, äîçâîëÿòü îòðèìàòè ïîçèòèâíóâiäïîâiäü ùîäî iñíóâàííÿ ðîçâ'ÿçêiâ.Ië. 1. Áiáëiîãð. 3 íàçâ.ÓÄÊ 517.977Êàïóñòÿí Â. Î., Ëàçàðåíêî I. Ñ. Çàäà÷i ç ìiíiìàëüíîþ åíåðãi¹þ äëÿ ïàðàáîëi÷-íèõ ðiâíÿíü ç íåëîêàëüíèìè êðàéîâèìè óìîâàìè (ðîñ. ) // Âiñíèê ÄÍÓ. Ñåðiÿ:Ìîäåëþâàííÿ. � ÄÍÓ, 2009. � Âèï. 1. � � 8. � Ñ. 47�60.�îçãëÿäàþòüñÿ çàäà÷i ç ìiíiìàëüíîþ åíåðãi¹þ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü ç íåëîêàëü-íèìè êðàéîâèìè óìîâàìè. Ñàìi êðàéîâi çàäà÷i ìàþòü äåÿêi îñîáëèâîñòi. Çîêðåìà, äëÿ íèõíå iñíó¹ àïðiîðíèõ îöiíîê. Òîìó áóäóþòüñÿ ëèøå êëàñè÷íi ¨õ ðîçâ'ÿçêè ó âèãëÿäi ðÿäiâïî áiîðòîãîíàëüíèõ áàçèñàõ �èññà. Çà êðèòåðié ÿêîñòi áåðåòüñÿ êâàäðàò äåÿêî¨ íîðìè ðîç-ïîäiëåíîãî êåðóâàííÿ, ÿêà åêâiâàëåíòíà íîðìi ïðîñòîðó ñóìîâíèõ iç êâàäðàòîì �óíêöié.



