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Ta Teopii AndepeHUiaNbHNX PiBHSIHb

VIK 519.6

AHAJIN3 TEHJIEHIINI PA3SBUTUA COBPEMEHHOI'O
MATEMATUYECKOI'O 1 YNCJIEHHOT' O
MOAEJINPOBAHNA

1. B. Esjokumos, A. A. Kouy6eit, H. B. [Toaskos

Jnenponemposcrutl Hayuonaavhorl yrusepcumem um. Oaeca Lonwapa,
ZJlnenponemposck 49050. E-mail: devd@mail.ru

PaCCMOTpeHbI HEeKOTOpbIe IIocJieJHNE TeHJACeHIINY pasBUTUA MaTeMaTHU4IeCKoro u
YUCJIEHHOI'O MOoJZleJIMpOBaHUMd, OGyCJ'IOBJIeHHbIe KaK COoBeplIIeHCTBOBaHUEeM MaTeMaTru-
YeCKux MO,E[eJ'Ieﬁ 1 aJIrOPpUTMOB YHUCJIEHHOI'O pellleHnunuda, TaKk U 6eCl'IpeI.[e,Z[eHTHbIM po-
CTOM IIPpOU3BOUTEJIBHOCTHU E).J'IeKTpOHHO-BbI‘{I/ICJ'II/ITeJIbHOﬁ TEeXHUKU. HOKaSaHO, 9gTo
n3sydvdeHue CBOICTB 4YHCJIEHHbBIX aJIiropurTMoB uenecooﬁpaaﬂo IIpOBOAUTD Ha CIielaJjib-

HBbIX TECTOBbIX IIpHMepax, IUMellIX aHaJluTu4deckKoe pelnieHue.

KuroueBblie ciioBa. Maremarudaeckast MO/IeJIb, YUCJIeHHBINA MEeTOd, 9UC/ICHHAd MOIE/Ib.

1. Beegenue

Ha nporsikernn mocieHIX HECKOJIBKUX AecATraeTri Habrogaercs becriperie-
JIEHTHBIN YCTOMYMBBII POCT MHTEpPEca K MATEeMATHIeCKOMY U YUCJIEHHOMY MOjie-
JINPOBAHUIO, CTUMY/IUPYEMBbIIl HE MeHee DeCIIPEeIe/IEHTHBIM POCTOM BO3MOZKHOCTEH
BBIYUC/IUTE/ILHON TEXHUKU U €€ IIOBCEMECTHBIM pacipocTpanenueM. Bo mHOrmx
O6.HaCT5{X HAQYKH, TEXHUKW U TEXHOJIOI'MU PaCCMaTpUBa€MbIC 1TOAXO/AblI CTaJJIA J10-
MUHUDPYIOIUMHA B HAYYHBIX UCC/IEI0BAHUAX, a TAKYKe [IPU IPOEKTUPOBAHUN HOBBIX
TEXHOJ/IOIMYECKUX IIPOIECCOB u obopyaoBanusd. Kpome toro, yrpasjeHue mpous-
BOJICTBEHHBIMU [POLECCAME BCE 9allle OCYIIECTBJISIETCST HA OCHOBE MaTeMaTude-
CKUX U YUC/EHHBIX Mojeseil. U jgaxe B Tex 00/1acTsdX, r/e yKa3aHHbIE [10/IXO/IbI
elle He CTOJIb HOIYJIAPHBL, HAIIPUMED, B I'YyMaHUTAPHBIX HAayKaX, [IPOCACKUBACTCA
sBHAS TEHJIEHIIUs K MaTeMaTu3aluu 1o/xon0B. Kak pe3yabrar pocra HoIyJisdp-
HOCTH MaTEeMaTUIECKOr0 U YUC/IEHHONO MOJIEIUPOBAHUSI CYIECTBEHHO BO3POC/IN U
TpeboBaHusd, IpebaBjgeMble K TouHoCTH U 3pdexkTuBnocTu pacdera. QueBuiHo,
49TO0 OJHUM M3 HyTef/'I IIOBBIIIIEHU A TOYHOCTU N S(b(i)eKTI/IBHOCTI/I IIPUKJIQJHBIX DaC-
YeTOB #ABJIAETCH COBEPIIEHCTBOBAHUE MPUMEHAEMbBIX MaTEMaTUYECKUX MOJIEeell,
OJ/IHAKO dTOT IIyTh CBA3aH, IIPEXKJE BCEro, C Pa3BUTUEM IPEIMETHBIX 00JIacTell,
K KOTOPBIM OTHOCATCH JIAHHbIE MATEeMaTHIeCKUe MOJIETN, MOAu(UKaAIud )Ke Cca-
MUX MOjIe/iell XOTd U MOXKET JIaTh CYIIECTBEHHBIN BBIYUCUTEIbHBIN 3P deKT npu
HCIIOJIB30BaHUU CO CIICINAJIM3NPOBAHHBIMU AJIFOPUTMAMM, HO IIDUMEHUMa B OY€Hb
OrpaHMYEHHOM 4YHC/Ie cay4daeB. pyrum, He MeHee 04eBUIHBIM, IIyTE€M COBEPIIEH-
CTBOBaHUA METOAUKHN IPUKJIQJHBIX PDACYCTOB ABJIACTCA PA3BUTUEC BBIYNUCJ/INTE/Ib-
HBIX JITCOPUTMOB. B 3TOM Hampap/ieHuu B 1OC/I€/IHUAE JIECATUIETUST ObLT JOCTUT-
HYyT CyHLeCTBeHHbe/'I mporpecc, Bpra3I/IBI_[II/II>'ICH B II04BJICHUNW 3HAQYUTE/IBHOI'O YUC-
Jla KaK YHUBEpPCAJIbHBIX, TaK U CIIEIUAIM3UPOBAHHBIX aJrOpUTMOB. B Hacrosiee

© 1. B. Epnoxumos, A. A. Kouyb6eit, H. B. Iloraxos, 2009



4 JI. B. EBJJOKHUMOB, A. A. KOUYBEH, H. B. [IOJISKOB

BpeMs YHUCJIO IPUMEHSAEMbIX aJITOPUTMOB YK€ CTOJ/Ib BEJIMKO, YTO BHYTPU YUC/IEH-
HBIX METOJIOB BO3HUKJIA, IBHO BbIPAYKEHHAS CIIEIUAIM3AIMSL, KOTOPAs TPOI0J/IZKAET
yryosiaTheg. B oroit curyanuu J0CTaTOYHO OCTPO BCTaJ BOIPOC O "KpUTEpUsIx
KadecTBa! MaTEMATUIECKUX MOJIE/IEH, BEIYUC/IUTEIbHBIX aJIOPUTMOB U, B KOHEY-
HOM WTOTe, TPOBEJEHHBIX PaciIeToB. Kak OymeT mokazano HUZKe, TPATUITHOHHBIE
"kpurepuu KadecrBa' yKe HE OTBEYAlOT COBpeMeHHbIM TpeboBanusM. lannast pa-
60Ta TOCBAIIEHA PA3BUTHIO METOINK OTEHKHU KATeCTBA PACIETHLIX CXeM Ha OCHOBE
YUCEHHOTO YKCIIEPUMEHTA.

2. Beibop o0beKkTa mcciaegoBaHUA

Boabmoe paszroodbpasne BBIYUCIUTETBHBIX 33134, BOSHUKAIOIINX B MPUIOKE-
HUAX, 3HAYUTEIbHBIE PA3INIHI B UX (PU3MIECKO 1 MATEMATUIECKO CYIITHOCTH M,
KaK CJIeJICTBHE, MPOMAJIHOE PA3HOODPA3UE aJINOPUTMOB PEIIIEHUs] YTUX 3a/1a4 J1e/1a-
IOT IMPAKTUYCCKN HEBO3MOXKHBIM PDaCCMOTPEHUNE yHI/IBepCEL.HbeIX Kpurepues OlCH-
Ku ux pemrennii. [1osgcHIM 9Ty MBIC/IB: IO CHX ITOP BO MHOTHX 00/1aCTSIX €CTECTBO-
3HAHUA ypOBeHb MaTeMaTU4YeCKnuX MO,ZI;e.HeI‘/JI TaKOB, 49TO aKTyaHbeIMH ABJIAIOTCA
OTEHOYHBIE PACUETHI, OTPAKAIOIINE TOJHKO KAUECTBEHHYI0 KapTHHY MOIEIPYe-
MOT'O [POIECCA, B TO Ke BPEMsl YHUCJECHHOE MOJIEIUPOBAHUE B JIPYIUX 00IACTSX,
HaIpuMep, B psije pa3eaoB MeXaHUKU CILIOMIHON Cpeibl, JOCTUIIO IPEeIesia TOU-
HOCTHU BbIYMCJIEHUIT KOMIIbIOTEDA. BO MHOI'UX Cﬂyqaﬂx OCTaCTCA MPUHIUIINAJIBHO
HEsICHBIM XapakTep HEeJUHEHHOCTElH, OIMpEeIeIsionuX CTPYKTYPY PeIleHns 3a/1a-
4y, He BCerja yJaeTcd KOPPEKTHO ydeCTb MaJible BO3/efCTBUdA Ha UCCJIe/lyeMble
cucrembl. Hakomerr, 3a9acTyo IPUXOIUTCS MOJETHPOBATL ABICHNA, (DU3NIECKAT
PUPOJIA, A, CJIEIOBATEIBHO, U MATEMATHIECKUE MOJIEIN KOTOPBIX HE COBCEM SICHBI,
HarnpumMep, TypOyIeHTHOCTD.