�ÅÔÅ�ÀÒÈ 163Òîäi çàäà÷à ðîçïàäà¹òüñÿ íà ïîñëiäîâíiñòü ñêií÷åííîâèìiðíèõ çàäà÷ iç ìiíiìàëüíîþ åíåð-ãi¹þ. Â öüîìó âèïàäêó ïðè äîäàòêîâèõ îáìåæåííÿõ íà ãëàäêiñòü âõiäíèõ äàíèõ îòðèìàíîïîâíèé ðîçâ'ÿçîê çàäà÷i. ßêùî æ êðèòåðié ÿêîñòi áðàòè ó âèãëÿäi êâàäðàòà íîðìè ãiëüáåð-òîâîãî ïðîñòîðó ñóìîâíèõ iç êâàäðàòîì �óíêöié, òî îòðèìà¹ìî äåÿêó ïîñëiäîâíiñòü íåñêií-÷åííîâèìiðíèõ çàäà÷ iç ìiíiìàëüíîþ åíåðãi¹þ ç íåâiäîìèìè âëàñòèâîñòÿìè ùîäî ãëàäêîñòiðîçâ'ÿçêiâ. ßêùî æ êåðóâàííÿ çàëåæèòü ëèøå âiä ÷àñó, òî çàäà÷à çâîäèòüñÿ äî ïðîáëåìèìîìåíòiâ äëÿ äåÿêîãî íåâiä'¹ìíî âèçíà÷åíîãî îïåðàòîðà i åêâiâàëåíòíà àíàëîãi÷íié ïðîáëå-ìi äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ ç ëîêàëüíèìè êðàéîâèìè óìîâàìè.Áiáëiîãð. 7 íàçâ.ÓÄÊ 681.31Êîãóò Ï. I., Ìàíçî �., Íå÷àé I. Â. Òîïîëîãi÷íi àñïåêòè â çàäà÷àõ âåêòîðíî¨îïòèìiçàöi¨ (English) // Âiñíèê ÄÍÓ. Ñåðiÿ: Ìîäåëþâàííÿ. � ÄÍÓ, 2009. � Âèï. 1. �� 8. � Ñ. 61�88.Äîñëiäæóþòüñÿ çàäà÷i âåêòîðíî¨ îïòèìiçàöi¨ â ÷àñòêîâî âïîðÿäêîâàíèõ áàíàõîâèõ ïðî-ñòîðàõ. Ââàæà¹òüñÿ, ùî öiëüîâå âiäîáðàæåííÿ çàäîâîëüíÿ¹ îñëàáëåíié âëàñòèâîñòi íàïiâ-íåïåðåðâíîñòi çíèçó, i ïðè öüîìó íå ðîáèòüñÿ æîäíèõ ïðèïóùåíü ùîäî íåïóñòîòè âíóòðiø-íîñòi ïîðÿäêîâîãî êîíóñà. Âñòàíîâëåíî äîñòàòíi óìîâè iñíóâàííÿ å�åêòèâíèõ ðîçâ'ÿçêiâòàêèõ çàäà÷ òà âèçíà÷åíî ðîëü, ÿêó âiäiãðàþòü òîïîëîãi÷íi âëàñòèâîñòi öiëüîâîãî ïðîñòîðó.�îçãëÿíóòî ïðîáëåìó ñêàëÿðèçàöi¨ îçíà÷åíîãî êëàñó çàäà÷ âåêòîðíî¨ îïòèìiçàöi¨. Äîâåäå-íî iñíóâàííÿ òàê çâàíèõ óçàãàëüíåíèõ å�åêòèâíèõ ðîçâ'ÿçêiâ. Óñi ïîëîæåííÿ iëþñòðîâàíî÷èñëåííèìè ïðèêëàäàìè.Ië. 9. Áiáëiîãð. 20 íàçâ.ÓÄÊ 517.91Îñòàïåíêî Â. O. Äðóãà êðàéîâà çàäà÷à äëÿ òåëåãðà�íîãî ðiâíÿííÿ â íàïiâîá-ìåæåíié îáëàñòi (ðîñ. ) // Âiñíèê ÄÍÓ. Ñåðiÿ: Ìîäåëþâàííÿ. � ÄÍÓ, 2009. � Âèï. 1. �� 8. � Ñ. 89�92.�îçãëÿäà¹òüñÿ äðóãà êðàéîâà çàäà÷à äëÿ òåëåãðà�íîãî ðiâíÿííÿ â íàïiâîáìåæåíiéîáëàñòi. Îòðèìàíî ðîçâ'ÿçîê öi¹¨ çàäà÷i â êâàäðàòóðàõ. Ïîáóäîâà òî÷íîãî ðîçâ'ÿçêó çà-äà÷i ãðóíòó¹òüñÿ íà çàñòîñóâàííi ìåòîäó âiäîáðàæåíü òà ìåòîäó iíòåãðàëüíîãî ïîäàííÿðîçâ'ÿçêiâ òåëåãðà�íîãî ðiâíÿííÿ.Áiáëiîãð. 2 íàçâ.ÓÄÊ 681.31Áàëàíåíêî I. �., Êîãóò Ï. I. Ïðî iñíóâàííÿ ñëàáêèõ îïòèìàëüíèõ BV-êåðóâàíüêîå�iöi¹íòàìè â ëiíiéíèõ åëiïòè÷íèõ ðiâíÿííÿõ (English) // Âiñíèê ÄÍÓ. Ñåðiÿ:Ìîäåëþâàííÿ. � ÄÍÓ, 2009. � Âèï. 1. � � 8. � Ñ. 93�103.Äîñëiäæó¹òüñÿ çàäà÷à îïòèìàëüíîãî êåðóâàííÿ ëiíiéíèìè âèðîäæåíèìè åëiïòè÷íè-ìè ðiâíÿííÿìè çi çìiøàíèìè êðàéîâèìè óìîâàìè. Ââàæà¹òüñÿ, ùî êåðóâàííÿì âèñòóïà¹
BV (Ω)-âàãîâèé êîå�iöi¹íò iç ãîëîâíî¨ ÷àñòèíè åëiïòè÷íîãî îïåðàòîðà. Õàðàêòåðíîþ îçíà-êîþ òàêèõ çàäà÷ ¹ ïîÿâà å�åêòó Ëàâðåíòü¹âà òà íå¹äèíiñòü ñëàáêèõ ðîçâ'ÿçêiâ. Âèõîäÿ÷èç ïðÿìîãî ìåòîäó âàðiàöiéíîãî ÷èñëåííÿ, îòðèìàíî äîñòàòíi óìîâi iñíóâàííÿ îïòèìàëüíèõïàð ó êëàñi ñëàáêèõ (íå âàðiàöiéíèõ) ðîçâ'ÿçêiâ.Áiáëiîãð. 9 íàçâ.ÓÄÊ 519.6Äîâæåíêî À. Â. Íàïiâíåïåðåðâíà çíèçó ðåãóëÿðèçàöiÿ âiäîáðàæåíü, ÿêi äiþòüó ÷àñòêîâî óïîðÿäêîâàíèé çà êîíóñîì íîðìîâàíèé ïðîñòið (óêð.) // Âiñíèê ÄÍÓ.Ñåðiÿ: Ìîäåëþâàííÿ. � ÄÍÓ, 2009. � Âèï. 1. � � 8. � Ñ. 104�115.Çàïðîïîíîâàíà ñõåìà íàïiâíåïåðåðâíî¨ çíèçó ðåãóëÿðèçàöi¨ âiäîáðàæåíü, ÿêi äiþòü óïðîñòîðè, ÷àñòêîâèé ïîðÿäîê ó ÿêèõ çàäà¹òüñÿ êîíóñîì iç ïóñòîþ òîïîëîãi÷íîþ âíóòðiø-íiñòþ.Áiáëiîãð. 5 íàçâ.