3. CoBpeM€eHHOE COCTOSHUE BOIIPOCA

KonuyectBo myb/mKarmii, MOCBAIEHHBIX IPUMEHEHUIO METOI0B MaTeMaTu e~
CKOI'O W YHUC/IEHHOT'O MOJEJIMPOBAHUS B PA3/JIUYHBIX 00JIACTIX HAYKU U TEXHUKH,
HUCYUC/IAETCH JECATKAMU, €CIU HE COTHIMU ThICAY, U, OE3yCJ0BHO, CTO/Ib BEjIu-
KO, UTO He OCTaB/IsIeT aBTOPaM HACTOLAINell paboThl HU MaJieiiieil Ha/IezK /bl PO~
CJIeJUTh KaKI/Ie—.}II/I6O TEeHJCHI N 110 Hy6JII/IKaI_[I/IHM. HI/ILIHbIe Hay41HbIC MHTEPEChI
aBTOPOB KAaCalOTCs, B MEPBYIO OUYepedb, UNCJIEHHBIX METO/IOB TUAPOIMHAMUKN U
TEIJIOMACCOOOMEHa, HO Jlayke B 9TOW, HAMHOIO MeHbIneil 0b/1acTu, rie HeT CTOJIb
CYIIIECTBEHHBIX PA3/INYUUil B YPOBHE PAOOT, IPOC/IEIUTH TeHEHIIUN 10 Iy O TuKAIi-
AM IE[pE‘:BBbI‘E[aJI../'IHO TPYAHO, XOTd TAaKUE IIOIIbITKU JI€/IaJIUCh B O6H_II/IprIX u jJ0cCTa-
TouHO (yHTaMeHTaTbHBIX MoHOTpaduax |1, 6, 8, 9|, okazaBmux 3aMeTHOE BJIH-
sdHre Ha pasBurue ykaszaHHoit obsiactu. Taxkum 00pa3oM, WMH/IYKTUBHBIN [TOAXOJ,
K aHa/J M3y — OT YACTHBIX TEHJEHIUI K OOIUM — B JIAHHOM CJIy4Yae HACTO/IBKO
BaTPY/IHEH, UTO MPUMEHEHNEe €r0 MPeICTABIIeTCI HermeaecooOpa3ubiM. AbTep-
HATUBHBIN [1€/lyKTUBHbBIN OJX0/ K PACCMATPUBAEMON POOIeMe HE CTOJIb OYeBU-
JleH, HO TOJIBKO OH JTaeT BO3MOXKHOCTD IIPOC/IETNTH 3aKOHOMEPHOCTH COBPEMEHHOTO
9Talla PA3BUTUA MATEMATUYICCKOr0 U YMCJICHHOI'O MOAEC/IMPOBAHMNA. Tpa,ELI/II_[I/IOHHO
JIeTYKTUBHBIHN MOAXO0 CBI3BIBAIOT ¢ MATEMATUIECKIMI METOTAMU HCCIeTOBAHN,
[I09TOMY IIPUMEHEHUE €ro B PACCMATPUBAEMON 00/IaCTH [IPEJCTAB/IAETCH BIIOJIHE
ecrectBeHHbIM. (/IHAKO, KaK [PAaBUJIO, JEAYKTUBHBIN IIOXOJl UCIOJB3YIOT s
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aHaJjiM3a CBOWCTB OIIPeJie/IEHHON MOJIEN WU aJrOPUTMA, B JAHHONI 2Ke pabore
peJyTaraeTcsd TPUMEHNTD ero I aHAIN3a TeHICHIU pa3BuTus 00/1aCTH.

Wcropuuecku Bompoc 06 3¢ dexkTuBHocTH, WU B Dojiee robaabHoit dhopmy-
JimpoBKe, 0 "Kadecrse"asropurmMa BOBHUK JIOBOJILHO JIABHO, €€ B HAYaJje 3Pbl
MAIUHHBIX BBIYUC/IEHU, U B TeYeHUEe JOCTATOYHO JIOJIIOr0 BpeMeHU ObLI KJIO-
YEBbIM BOIIPOCOM BbIYUCJIUTEIbHONI MaTEMATUKU, IMOCKOJIbKY JJjId MaJIOMOIITHBIX
KOMITBIOTEPOB TOr0 BpeMeHu Hedx(p(EKTUBHBIE AJTOPUTMbI OBLIH HEIPUEM/IEMbI
BooOie. Crie/lyer OTMETUTh, 9TO [EPBbIE JTOCTATOYHO [POCTHIE YUC/ICHHBIE AJII0-
PUTMBI 6])IJ'II/I THIATE/JIbHO MCCJICJOBAHbI KaK TEOPETUYCCKU, TaK U IIyTeM YUCJICH-
HOTO dKcrepuMenTa. K coxkasieHuro, B 1abHeHIIIeM CI0KHOCTh BEIYUC/TUTETbHBIX
AJICOPUTMOB BO3PaCTa/ia HAMHOTO ObICTpEEe, YeM PA3BUBAJIUCH BO3ZMOXKHOCTH HX
TEOPETUYIECKOT0 aHa/In3a, [I09TOMY TeopeTudeckue oreHku 3 eKTUBHOCTH AJIro-
PUTMOB B 3HAUYUTEJILHOM Mepe yTpaTu/ix CBOE€ 3Ha4YeHUEe.

[losicuum a1y curyanuio. g 60JIBIIUHCTBA aJTOPUTMOB, JIaKe JOCTATOYHO
CJIOZKHBIX, OTHOCUTEJ/IbHO JICI'KO IIOJIy4YUTb OLEHKY KOJIMYeCTBA apH(i)MeTH‘{eCKI/IX
orieparuii, UCIo/jb3yeMbix npu pacdere. O HAKO KOJIMIECTBO apuMETUIECKUX
orepaluii Onpe/iesisier CKOPOCTb CUYeTa, a JJ/Isl oIy deHus onerku 3pdeKTuBHOCTH
HEOOXO/IUMO OIEHUTDH eIlle U MOTPENIHOCTh BhIYUC/IEHUl, UMEHHO B 5TOM BOIIPOCE
¥ BO3HUK/IX Haubojibiue TpyAnocTu. le/i0 B TOM, 9T0 HOPsI0K AIIPOKCUMALUN,
KOTOPbBIA LPEJICTaBIdercd 04YeBUIHON KOu4YecTBeHHoil mepoii "oauzocru" jauc-
KPETHOiT (pacdeTHOit) U HePEePBIBHON MO/Ie i€, He SB/ISIeTCs eIMHCTBeHHBIM (DaK-
TOPOM, OIIPEJEATOIIMM IOIPEITHOCTh pacdeTa, Ha TOYHOCTh BbIYUC/ICHUN BJIUSIIOT
TaKKe CKOPOCTH CXOJIMMOCTH, MHOTOYHUC/IEHHBIE U TPYIHOYYUTHIBAEMbIE ITOI'DeI-
HOCTHU, BHOCUMBbIEC Ha PA3HBIX dTallaX aJI'OPUTMaA, 1 UX BBaI/IMOrZI;E‘:I‘/’ICTBI/Ie7 yCTOﬁqH—
BOCTb pacuerHoil cxembl. llepednciennbie (haKTOPBI ILJIOXO MOJJIAIOTCI TEOPETU-
YECKOMY YyUery, 0COOEHHO JIjist CJIOXKHBIX aJropuTMoB. Kpome Toro, morpernHocThb
[PAKTUIECKOTO PACYeTa CYIIEeCTBEHHO 3aBUCUT OT MPOIPAMMHOI pean3aliuu aji-
POPUTMA, YTO COCTAB/ISIET OTJAEIbHYIO U OYeHb CYIIECTBEHHYTIO PODJIeMy KaK JIJist
YUCIEHHOI0 MOJIE/IUPOBAHUS, TaK U JIJIsi BLIYUCUTETbHON MATEMATUKN B [1€/I0M.

Takum 06pazoM, BO3HUK/IA TEH/EHIUA PA3/IE/IsdTh TEOPETUIeCKNe OIMEHKHU aJl-
rOPUTMA U €0 IKCIEPUMEHTAIBHBIE UCC/IeI0BAHMS, OTHOCH BOIIPOC 00 3pdexTun-
HOCTH aJIrOPUTMa IIPENMYIIEeCTBeHHO K rocsienuM. Haubosiee mosino u mocie/ioBa-
TEeJILHO 9Ta TOYKa 3peHust Oblia copmyauposana B kKaure /1. Ban Taccena [5], rae
BoIIpoc 00 3 HEKTUBHOCTU A/ITOPUTMA OBLIT PACCMOTPEH KaK 4acThb 001ieil mpob,re-
MbI 9 HEKTUBHOCTH TPOIPAMMHOI0 00eCHeYeHrst. DTOT MOAX0/] IPUHIIAIIAATIBHO
OTJINYAJICHA OT KJIACCHYECKOI'0 TEOPETUYECKOrO I0/IX0/a, JOMUHUPOBABIIErO B TO
BpEM#, IIOCKOJIbKY OH YTBEpPzK/ia/l HeBO3MOXKHOCTb HUKAKOI JIDYroil peajmsanuu
aJITOPUTMa KpOME KaK B IPOUPDAMMHOM oODecriedeHun U CBOAUI SPOEKTUBHOCTD
aJropurMa K cOCTaBHON dacTu 3(PpOEeKTUBHOCTHA IPOrPAMMHOIO KOAa. 109Ka 3pe-
uusg JI. Ban Taccesa orpaxkasa, mpexjie BCEro, OIBIT OOJIBIIOTO YUC/IA MPaK-
TUKYIOIIUX [POrPAMMUCTOB U He Obljaa NpuHdATa OOJBITUHCTBOM MaTEMaTUKOB,
paboraronmx B 00/1aCT YUCAEHHBIX MeTo0B. OHAKO UMEHHO dTa TOYKa, 3PEHUs
mpejjiarajia IpoCTOM W MOHATHLIA BBIXOJ U3 KPU3UCHON CHUTYaAIlUW, BbI3BAHHONI
YCJIOXKHEHUEM PACYETHBIX aJIrOpuTMOB. MeTo/iuku TeCTupOBaHUs IPOrPAMMHOIO
obecrieuenusd, o Koropbix nucas . Ban Tacces, 1octaTodHo npocThl U O9€BU/IHbL,
[I09TOMY W€ TECTUPOBAHUs IHPOTPAMM C IEIbI0 onpejeienus dOPEeKTuBHOCTH
aJIropuTMa Ipuodpesia HOJIBIIYIO HOIMY/IAPHOCTD B cpeje mporpaMmvuctos. Crpa-
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BEJJINBOCTU PAJU CJAEAYET OTMETUTH, 4TO 3(PPEKTUBHOCTH MPOIPAMMbBI 3aBUCUT
HE TOJIBKO 0T 3(PEKTUBHOCTH aJINOPUTMa, HO U 0T "KadecTBa' mporpaMMHOiil pe-
aJin3aIym, TO eCThb, dPMEKTUBHOCTU IPUMEHAEMbIX ABTOPOM IIPOI'PAMMBbI T€X UJIH
WHBIX [IPUEMOB IIporpaMmupoBanus. Y2ke Bo Bpemena . Ban Taccena Oblin us-
BECTHBI MHOI'OYKC/IEHHBIE [IPUMEDPDI, KOTV[a HE3HAUYUTETLHBIE YUCTO IIPOrPAMMHBIE
YCOBEPIIEHCTBOBAHUS, HE 3aTPArMBAIONIAE AJIIOPUTM, IPUBOIWIA K PE3KOMY CO-
KpAIIEHUI0 BPEMEHU CUYETa WJIM 3HAYUTETHHOMY IOBBIIIEHUIO TOYHOCTH pacyera.
D10 U ObLIO OCHOBHBIM BO3paxkeHueM porus nojxojua 1. Ban Taccena. Tuckyc-
CUs O POJIM YUCJEHHOI'O SKCIIEPUMEHTA Ha TEeCTOBBIX 3ajadax Jjid OIeHKH 'Ka-
decTBa' aJTOPUTMOB, MATEMATHIECKUX U YUCIEHHBIX MOJIE/IEIl IPOI0/IZKAETCS J10
CUX T10P, ¥ BOIPOC 0 KOPPEKTHOCTH TAKOIO TOX0/IA eIle BeChbMa, JAJIEeK 0T OKOH-
4aTeIbHOTO Pa3PeIleHus.

BropbiM 11OBOPOTHBIM MOMEHTOM B 3BOJIIOIUU B3IVISI0B HA METOJIbI UCCJIEI0-
BaHUs aJOPUTMOB CTAJI BBIXOJ KHUTH 3|, B KOTOPOit OBLT pACCMOTPEH BOIPOC 06
UCIIOJIB30BAHUY B BBIYUC/IUTEIBHOM IPAKTUKE aJINOPUTMOB, OCHOBAHHBIX HA PACXO-
JIATTUXCS PA3I0KEHUAX B PLAJIbl, WA AJTOPUTMOB, O CXOJIUMOCTH KOTOPBIX HIUYEro
He u3pecTHO. OCHOBBIBAsICh HA JIOCTATOYHO MIMPOKOW U YCIEIIHON MpaKTUKe [pu-
KJIQ/IHBIX MHYKEHEPHBIX U HAYYHBIX PACUeTOB, aBTOPBI KHUTH |3| ciesrann BBIBOJ
0 1es1eCOOOPA3HOCTU UCIOIb30BAHUST TAKUX AJI'OPUTMOB B LEJOM Psijie CJIydaes,
KOIVIa PEe3Y/IbTaThl PAcYeTOB MOIYT OBITH YAOCTOBEDPEHBI TeM WJIM UHBIM IIyTEM.
Takum 00pazom, B KHUre [3] BOIPOC BHOBb CBEJICS K METOJaM TECTUPOBAHUS AJl-
TOPUTMA.

BuocsiencrBun 06110 MHOKECTBO 1ryOJinKaruil, noCBAIEeHHbIX IMDMEKTUBHO-
CTU YUCJEHHBIX aJrOPUTMOB, BepupUKAIIUU pPe3y/IbTaTOB PACUETOB, TECTUPOBA-
HUIO a/JIPOPUTMOB U [IPOrPAMM U, KOHEIHO, TEOPETUIECKOMY aHAJIN3Y AJITOPUTMOB.
BoJiee Toro, mpakTudeckn B KaxKJi0il pabore, MOCBAIIEHHON MaTEMATHYECKOMY U
YUCEHHOMY MOJIE/IUPOBAHUIO, ITH BOIPOCH! 3aTPAIMBAIOTCS B TO UJIK UHOW MeEpe.
He nmes: BOBMOXKHOCTH OXBATUTH B JIAHHOM KPATKOM 0030pe BCIO MACCy yIOMSHY-
TBHIX ImyOJIHKAIwii, comieMcs Ha MoHOorpadun |2, 13, 14, 15|, B KoTOpBIX paccMar-
puBaemble POOIEMbl AHAIUBUPYIOTCH DOJiee MOAPOOHO, HO, B IIEJIOM, CJIEYET OT-
METUTH, YTO IPUHITUIHAILHOIO IIPOIPECCa B JJAHHOM HAIPABJIEHUN IIOC/I€ BBIXO/IA
kHUr [3, 5] He Hab/1r01a/10Ch, XOTst ObLIKM [IPE/JIOKEHbI OT/Ie/IbHBIE BBICOKOIMD]EK-
TUBHBbIE IPUEMbl U METOJMKM, & PgAJi JPYTUX I[IOJXO/0B IOJIYUU/I CYIEeCTBEHHOE
passuTue.