164 �ÅÔÅ�ÀÒÈÓÄÊ 517.9Ñÿñ¹â À. Â., Ùåðáèíà I. Â.Ìàòåìàòè÷íå ìîäåëþâàííÿ ïðîöåñó äå�îðìóâàííÿêðóãîâîãî öèëiíäðà ïðè âíóòðiøíüîìó íàðîùóâàííi (óêð.) // Âiñíèê ÄÍÓ. Ñåðiÿ:Ìîäåëþâàííÿ. � ÄÍÓ, 2009. � Âèï. 1. � � 8. � Ñ. 116�125.�îçãëÿäà¹òüñÿ çàäà÷à ïðî íàïðóæåíî-äå�îðìîâàíèé ñòàí â'ÿçêîïðóæíîãî ïóñòîòiëî-ãî öèëiíäðà, ÿêèé íàðîùó¹òüñÿ ïiä äi¹þ âíóòðiøíüîãî òèñêó. Ïðèïóñêà¹òüñÿ, ùî ïðîöåñíåïåðåðâíîãî íàðîùóâàííÿ ìà¹ ìiñöå çi ñòîðîíè âíóòðiøíüîãî ðàäióñà. �îçãëÿíóòî ÷àñòèí-íèé âèïàäîê ëiíiéíîãî çàêîíó ïîâçó÷îñòi, à òàêîæ íàâåäåíî ðåçóëüòàòè ðîçðàõóíêiâ, ÿêiïîêàçóþòü äèíàìiêó íàïðóæåíü òà äå�îðìàöié, ùî ïðè öüîìó âèíèêàþòü.Ië. 5. Áiáëiîãð. 5 íàçâ.ÓÄÊ 519:876.2Ìåíüøèêîâ Þ. Ë.Ñèíòåç àäåêâàòíîãî ìàòåìàòè÷íîãî îïèñó (ðîñ. ) // Âiñíèê ÄÍÓ.Ñåðiÿ: Ìîäåëþâàííÿ. � ÄÍÓ, 2009. � Âèï. 1. � � 8. � Ñ. 126�131.�îçãëÿäàþòüñÿ àëãîðèòìè ïîáóäîâè ìàòåìàòè÷íèõ îïèñiâ ðåàëüíèõ ïðîöåñiâ, ÿêi îïèñó-þòüñÿ ñèñòåìîþ çâè÷àéíèõ äè�åðåíöiàëüíèõ ðiâíÿíü i ÿêi äîçâîëÿþòü îòðèìóâàòè àäåêâàò-íi ðåçóëüòàòè ìàòåìàòè÷íîãî ìîäåëþâàííÿ. Âèäiëÿþòüñÿ äâà îñíîâíi ïiäõîäè äî ïðîáëåìèïîáóäîâè òàêèõ îïèñiâ.Áiáëiîãð. 7 íàçâ.ÓÄÊ 517.9Áîæàíîâà T. A. Ïðî iñíóâàííÿ å�åêòèâíèõ ðîçâ'ÿçêiâ çàäà÷i âåêòîðíî¨ îïòèìi-çàöi¨ òðàíñïîðòíîãî ïîòîêó íà ìåðåæi (óêð.) // Âiñíèê ÄÍÓ. Ñåðiÿ: Ìîäåëþâàííÿ. �ÄÍÓ, 2009. � Âèï. 1. � � 8. � Ñ. 132�148.�îçãëÿäà¹òüñÿ ãiäðîäèíàìi÷íà ìîäåëü äëÿ òðàíñïîðòíîãî ïîòîêó íà ìåðåæi. Â ïðèïó-ùåííi, ùî òàêèé ïîòiê ¹ êåðîâàíèì ïðîöåñîì, ñòàâèòüñÿ çàäà÷à éîãî îïòèìiçàöi¨ ó âåêòîðíié�îðìi. �îçãëÿíóòî âèïàäîê, êîëè öiëüîâå âiäîáðàæåííÿ äi¹ â ëåáåãiâ ïðîñòið i ¹ íàïiâíåïå-ðåðâíèì çâåðõó íà îáëàñòi âèçíà÷åííÿ. Ïîêàçàíî, ùî ìíîæèíà äîïóñòèìèõ ðîçâ'ÿçêiâ òàêî¨çàäà÷i ¹ êîìïàêòíîþ âiäíîñíî ñëàáêî¨ òîïîëîãi¨ ïðîñòîðó RK
×L2(0, T ;BV (Ω)), òà äîâåäåíîiñíóâàííÿ å�åêòèâíèõ ðîçâ'ÿçêiâ ðîçãëÿíóòî¨ çàäà÷i âåêòîðíî¨ îïòèìiçàöi¨ íà ìåðåæi.Áiáëiîãð. 16 íàçâ.ÓÄÊ 517.91Îñòàïåíêî Â. O.Ïåðøà êðàéîâà çàäà÷à äëÿ òåëåãðà�íîãî ðiâíÿííÿ â îáìåæåíiéîáëàñòi (ðîñ. ) // Âiñíèê ÄÍÓ. Ñåðiÿ: Ìîäåëþâàííÿ. � ÄÍÓ, 2009. � Âèï. 1. � � 8. � Ñ.149�161.�îçãëÿäà¹òüñÿ ïåðøà êðàéîâà çàäà÷à äëÿ òåëåãðà�íîãî ðiâíÿííÿ â îáìåæåíié îáëàñòi.Îòðèìàíî ðîçâ'ÿçîê öi¹¨ çàäà÷i â êâàäðàòóðàõ. Ïîáóäîâà òî÷íîãî ðîçâ'ÿçêó çàäà÷i îñíî-âàíà íà êîìáiíàöi¨ ìåòîäiâ âiäîáðàæåíü òà ïðîäîâæåíü òà ìåòîäó iíòåãðàëüíîãî ïîäàííÿðîçâ'ÿçêiâ òåëåãðà�íîãî ðiâíÿííÿ.Áiáëiîãð. 2 íàçâ.