4. HeperrenHble 3a/1a4u 1 e HACTOLAIIEH paboThbI

Kak ormewanoch BINIe, JOCTATOYHO MOMHBIM U TOCIETOBATENLHBIN aHAIN3
JINTEPATYPBI, MMOCBANIEHHON 1mpobseme 3PPEKTUBHOCTH BBIYUCJIUTEIbHBIX AJIT0-
PUTMOB, B paMKax JAHHOI paboThl HpakTudecKu HeBo3MmoxkeH. [losromy orpa-
HUYUMCS AHAU30M ODIIUX TEH/EHIU, NPOsBUBIIUXCA B BBIYUC/IUTEJIHHON Ma-
TEeMATUKE B mocjegHee Bpems. Kak MOXKHO 3aKJIIOUUTH U3 BbHIMIEU3/I02KEHHOI'O,
cutyarus B Borpoce 06 3(PeKTUBHOCTH BHIYUCUTETBHBIX aJIOPUTMOB 3aIly TAHA
u nporusopeunBa. CylecrBeHHbIM (DAKTOPOM, BIMSAIOMMM Ha PACCMATPUBAEMY O
00/1aCTh, ABJISIETCH CTPEMUTE/IbHBIN POCT BO3MOKHOCTEH BBHIYUCIUTE/THHON TeXHU-
ku. CoryiacHo 3aKOHY Mypa npou3BOIuTE/IbHOCTD BBIUUCIUTE/IbHBIX CUCTEM YJIBa-
nBaeTcd KaxKJble 18 MecdareB, a poCT BO3MOXKHOCTeHl COOTBETCTBYIONINX IMAKETOB
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[PUKJIAJIHBIX IIPOrPAMM IIPOUCXOJIUT elie ObICTPee BCJIEJICTBUE COBEPIIEHCTBOBA-
HUS aJTOPUTMOB, B HUX MCIIOJIB3YEMbIX. Bjrarojgaps crojib ObICTPOMY POCTY BO3-
HUKJIO Jla’Ke MHEHHUE O TOM, 4TO B HACTosdAllee BpeMs rnpobjema 3(hdeKTuBHOCTH
BbBIYUC/IMTEC/IbHBIX AJITOPUTMOB HE ABJIACTCA JOCTATOYHO aKTyaJ’IbHOﬁ.

[Tokazkem ormbouHOCTD 3T0# TOUKHU 3penus. Coryracuo 3akony Mypa mpou3Bo-
JINTEJIbHOCTD BbIYUC/IUTE/ILHOW TEXHUKU 33 1ocjejiHue 15 jierT BhIpoc/ia IPUMEPHO
B 1000 pa3. 9To o3Havaer, 9T0 B HAubO/IEE CI0KHBIX U3 CYIIECTBYOIIUX BbIYUC/IU-
TEJIbHBIX 3a/1a4 — IIPOCTPAHCTBEHHbBIX 3a/lda49aX — MOXKHO YBC/JIMYUTH KOJIMYECTBO
y310B cerku B 10 pa3s, 10 ecrb Ha nopamok (ecau 15 jer Ha3aj B pacuerax Ha
[epcoHaIbHOM KOMIIbioTepe "xoporreit"cunraniacy cerka 50 50 50, a ma bGojiee
motabix cucremax or 150 150 150 g0 200 200 200, To ceityac — JlaHHbIE B3AThI
ma cepequny 2008 roga — cerka 500 500 500 BmoJsiHE JOCTHKKUMA Ha, MOITHOM
[IEPCOHAJILHOM KOMIIBIOTEPE, & Ha, CUCTeMaX OO0JIbIIell MOIIHOCTH MOLI'YT HCIIOJIb-
soBarbes cerku ot 1000 1000 1000 mo 2000 2000 2000). [Tougarao, uro B 3a1a9ax,
pemaBiuxcs 15 u 6oJiee jieT Haza/l, ITO yBEJIUICHUE BbIUYUC/IUTETbHBIX BO3MOYKHO-
cTeil M03BOJIN/IO0 JOCTUTHYTH OYKBabHO IOpPA3UTEIHLHOrO Hporpecca. Tak cerku,
IIPUMEHABIINECCA ].5 JIET Ha3a/1, ITO3BOJIAIN 60.}166 njm MeHee TOYHO PaCCYUTbhIBATH
s dekTol reomerpudeckoro maciiraba mopsijika 0,1 pazmepa objactu perieHus,
a CeTKH, NPUMEeHdAeMble cefivac, IPejoCTaB/Ia0T aHAJIOIMMYHYI0 BO3MOXKHOCTD J1JIsd
sbdekroB macmrada 0,01—0,005 paszmepa obmactu. Ho 3a Te xe 15 jer mosiBu-
JIUCH MPUHIIANINAIBLHO HOBBIE 33/[a4H, CBA3aHHbBIE C PA3BUTUEM MUKPO3JIEKTPOHU-
Ki, MUKDOMEXaHUKU, MUKPOOUOIOTUY 1, HAKOHEI, HAHOTEXHOJ/IOT U, JIjIst KOTOPBIX
COOTHOIIIEHUE XAPAKTEPHOrO pa3Mepa UCCaeayeMbIX 3(P(DEKTOB K XapaKTEPHOMY
pa3mepy 00/1acTH HA HECKOJIBKO IMOPS/IKOB MEHBIIE, Y€M JIEI'KO JOCTUKUMbIE Cefi-
gac macmrabor 0,01—0,005.

TaKI/IM 06pa30M, C IIOgdBJIEHHEM HOBBIX 3a/a4 Tpe6OBaHHH K IIPOU3BOJUTE/Ib-
HOCTH BBIYHUC/IUTETHHON TEXHUKU TOJIBKO BO3POC/IU, IPUYEM JIOCTATOYHO CYIIECT-
BEHHO, a BbIBO/I O TOM, 9TO BO3MO2KHOCTH BbIYUCJAUTEAbHON TeXHUKN IPaKTU4YICeCKN1
[IOJTHOCTBIO Y0BJIETBOPSAIOT OTPEOHOCTU B pacderax win OJIM3KU K TOMY, CJIe/lyeT
[PUBHATH OHACHOM wiutfo3ueii. [IpuunHaMu JaHHOTO BEChMa, PACIPOCTPAHEHHOTO
3&6Hy)K,E[eHI/I5{ ABJILIOTCS: 3HAUUTEAbHbINA nporpecc B KJIaCCUIECKUX TEXHUYICCKUX
zagadax, chopmyaupoBaHHbX B H0—60-e Tobl IpOIILIOro BeKa, a TO U paHee; He
ncHepianme, HO 3HQYUTE/IbHOEC YMEHbIIIEHUE CIIMCKA HEPEIICHHbIX 3a/1a4 MaTeMa-
TUYECKOI'0 U YUCTIEHHOT0 MOJIEJIMPOBAHNS; OBICTPBII POCT UHCTAJIAIIMOHHON Oa3bI
BbIYUCJIUTEIbHONI TEeXHUKU, C,E[e.}'[aBH_[I/II‘/JI ee O4YeHb rZI;OCTyHHOI‘/JI JJId IIpoBeieHnd MacC-
COBBIX PACYETOB; IIPOIPECC MPOIPAMMHOIO ODecrieueHns, UCKTI0YUTEIbHAS TPO-
CTOTA U JIENKOCTH PabOThl C HUM 110 CPaBHEHUIO € TeM, 4T0 ObLio 15 u Hosiee Jer
Hazaj.

IIpuBesennbIe BINTE COOOPaArKEHUsT TTOKA3BIBAIOT, 9TO podiemMa 3hPEeKTUBHO-
CTU YHCJIEHHBIX METOJIOB, PABHO Kak u o0Imasd mnpobjema 3(pdeKTUuBHOCTH MaTe-
MATHUYECKOTO U YHUC/IEHHOTO MO/ TMPOBAaHUS, €Ille BECbMa, Ja/I€KU OT CBOEr'o I0JI-
HOI'O pa3pelleHusi, HeCMOTPA Ha 3HAYUTE/IbHbIA 1IPOrpecc, JOCTUIHYTBbIA B 3TOM
obsiactu. BoJjiee Toro, mpobsiema 3Ta IPO0/IZKAET OCTABATHCH BECbMa AKTYaJIbHOI.
:[(OHeLIHO7 B HaCTOAIIECe BpeMd HECKOJIbKO U3MEHMNJIOCH IIOHATHUE S(b(i)eKTI/IBHOCTI/I*
ecii 15 u 6oJiee jieT Haza 107 3PGHEKTUBHOCTHIO AJITOPUTMA [TIOHUMAJIOCH, IPEK-
Je BCEro, MUHUMAJIBHOEC BpeMd CHEeTa IIPpU CKOJ'H)KO-HI/I6y,D;b HpI/IBM.}IBMOﬁ TOYHOCTH,
To ceityac 1o, 3pHEKTUBHOCTHIO TO[Pa3yMEBAIOT KOPPEKTHOCTH U BHICOKYIO TOU-
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HOCTb PE3Y/IbTATOB, & BOIPOC BPEMEHU yKe HE CTOJIb BaKeH.

Ha 3ape pa3BuUTuA BbIUYUC/JAUTEAbHON TEXHUKU U YUCJIEHHbIX METO/J0B HOTpe6-
HOCTU IIPAKTUKKM BO MHOTOM CBOJM/IH 11POOIeMy 3DMEKTUBHOCTU YUCIEHHOTIO MO-
JIeJIMPOBaHUs K 0DeCIedeHnio a/IEKBATHOCTH Pacydera, TO eCTh CDABHEHUIO PE3YJIb-
TATOB YHUC/IEHHOIO PACYETa C Pe3y/braraMu SKCIEPUMeHTa. BaxkHoil TeHenimei
B Pa3BUTUU MATEMATUYECKOIO U YUCIEHHOIO MOJE/UPOBAHULA yXKe Ha IIPOTIKE-
HUU J0CTATOYHO JIJIMTEJIBHOI'O BPEMEHU ABJIACTCA U3YyHYEHUE HBJ’IeHHI’I, QKCIIepu-
MEHTAJIbHOE UCC/Ie/IOBAHNE KOTOPBIX HEBO3MOYKHO B CHUJIY T€X WJIM UHBIX IPUYWH.
Nmenno 1o 006CTOSATEILCTBO 00YC/IOBUIIO TMOUCK KPUTEPHUS aI€KBATHOCTU YHUC-
JIEHHOT'O PeIlleHus, He CBABAHHOIO ¢ puszmdeckuM sxcuepumernTom. Cregayer orme-
TUTH, 9TO IPOIPECC B JJAHHOM HAIPABJIEHUU B HACTOSIIEE BPEMs OCTABJISET ZKe-
JlaTh MHOTO 60JibIero. XoTeaoch 66l OTMETHUTD eIlle OJIHY TEHJEHIINIO: [IPOTPECcC
METOJ0B YUCJICHHOTO MOAEC/JIMPOBaHUA B IOC/ICJHUEC JCCATHUJICTHUA I I HaMHOI'O
ObICTpEe HPOrpecca MeTO/0B YKCIEPUMEHTAIbHBIX HCC/Ie0BAHUM, B PE3y/ibrare
Yero B pa3Hble MOMEHTBI BPEMEHU, HO K HACTOSAIIEMY BPEMEHU YKe B I10/IaB/Isi0-
mremM 6OJ'H)H_II/IHCTBe HaHpaBJ’IeHI/If/'I HAYKW U TEXHUKU TOYHOCTH HYUCJIEHHOI'O pPac4e-
Ta IPEBBICU/IA TOYHOCTH SKCIIEPUMEHTAILHOTO uccaeoBanusd. Bojiee Toro, ceitaac
TUIIUMYHOR CjlejlyeT CUUTaTh CUTYallUIO, KOLJIa IIOIPEHIHOCTh YUCJIEHHOr'O pacde-
Ta MOXKET ObITh Ha HECKO/IbKO IOP$IKOB MEHbIIel, HEXKe/IN MOIPEITHOCTb COOT-
BETCTBYIOIIEr0 HATYPHOIO Wjin J1ADOPATOPHOIO dKCIepuMenTa. B cuity BbICKazaH-
HBIX COOOparKeHUil MCII0/IH30BAHNE IKCIEPUMEHTAJIBHBIX JAHHBIX JIJId KOHTPOJIS
TOYHOCTU YUCJICHHBIX PaCYETOB IIpEJCTaB/IACTCA HEJICIIbIM, B KaKO-TO CcTelleHu
[IOCJIE/IHAE MOXKHO WCIIOJIb30BATH JIUIIb JIJIs OINEHKU aeKBATHOCTU HYUC/IEHHOTO
pesyJibrara, /ia U TO C U3BECTHBIMU OI'OBOPKAMU.

Bormeniepeducientbie TPyAHOCTH, IPOTUBOPEUUs U IPOOJIEMbI CTUMYJIMPOBA-
JIA HalWCaHWEe HACTOANIell CTaTbU, OYEBUIHON IIeJIbI0O KOTOPOU dABJIAETCA BbIJE-
JICHUE IIePCIICKTUBHBIX HaHpaB.}IeHI/Iﬁ pPa3BUTUA MaTEMATUYICCKOTr0 W YUCJICHHOI'O
MO/IEJIMPOBAHUS C yUYETOM IIEPEUNCEHHBIX BBIIIIE HEOJHOZHAYHBIX TEH/IEHIUI pas-
BUTHS TAKOBBIX. BIepBBIe aBTOPBI 0OPATU/INCH K STHM BompocaMm B pabore [12],
€CTeCTBEHHBIM JIOTUYCCKUM IIPOJO0JIZKEHNEM KOTOpOfI ABJIACTCA HaCTOAIlad CTa-
Th4.

5. IIpobsiembl afeKBaTHOCTUA, TOYHOCTH U 3P PEeKTUBHOCTHU
pe3yJbTaTOB YHCJIEHHOIO MOJEJINPOBAHUSA

PaccmorpnM TpagummoHHYIO cXeMy MaTeMaTHIecKOTO U UHUC/IeHHOTO MOJIesIH-
poBanusi: "dusnueckoe siBjieHne — (uUMIECKas MOJE/b — MAaTeMaTHIeCKash MO-
JleJTb — YHUCJAEHHBIN MeTOJT — JIHCIeHHAS MOJIe/Ib — Pe3yAbTaThl UNCIeHHBIX Pac-
qeros (CopaBeyIMBOCTH PaJu CIEJyeT OTMETUTh, YTO, KAK MPABUJIO, 9Ta CXeMa,
B JIUTEpaType MPUBOJIUTCA B yCEUEHHOM BUJIE, HO IPUBEJCHHBI BapUAHT BbIjIe-
JIET Dssi 0COOEHHOCTE, BaXKHBIX I aHajm3a IorperrHocTeit). B jmreparype
OCHOBHOE€ BHUMAHUE DU aHAIM3E [PUBEJEHHON JIOIMIECKON CXEMBbI 110 HEITOHSIT-
HBIM IPUYUHAM Ye/IgeTCsd BOIPOCaM HEeJUHCTBEHHOCTH (DUBUYECKUX U, COOTBET-
CTBEHHO, MaTreMaTu4eCKUX MOJEe/ed ABJICHUN U B3aMMOOTHOLICHUNA MEXK/1y aJlb-
TepHATUBHBIME Mojiegamu. He ymasisasa Meromoiorntueckoro u obimeduocodckoro
BHAYEHUS YKA3aHHON POD/IEMbI, aBTOPbI HACTOSIIEN CTATbu OTHIO/Ib HE CIUTAIOT
ee KJII0UeBON /T Pa3BUTHUS MATEMATUIECKOTO U IHUC/TEHHOTO MOJEINPOBAHUSI.
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[lo mHenuto aBTOPOB, MepMaHEHTHbIE TPEOOBAHUS OBBIINIEHNST TOYHOCTU PAC-
9E€TOB, BOBHUKAIONIIME B COBPDEMEHHDBIX HAYYHBIX MCCJICJOBAHUAX U IIPDU pa3pa60T—
K€ HOBBIX TEXHOJIOTHil, /IejIal0T KJII0UYeBOil 1pob/jieMy BO3BHUKHOBEHUS W HAKOII-
JICHUA IOI'PEIIHOCTU B PaMKaX yKa3aHHOﬁ CXEMBbI. I/IMeHHO IIO9TOMY IIPpOBEJIECHO
pasrpaHudenre STAoOB "'MaTeMarndecKas MOJe/b — YUCAEHHBIH MEeTOJ] — 9uC-
JIEHHAsT MOJIE/Ib — Pe3yJIbTaThl YUCIEHHBIX pacdeToB’ | Beb KaKJblii U3 9TUX
9TAIOB UCC/IEJ0BAHUS BHOCUT B PellleHne Crernuduyueckyo norpemnaocTts. [Ipex e
9eM PACCMATPUBATH TEHEPAIUIO TIOTPEITHOCTH B YKA3AHHON CXeMe, CIe/lyeT paspe-
LIUTH CJIEIyIOIee KIacCuUKaAIMOHHOE IPOTUBOPEYHE: B CXEMY pacuera Hen3bex-
HO BXO/IST IMOJIYYEHHBIE SMIIMPUIECKUM IIyTEM apaMeTpbl U 3aBUCUMOCTU, OTPa-
Kalome CBOfcTBa cpesibl (pusnieckne, XuMUIECKUe, FeOMETPUIECKHE 1 IIPOIKE),
B KOTOPOIi IIPOUCXO/IUT MCC/IEyEMbIil TIPOIlecc. 3aberas BIIEpe], YKazKeM, 9TO 3a-
YACTYIO HA COBPEMEHHOM JTAlle NMEHHO 9TU 3aBUCHMOCTH OKA3bIBAIOTCS HAMOOsIee
CYIIECTBEHHBIM HCTOYHUKOM IMOTPEITHOCTH, OCKOJIbKY, KaK OTMEYa/oCh BBIIIIE,
IOrPEeITHOCTU SKCIIEPUMEHTAJIbHBIX METOA0B OKa3bIBAIOTCA JJOCTATOYIHO 60.HBH_H/I-
MU (& MHOI/IA ¥ HEJOIyCTUMO OOJIBIINMIE) TI0 CDABHEHUIO C MOIPEIITHOCTIMI, BHO-
CUMBIMU Ha JIPYT'UX dTallaX MCCJICJOBAHUA.