�ÅÔÅ�ÀÒÛ 165ÓÄÊ 519.6Åâäîêèìîâ Ä. Â., Êî÷óáåé À. À., Ïîëÿêîâ Í. Â. Àíàëèç òåíäåíöèé ðàçâèòèÿ ñî-âðåìåííîãî ìàòåìàòè÷åñêîãî è ÷èñëåííîãî ìîäåëèðîâàíèÿ (ðîñ. ) // Âåñòíèê ÄÍÓ.Ñåðèÿ: Ìîäåëèðîâàíèå. � ÄÍÓ, 2009. � Âûï. 1. � � 8. � Ñ. 3�17.�àññìîòðåíû íåêîòîðûå ïîñëåäíèå òåíäåíöèè ðàçâèòèÿ ìàòåìàòè÷åñêîãî è ÷èñëåííîãîìîäåëèðîâàíèÿ, îáóñëîâëåííûå êàê ñîâåðøåíñòâîâàíèåì ìàòåìàòè÷åñêèõ ìîäåëåé è àëãî-ðèòìîâ ÷èñëåííîãî ðåøåíèÿ, òàê è áåñïðåöåäåíòíûì ðîñòîì ïðîèçâîäèòåëüíîñòè ýëåêòðîí-íî-âû÷èñëèòåëüíîé òåõíèêè. Ïîêàçàíî, ÷òî èçó÷åíèå ñâîéñòâ ÷èñëåííûõ àëãîðèòìîâ öåëå-ñîîáðàçíî ïðîâîäèòü íà ñïåöèàëüíûõ òåñòîâûõ ïðèìåðàõ, èìåþùèõ àíàëèòè÷åñêîå ðåøå-íèå.Áèáëèîãð. 15 íàçâ.ÓÄÊ 517.9Êàïóñòÿí À. Â., Äàíèëîâ Â. ß.Î ïîëîæèòåëüíûõ ðåøåíèÿõ óðàâíåíèÿ ðåàêöèè-äè��óçèè ñ ïðàâîé ÷àñòüþ òèïà Êàðàòåîäîðè (óêð.) // Âåñòíèê ÄÍÓ. Ñåðèÿ: Ìî-äåëèðîâàíèå. � ÄÍÓ, 2009. � Âûï. 1. � � 8. � Ñ. 18�22.Â ðàáîòå äëÿ íåëèíåéíîãî óðàâíåíèÿ ðåàêöèè-äè��óçèè ñ ïðàâîé ÷àñòüþ òèïà Êà-ðàòåîäîðè, óñëîâèÿ íà êîòîðóþ íå ãàðàíòèðóþò åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è Êîøè,äîêàçàíî ãëîáàëüíóþ ðàçðåøèìîñòü â êëàññå ñóììèðóåìûõ ñ êâàäðàòîì �óíêöèé, ïðèíè-ìàþùèõ íåîòðèöàòåëüíûå çíà÷åíèÿ.Áèáëèîãð. 4 íàçâ.ÓÄÊ 519.6Êîãóò Î. Ï. Îá óñòîé÷èâîñòè ê âîçìóùåíèÿì îáëàñòè îäíîãî êëàññà çàäà÷ îïòè-ìàëüíîãî óïðàâëåíèÿ (óêð.) // Âåñòíèê ÄÍÓ. Ñåðèÿ: Ìîäåëèðîâàíèå. � ÄÍÓ, 2009. �Âûï. 1. � � 8. � Ñ. 23�41.Äëÿ êëàññà çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ êîý��èöèåíòàìè íåëèíåéíîãî ýëëèïòè-÷åñêîãî óðàâíåíèÿ ñ êðàåâûìè óñëîâèÿìè Äèðèõëå ïðåäëîæåíî ïîíÿòèå óñòîé÷èâîñòè êâîçìóùåíèÿì îáëàñòè. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ íà âîçìóùåíèÿ îáëàñòè, ïðè êîòî-ðûõ èñõîäíàÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ áóäåò óñòîé÷èâîé.Èë. 1. Áèáëèîãð. 15 íàçâ.ÓÄÊ 519.6Ìóñåéêî Î. Î ñóùåñòâîâàíèè H1-ðåøåíèé äëÿ îäíîãî êëàññà çàäà÷ ðåãèñòðà-öèè èçîáðàæåíèé (English) // Âåñòíèê ÄÍÓ. Ñåðèÿ: Ìîäåëèðîâàíèå. � ÄÍÓ, 2009. �Âûï. 1. � � 8. � Ñ. 42�46.Îáñóæäàåòñÿ ïðîáëåìà ðàçðåøèìîñòè îäíîãî êëàññà âàðèàöèîííûõ çàäà÷, âîçíèêàþ-ùèõ ïðè ðåãèñòðàöèè èçîáðàæåíèé. Íåîáõîäèìûìè óñëîâèÿìè îïòèìàëüíîñòè â òàêèõ çà-äà÷àõ ñëóæèò íåëèíåéíàÿ êðàåâàÿ çàäà÷à Íåéìàíà. Â îáùåì âîïðîñ î åå ðàçðåøèìîñòèîñòàåòñÿ îòêðûòûì íà ñåãîäíÿ. Îäíàêî êàñàòåëüíî çàäà÷ ðåãèñòðàöèè èçîáðàæåíèé óäàåò-ñÿ ïîëó÷èòü íåêîòîðûå ðåçóëüòàòû î ðàçðåøèìîñòè.Èë. 1. Áèáëèîãð. 3 íàçâ.ÓÄÊ 517.977Êàïóñòÿí Â. Å., Ëàçàðåíêî È. Ñ. Çàäà÷è ñ ìèíèìàëüíîé ýíåðãèåé äëÿ ïàðàáîëè-÷åñêèõ óðàâíåíèé ñ íåëîêàëüíûìè êðàåâûìè óñëîâèÿìè (ðîñ. ) // Âåñòíèê ÄÍÓ.Ñåðèÿ: Ìîäåëèðîâàíèå. � ÄÍÓ, 2009. � Âûï. 1. � � 8. � Ñ. 47�60.Äàíî ïîëíîå ðåøåíèå çàäà÷è ñ ìèíèìàëüíîé ýíåðãèåé äëÿ ïàðàáîëè÷åñêîãî óðàâíå-íèÿ ñ íåëîêàëüíûìè êðàåâûìè óñëîâèÿìè è ñïåöèàëüíûì êðèòåðèåì êà÷åñòâà. �åøåíèÿïðåäñòàâëåíû â âèäå ðÿäîâ ïî áèîðòîãîíàëüíîìó áàçèñó �èññà, êîòîðûå ñõîäÿòñÿ ê íåïðå-ðûâíûì �óíêöèÿì.Áèáëèîãð. 7 íàçâ.
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Yevdokymov D. V., Kochubey O. O., Polyakov M. V. Analysis of development