ABTOpPBI HACTOSITIEH PAGOTEHI CIUTAIOT TPABUIBLHBIM OTHECTH OTPEIETEHNE YIIO-
MSHYTBIX [1apaMerpoB U (POPMUPOBAHUE YKABAHHBIX SMIIMPUIECKUX 3aBUCHMO-
creit Kk draiy dopmupoBanus (PU3MIECKON MOJE/N sBIEHUs, & HE K MaTEeMaTu-
4eckoil Mojiesin, Kak 310 mHorja jesaercd. llpuBenennas wiraccudukalius, 0i-
HAKO, HE CHMMAeT OCTPOTHI BO3HUKINEH npobiuembl [12]: obume maremarnieckue
MOJIEJIA OT/IEJbHBIX K/IACCOB (DU3NIECKUX SBJIEHUI, B KOTOPBIX (DU3UYECKUE CBOIi-
CTBA CPejbl OTPaKeHbl B Bujie (DOPMaJIbHBIX IAPAMETPOB, HAMHOI'O TOYHEE, UeM
MaTeMaTHYeCKUe MOJeJ UHIUBUIYAIbHBIX (PU3NUECKUX fABJIEHUN U3 STUX KJIAC-
COB, BKJIIOUAIOIIMX SKCIEPUMEHTAJBHO OIPEE/IEHHbIE TapaMerpbl U 3aBUCUMO-
cru. OTMETHM, YTO AHAJUTUYECKHUE PEIleHns] CTPOATCs, KaK IIPABUIIO, JIjisd ODIIIX
MaTeMaTU4YeCKnux MO,E[e.HefI, (i)I/I3l/IquKI/Ie QKCIIEPUMEHTBI IIPOBOAATCA TOJIBKO JIgd
UHJ/IUBU/IYAJIBHBIX (DU3MIECKUX FBJICHUI, a 9UC/IEHHbIE pAcdeThbl, BOOOIIE roBOp4,
MOI'YT OBITH IIPOBE/IEHBI B 000UX C/IydasiX.

Takum 06paszoM, TE3UC 0 TOM, 9TO TOYHOCTH YUCACHHOTO PACUYETa HE MOYKET
[PEBBIATH TOYHOCTH SKCIEPUMEHTAIbHBIX JAHHDBIX, IPEJICTAB/IIETCS He BCErjia
IIpaBUJIbHBIM. BaqaCTyIO npu MOAE/IMPOBAHUN UH/IMBULYAJIbHBIX (bI/ISI/ILIeCKI/IX AB-
JIEHUIl BO3HUKAET Mapa/oKcajbHasg CUTyallus, KOIJa B MAaTeMaTUIeCKy0 MOJIE/Ib
BKJIFOUAIOT PE3YJIbTAThl IKCIEPUMEHTA, a 3aTeM JIJIsi OLPEJIeIeHIs aJ[eKBATHOCTH
U TOYHOCTH PE3y/IbTATOB YUC/IEHHOIO PeIlleHns UX CPABHUBAIOT C TEM K€ WJIU aHa-
JIOTUYIHBIM 9KCIIEPUMEHTOM. O“IE}BI/I,E[HO7 qTO 06]_[[&5[ IIOrpemrHOCTb TaKOTO YUCJICH-
HOT'O pE3YJ/IbTATa OIPEe/deTcd MPEUMYIECTBEHHO MOTPEITHOCTHIO (DU3UIECKOrO
IQKCIIEpUMEHTA, A .HIO6I)I€ BbIBO/Ibl O TOYHOCTHU YUCJ/IEHHOI'O pacdeTa B IIPUCYTCTBUN
Ky/ia Kak 0OoJiee 3HAYUTE/ILHON HOTPEITHOCTU (PU3UUECKOTO SKCIIEPUMEHTa, IIPe/i-
CTaBJ/JIAIOTCA BECbMa COMHUTE/IbHBIMMU. TO €CTb, B JaHHOM CJjly4da€ D€4Yb MOZKeT
WATH TOJBKO 00 aJeKBATHOCTH IOAX0/a, HO HUKAK HE O €r0 TOUYHOCTH.

C ToukM 3peHUs ABTOPOB HACTOLINENH CTATHU IEIeCO00PA3HO TECTUPOBAHUE
YUCJICHHBIX ITI0/IXO/J0B Ha aHAJIUTUYICCKUX DEHICHUAX. PeSyﬂbTaTbI TaKOI'o TecTru-
poBanus 6o0jiee MHMOPMATUBHBI, [T03BOJIAIOT HPAMO CYAUTH O TOYHOCTU YHC/IEH-
HOT'O MOJIX0JIA, HE TPEOYIOT pa3je/ieHusl Ha [MOTPEITHOCTh YUCJEHHOTO PEIIeHus] 1
ODIIYI0 TOrPEIIHOCTh YUCEHHOro pe3ysbrara. Takum obpasom, B cxeme "dusu-
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4Jeckoe spjieHne— (pusnydeckas MOJEe/b— MaTeMaTHIeCKas MOJeb— YUC/IEeHHbII
METOJ— YUCJIEHHAS] MOJIeJIb— Pe3yJIbTaThl YUCIEHHBIX pacderoB' yjiaercs Bbljie-
JINTH IOI'PEIIHOCTH, BO3HUKAIOIINE Ha BCeX MPOMEXKYTOUYHBIX CTa/IUSX: IIOI'DeLI-
HOCTH (PU3MIECKON MOJE/M ONPEeIe/deTCd He TOJbKO KaK HOIPEIIHOCTb, BHOCH-
Mag B pe3y/brare Hen30e:KHOTo YHIpOIeHusd (PpU3NUeCKUuX I[PEJICTABJCHN, HO U
KaK ITOI'PENIHOCTH IKCIIEPUMEHTAJbHBIX JaHHBIX; IIOIPENIHOCTh MaTeMaTHIecKoit
MO/JIE/IN TIOHUMAETCsl B TPAJUIUMOHHOM CMbIC/e. Kcjiu morpenHocTs (hu3ndeckoi
MOJIe/IH, B IIPUHIIAIIE, MOXKET ObITh OIlEHEHA, TO [TOI'PEITHOCTD MaTEMATHIECKON MO-
JIeJII C TPYAOM TojaeTcd (popmasindanuu. s onenkn mocjeHeii MOXKHO PeKo-
MEH/I0BaTh JIUIIb CPAaBHUTEIbHBII aHa/ U3 Pe3y/IbTaToB aHAJIUTUUYEeCKUX pelleHui,
KOHKPETU3UPOBAHHBIX [IjIsi CIENUAIbHO 110 100paHHbIX (DPU3NUECKUX IKCIIEPUMEH-
TOB, C pe3y/JbTaTaMH 3TUX KCIEPUMEHTOB, YTO, OJHAKO, BO3MOYKHO JIUIIb IIPU
HAJIUYUU JOCTOBEPHBIX OIEHOK IOTIPEITHOCTH caMuX dKkcruepumMenToB. [lorpemino-
CTU YUCJIEHHBIX aJIIOPUTMOB JIOCTATOYHO XOPOIIO HM3Yy4YeHBbl B COOTBETCTBYIOIIEH
Teopuu, IOITOMY He OyJeM Ha HUX OCTAHABJIMBATLCH IOJAPOOHO, OTMETUM JIUIIIb,
YTO OOMIMpHAS BBIYUC/IUTEIbHAS [MPAKTUKA 3aCTAB/IAET CUUTATDH TEOPETUYECKUE
OlEHKHU OOJIBIITMHCTBA YUC/IEHHBIX AJITOPUTMOB HEIOCTATOYHO TOYHBIMU, OCODEH-
HO s HeJMHEeHHbIX 3a/a4. 1lpu qucienHoM perrenun Ca0XKHBIX 3ajad, Tpedyio-
II1eM COBMECTHOI'O MCIIOJIb30BAHNS HECKOJIbKNX PA3HOIJIAHOBBIX aJI'OPUTMOB, TE€O-
peruyeckue OIEeHKU TOYHOCTU OTCYTCTBYIOT coBceM. C JIpyroii CTOpOHBI, IIPU UC-
CJIeJIOBAHUU TOYHOCTH YHUC/JAEHHOI'O ajlOPUTMa IIyTeM YHC/AEHHOI'O SKCIepUMEeH-
Ta, (IPUMEHsIS NPEJJIOKEHHOE BbIIIE TECTUPOBAHUE HA CHEIUAJIbHO 110100PaHHbBIX
AHAJUTUYECKUX PEeLIeHUTX, KOTOpble He 00g3aTeIbHO J0/IZKHbBI ObITh aKTya/IbHbI,
TO €CTh, UMETh OIPE/IEIeHHbIH (HDU3NIECKnil CMBIC/I) HOTPEITHOCTD YUCJEHHOTO AJl-
FOPUTMA MOJMEHSIETCS MOTPEITHOCTHIO IUC/ACHHO (KOMIIBIOTEPHOI) MOJIEH, KO-
TOpasd BKJIIOYAET B CeDsl ellle U BbIYUC/IUTEIbHBIE TOIPEITHOCTH IPOrPAMMHON pe-
amm3anun. Kak oTMevTasoch BbIIle, KOPPEKTHOCTDh TAKOTO ITOAXO0/A MTOIBEPTaeTCs
000CHOBAHHBIM COMHEHUSM Ha, HPOTsKenuu yrxke Oosiee 30 jier, 94T0, BIpOUYEM, HE
MIPEMATCTBYET ero MOMyAsIpHOCTH. B 3amuTy TaHHOTO MOIX04a MOXKHO BBICKA3ATh
HECKOJIBKO apr'yMEHTOB:

1. IMorpemHocTs YUCAECHHON MOE/U, ONPEIE/JIEHHYI0 B YUC/IEHHOM SKCIIEPU-
MeHTe, HUKAK He CJIeJyeT PAcCMaTpPUBATL KAK aOCOJIOTHYIO KOJIMYEeCTBEH-
HYIO M€EPY MOIPENIHOCTU UCIIOJIB30BAHHOI'O YUCJIEHHOT'O aJlOPUTMa, & MOXK-
HO KCII0/Ib30BATH TOJIBKO JIUIID JIJIsi CDABHEHU TOYHOCTH U 3D PEKTUBHOCTH
AJITOPUTMOB.

2. Yucnenusblit aaropuTM 0e€3 MPOrPAMMHON PEATM3AIIN SABJISETCS CJA0KHBIM
abCTPaKTHBIM 00bEKTOM, B OOJBITUHCTBE MTPAKTHICCKNA BaYKHBIX U CJIOKHBIX
CJIydaeB IIOYTHU HE NOJIAIONIMMCA TEOPETUIECKOMY HCCIETOBAHUIO, TO €CTh
AJIBTEPHATUBBI YUC/IEHHOMY SKCIEPUMEHTY (DaKTUIECKH HeT.

3. Cranjaprusaliusi U yHUPUKALUS [TPUEMOB IPUKJIATHONO [TPOrPAMMUDPOBaA-
HUA B HACTOLAIIEe BpeMs JOCTUIVIN TaKOTO YPOBHHA, 9TO He IPUXOUTCA OXKI-
J1aTh CKOJIbKO-HUOY/Ib CYIIECTBEHHBIX OTINYUl B TOYHOCTH uan IPpdexkTus-
HOCTH pactieTa B 3aBUCAMOCTH OT IPOTPAMMHON pean3arui. XOTs IpuBe-
JIeHHbIE COODPAYKEHNUS U HE MOT'YT CJIY2KATD JI0KA3ATE/IbCTBOM KOPPEKTHOCTH
00Cy2K/1aeMOoro I0/IX0/1a, aBTOpaM HACTOLAIIel paboThl OHU KaXKyTCs JI0CTa-
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TOYHO y6e,ZI;I/ITeJIbHBIMI/I.

6. Ipyrue nmpobsieMbl MaTEMaTUIECKOTO U YNCJIEHHOTO
MOJEJINPOBAHASLA

Hawubosiee mmpoko usBecTHoil u Hambojiee UCCIELyeMON B HACTOLAIIEE BPEMS
SIBISIETCS TPO0JIeMa HEJTMHEHHOCTH MareMaTudecknX Mozesei. TpaanimoHHo B
MaTEeMATHYECKOM MOJIE/IUPOBAHUN BBIJIEISAIOT CUJIbHBIE U Cjiabble HEeJTMHEIHOCTH.
HepBbIe MOr'yT HpUBECTU K HECJUHCTBECHHOCTU DEHICHW A, ITOABJICHUIO HeyCTOf/'I“H/I—
BocTeil u budypKaruii, a 3aTeM U Xa0TUIECKOMY ITOBEJIEHUIO UCC/IE/lyeMOil cucre-
Mbl, BOBHUKHOBEHUIO PA3PbIBOB perienns. TPy HOCTH, CBI3AHHbBIE C IIPEO/0/ICHIEM
[IEPEYNC/IEHHBIX TPO0JeM, OOIIEN3BECTHBI, II0ITOMY HE DY/IeM Ha HUX OCTAHABJIH-
BaTbCd 10pod6HO. OTMETUM TOIHKO, YTO BOJIU3U HEYCTONYUUBBIX COCTOSTHUN U TO-
HYEeK 61/1(1)ypKa1m1/1 TaKne CUCTEMbl CTAHOBATCA BECbMa 1YyBCTBUTEC/IbHBI K MaJIbIM
BO3MYIIICHUAM, B TOM YHCJIC U K BO3MYIIICHUAM, BHOCUMBIM YHACJICHHBIM AJITOPAT-
MOM, [I09TOMY B DPsijie C/Iy9aeB BbIUUC/JUTEIbHAs TPODJIeMa CUIbHON HeJIMHEITHO-
CTU TECHO CBA3aHA C IPO0/IEMON KOPPEKTHOTO yUueTa MaJjIbIX BO3IMYIIEHU, KOTOpas
Oyser pacemorpena Hrzke. OJIHAKO jlaxKe B CIydae, KOrJa HeJUHEHHOCTh He Ipu-
BOJUT K IIEPEYNCICHHBIM BBIIIE ABJICHUAM, OHA BCE PABHO CYIICCTBEHHO YI/IMHACT
OpoLeaypy pacdera, a MHOIJIA U CHUZKACT €r0 TOYHOCTb.

Jpyroit BaxkHOI 11pob,/1€MOil, YACTO CBABAHHOI C MIPOsIBJIEHUEM CHUJILHOU HeJIU-
HEHHOCTH, NPEACTABIAIOTCA 3a/ia49u C MaJblM IapaMeTpPOM HPU CTaplleid IIpous-
BojHO#. Takue 3324 eCTeCTBEHHBIM 00pa30M BO3HUKAIOT B MUPOAdPOIMHAMUKE
bosibux ckopocreit. Masibiit napaMerp npu crapiineil npou3BOAHON HPUBOJUT K
[IO$IBJIEHUIO [TOTPAHUYHBIX CJI0€B, TO €CTh TOHKUX 30H C OOJIBIITUMU OIEPETHBIME
I'PaJgueHTaMn MCKOMBIX BEJIMYMNH. ,Z[Ba OCHOBHBIX IIO/JIXO/a — aJallTUBHBIC CETKU
U cerMeHTarysg 00/IaCTU PelleHus — I03BOJIAIOT YCIEITHO IPEO0IeBATh TPY/HO-
CTH, CBA3aHHBIE C MAJIbIM [IAPAMETPOM IIPU CTapIiieil TpOU3BOAHON, 0JHAKO 00a
YKa3aHHBIX ITOAX0a ABIAIOTCA UCKJIIOYUTEIBHO PECYPCOEMKUMU, IIOSTOMY B Ha-
crodmiee BpeMsd Hporpecc B JaHHOM HAIIPABJICHUHN ITOYTHU ITOJIHOCTBIO CBA3aH C
POCTOM BO3MOZKHOCTEH BBLIYUCAUTE/IBHON TeXHUKH.