tendencies of modern mathematical modeling and numerical simulation (Russian). //
Visnyk DNU. Series: Mathematical Modelling, Dnipropetrovsk : DNU, Issue 1, No. 8, 3–
17(2009).

Some recent development tendencies of mathematical modeling and numerical simu-
lation are considered. They are stimulated as improvement of mathematical models and
numerical calculation method, as unprecedented growth of computer technique power.
It is shown, that investigation of numerical algorithm properties is expediently to made
with using special test examples, which have analytical solutions.

Ref. 15.

Kapustyan O. V., Danilov V. Y. On positive solutions of reaction-diffusion equation

with Caratheodory nonlinear term. (Ukrainian). // Visnyk DNU. Series: Mathematical
Modelling, Dnipropetrovsk : DNU, Issue 1, No. 8, 18–22(2009).

In the paper for reaction-diffusion equation with Caratheodory nonlinear term under
conditions, which do not guarantee uniqueness of Cauchy problem solution, we prove the
global resolvability in the class of nonnegative integrable functions.

Ref. 4.

Kogut O. P. On stability of one class of optimal control problems to the domain

perturbations (Ukrainian). // Visnyk DNU. Series: Mathematical Modelling, Dnipropet-
rovsk : DNU, Issue 1, No. 8, 23–41(2009).

In this paper we study a classical Dirichlet optimal control problem for a nonlinear
elliptic equation with the coefficients which we adopt as controls in L∞(Ω). The prob-
lems of this type have no solutions in general, so we make a special assumption on the
coefficients of the state equation and introduce the class of so-called solenoidal controls.
We study the stability of the above optimal control problem with respect to the domain
perturbation. With this aim we introduce the concept of the Mosco-stability for such
problems and study the variational properties of Mosco-stable problems with respect to
different types of domain perturbations.

Fig. 1. Ref. 15.

Museyko O. On the existence of H1-solutions to certain image registration problems

(English). // Visnyk DNU. Series: Mathematical Modelling, Dnipropetrovsk : DNU, Issue 1,
No. 8, 42–46(2009).

The solubility of the class of nonlinear optimization problems arising in image regis-
tration is discussed. The necessary optimility conditions (Euler-Lagrange equation) for
such kind of problems is a nonlinear Neumann boundary value problem which is not
known to have a solution in general. However, in the image registration context some
assumptions can be made that let us move a little bit further in this question.

Fig. 1. Ref. 3.

Kapustjan V. Ye., Lazarenko I. S. Problems with minimal energy for parabolic

equations with nonlocal boundary conditions (Russian). // Visnyk DNU. Series: Mathe-
matical Modelling, Dnipropetrovsk : DNU, Issue 1, No. 8, 47–60(2009).

The paper deal with the solution of minimal energy optimal control problem for a
parabolic equation with non-local boundary condition and a cost functional with special
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form. The solution to this problem is presented in the form of the series with respect to
the biorthogonal Riesz basis.

Ref. 7.

Kogut P. I., Manzo R., Nechay I. V. Topological aspects in vector optimization

problems (English). // Visnyk DNU. Series: Mathematical Modelling, Dnipropetrovsk : DNU,
Issue 1, No. 8, 61–88(2009).

In this paper, we study vector optimization problems in partially ordered Banach
spaces. We suppose that an objective mapping possesses a weakened property of lower
semicontinuity and make no assumptions on the interior of the ordering cone. We derive
the sufficient conditions for existence of efficient solutions of the above problems and
discuss the role of the topological properties of the objective space. Our main goal deals
with the scalarization of vector optimization problems when the objective functions are
vector-valued mappings with a weakened property of lower semicontinuity. We also prove
the existence of the so-called generalized efficient solutions via the scalarization process.
All principal notions and assertions are illustrated by numerous examples.

Fig. 9. Ref. 20.

Ostapenko V. O. Neumann boundary value problem for the telegraph equation in

semi-bounded domains (Russian). // Visnyk DNU. Series: Mathematical Modelling, Dni-
propetrovsk : DNU, Issue 1, No. 8, 89–92(2009).

The Neumann boundary value problem for the telegraph equation in a semi-bounded
domain is considered. Using the method of integral representation and the reflection
method, we give the explicit description for the solution of this problem.

Ref. 2.

Balanenko I. G., Kogut P. I. On the existence of weak optimal BV-controls in

coefficients for linear elliptic problems (English). // Visnyk DNU. Series: Mathematical
Modelling, Dnipropetrovsk : DNU, Issue 1, No. 8, 93–103(2009).

In this paper we study the optimal control problem associated to a linear degenerate
elliptic equation with mixed boundary conditions. We adopt a weight coefficient in the
main part of elliptic operator as control in BV (Ω). Since the equations of this type
can exhibit the Lavrentieff phenomenon and non-uniqueness of weak solutions, we show
that this optimal control problem is regular. Using the direct method in the Calculus of
variations, we discuss the solvability of the above optimal control problems in the class
of weak admissible solutions.

Ref. 9.

Dovzhenko A. V. Lower semi-continuous regularization of mappings in partially

ordered by cone normed spaces (Ukrainian). // Visnyk DNU. Series: Mathematical Model-
ling, Dnipropetrovsk : DNU, Issue 1, No. 8, 104–115(2009).

The scheme of the lower semi-continuous regularization of mappings in normed spaces
is proposed. We make no assumptions on the interior of the ordering cone.

Ref. 5.

Sjasjev A. V., Stcherbina I. V. Mathematic modelling of circular cylinder deforma-

tion under inner grouwth (Ukrainian). // Visnyk DNU. Series: Mathematical Modelling,
Dnipropetrovsk : DNU, Issue 1, No. 8, 116–125(2009).



170 ABSTRACTS
A task on the intensive deformed state(IDS) of a viscoelastic declivous cylinder, which

is grown under the action of inner pressure, is considered. The process of continuous
increase takes a place on an internal radius so, that a radius and pressure change on set
to the given law. The special case of linear law of creeping is considered, and also numeral
results are presented as the graphs of temporal dependence of tensions and moving for
different points of cylinder.

Fig. 5. Ref. 5.

Menshikov Yu. L. Synthesis of adequate mathematical descriptions (Russian). //
Visnyk DNU. Series: Mathematical Modelling, Dnipropetrovsk : DNU, Issue 1, No. 8, 126–
131(2009).

We study the algorithm for the construction of mathematical descriptions of real
processes, which are characterized by the system of ordinary differential equations.

Ref. 7.

Bozhanova T. A. On the existence of efficient solutions to vector optimization

problem of traffic flow on network (Ukrainian). // Visnyk DNU. Series: Mathematical
Modelling, Dnipropetrovsk : DNU, Issue 1, No. 8, 132–148(2009).

We studied traffic flow models in vector-valued optimization statement where the flow
is controlled at the nodes of network. We considered the case when an objective mapping
possesses a weakened property of upper semicontinuity and made no assumptions on
the interior of the ordering cone. The sufficient conditions for the existence of efficient
controls of the traffic problems are derived. The existence of efficient solutions of vector
optimization problem for traffic flow on network are also proved.

Ref. 16.

Ostapenko V. O. The first initial boundary-value problem for telegraph equation

in bounded domain (Russian). // Visnyk DNU. Series: Mathematical Modelling, Dnipropet-
rovsk : DNU, Issue 1, No. 8, 149–161(2009).

The first initial boundary-value problem for telegraph equation in bounded domain is
considered. The exact solution this problem is obtained. The construction of solution is
based on combination prolongation and reflection methods with integral representation
vast class telegraph equation solutions which was developed earlier.

Ref. 2.
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