CoBpeMeHHbIe YHUC/IEHHBIE TOJIX0/IbI HE [PEJIyCMATPUBAIOT JI/Isi AHAIN3a, CUTh-
HBIX HeJTMHENHOCTEN CIeMaIbHBIX CPeICTB. B pe3ynpraTe anmpoKCIMAIIN HETn-
HelHada 3a/la4a CBOAUTCA K JIMHECAPU30BAHHOMY WJIA HE}.}II/IHBﬁHOM}’ AUCKPETHOMY
anaJjiory, 00J/1a/1afoIeMy HEKOTOPBIMU CHelu(UuIecCKuMU CBONCTBAMU, U OCTAETCS
TOJIBKO HaJedThCs, 4o "mosejenne JUCKPETHOrO aHa/iora OyJAer COOTBETCTBO-
Barh "mosejenuto" Mojeupyemoii cucrembl. Hanpumep, B HEyCTOWYUBOM COCTO-
sguun BOJIM3KU TOYKU OudypKalUu IOBEEHUE CUCTEMbI OIPEIE/ITeTCd MaJIbIMU,
MHOTJIA CJIyYalHBIMU, HHOTJA CUCTEMATUYECKUME (PUBNUECKUMU BO3MYIIEHUSIMHU.
Onnako BO3MYyIIeHUS, HEN3DEKHO BHOCHUMBIE MOI'PEIHOCTHI0 YUC/IEHHOTO pelle-
HUA, MOI'YT OKa3aTbCd CPABHUMbIMU 110 BECJIMYUHE WJIN J1d2KE 60.}1]31_T_II/IMI/I7 He>XKe-
Jin pusnyvecKue BO3MYIIEHNS, OIPeJIe/IsONNe IOBE/IEHNE UCC/Ie/lyeMOil CHCTEMBI,
a IOCKOJIbKY IOIDEIIHOCTb YUCACHHOIO PelleHud 3a4aCTyl0 UMeeT CUCTeMaTude-
CKHII XapaKTep, TO BeCbMa BBICOKA BEPOATHOCTH IIOJIyYCHHUS HEIOCTOBEPHBIX pe-
ByJILTATOB MO/IEJIUPOBAHUS [TOBEJIEHUs] HEYCTOWYMBOH cuCTeMbl BOIM3U TOYKHU Ou-

dypraun.
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B BohrauciuTeibHOM IHAPOMEXaHUKE W BBIYUCIUTEILHOM TEIIOMacCcoobMeHe
YUCIEHHBIE AJIPOPUTMbI, IPUMEHSIEMbIE [IPU PEIIEHUU CUJIbHO HEJTMHEHHBIX 3a/1a4,
nponuin "ecTecTBeHHBIN 0TOOP" , U aJrOPUTMBbI, JTAIOIINE HEAIEKBATHBIE PE3YJIb-
TaThl, ObLIM IPOCTO OTOpOIEHbl. Paciupenne crekTpa CUIbHBIX HEJIUHEHHOCTel
B IPHUKJ/ATHBIX 33/[a49aX, IPOUCXOLAINEe B HACTOLAIIEE BPeMs, U CKATbIE BpPEMeH-
HbIE PAMKU DOJIBIINHCTBA UCCIEIOBAHII HE JTaf0T BO3MOXKHOCTH IPOBOIUTE "ecre-
CTBeHHBIN 0TOOP" ajropuT™MoB i Apyrux Hanpas/enuii. [losromy aBropavmu Ha-
cTosiieit paboThl MPE/JIOKEH AJIbTePHATUBHBIN 110,1x0/1. [losrarast, 4ro jijist pa3HbIX
YUCIEHHBIX METO/IOB IOI'PEIHOCTH YUC/IEHHOIO PEIleHns ABIAI0TCH HE3aBUCUMbI-
MU ¥ MOTYT TPAKTOBATHCH KaK CAydailHble BEJINUUHDBI, aBTOPBI YTBEPXK/IAIOT, YTO,
eCJIM YUC/IEHHBIE PEIeHUsI CUJIbHO HeJIMHEHHOM 3a/[a491 CYIIECTBEHHO PA3/IMIHBIMK
IUCIEHHBIME METOJaMU (HAIpuUMep, MeTOJaMi KOHEIHBIX Pa3HOCTell, KOHETHBIX
9JIEMEHTOB U IPAHUYHBIX 3JIEMEHTOB) COBIAAIOT ¢ TOYHOCTHIO /10 CHIENUAIBHO Bbl-
OpaHHOI JIOCTATOYHO MaJjIOl BEJIMYUHBI, TO 9TO CYIIECTBEHHO MOBBLIIIAET CTEleHb
JIOCTOBEPHOCTHU TaKUX PE3yJIbTaTOB. B IPOTUBHOM C/1ydae pes3ysibTarbl TAKUX PaC-
YeTOB [PEJICTABIAIOT IITUPOKUE BO3MOXKHOCTHU JIJIsl AHAIN3a U KATMOPOBKHU PaCUeT-
HbIX cxeM. HecMoTpst Ha KaXKyIyrocst O9eBUIHOCTh [IPUBEIEHHOIO Y TBEPK/IEHUS,
BBIYUC/IUTE/IbHAS TPAKTUKA [T0KA3BIBAET, UTO HE TOJILKO HE IIPOUCXOIUT MACCOBO-
ro JAy0/IMpOBaHUs PEIleHrs HeJIMHEHHbIX 3a/1a9 aJbTePHATUBHBIMU UNCICHHBIME
METO/IaMU, HO JayKe TPY/HO HANUTH IPUMEPHI TAKOI'O IMOJX0/a B OT/IE/LHBIX €/U-
HUYHBIX UCciefoBanusdx. [Ipuaunnl 9T0i cuTyarum COBEPIIEHHO OB IHBI — Pa3-
paboTKa U 1Mo/JIePKAHUE HECKOJBKUX aJIbTePHATUBHBIX KOMILIEKCOB ITPUK/IAIHBIX
[IPOTrpaMM CJIUIIKOM TPYJIOEMKH U J0POrocTodInu. TeM ne MeHee, aBTopbl yoex jie-
HbI, 9T0 0€3 MUPOKOIO IPUMEHEHUS JIAHHOTO [0JIX0/1a CYIIECTBEHHOIO IIPOrPecca B
BOIIPOCAX YHUC/IEHHOI'O PEIeHus CUIbHO HeJIMHENHbIX 3a/1a9 JOCTUTHYTO He Oy1er.

Cnabble HeJIMHENHOCTH HE HPEJACTAB/IAI0T TAKUX MMOTEHIUA/BHBIX yIPO3 JIJisd
YUCJICHHOT'O aHaJIN3a, KaK UX CUJIbHbIE aHAJIOTU, OJJHAKO TPAJAUIIMOHHO B BBIYUCJ/IU-
TeJILHOU MPAKTUKE CO CJAADBIMU HEJTMHEHHOCTIMU CBA3AHBI HEsIBHbIE U HE BCEIJA
JA0CTATOYHO KOPPEKTHbLIC JIMHEeAPpU3alnu, IIPOCJ/IC/UTH BJIUAHNE KOTOPbLIX B CJIOZK-
HOM BBIYUC/IUTETHHOM IIPOIIECCE HE IIpejcTaB/isieTcsd Bo3MoxKubiM. C Jpyroit cro-
POHBI, B DOJIBIINHCTBE CJIy4daeB Cjaadble HEJIUMHEHHOCTH CBA3AHBI C SKCIIEPUMEH-
TaJIbHO OIIpe/e/IdeMbIMA CcBOMCTBAMU cpeJbl, TO €CTb, IOTCHINAJIbHO ABJIAIOTCA
UCTOYHUKAMU BEChbMa 3HAYUTEIbHOM MOTPENIHOCTH, BHOCUMON B PACUYETHYIO CXe-
MYy U3BHE. HOCKOJIbe OJHUM M3 MaluCTpPaJIbHbIX HaHpaBJ’IeHHI’I pPa3BuTUA 60.}'[])-
IIUHCTBA OTpacjell HAyKW HA HIPOTHAKEHWM ITOCJIEIHUX JIBYX CTOJIETHIl SIBJIAETCSI
YTOYHEHUE KCIEPUMEHTAILHO OIIPeIeIdeMbIX XapaKTePUCTHUK, 1PObIeMy Caadbix
HejIMHefHOCTell U 0COOEHHO CBA3AHHBIX C HUMM OOPATHBIX 3aJa49 CJIelyeT Cuu-
TaTh (DYHIAMEHTAJIBHON IPOOJIEMOIT COBPEMEHHOIO MATEMATUIECKOrO W YUCJ/IEH-
HOTO MOjiesiupoBanud. K coxajieHuro, /10 HACTOLAIIEr0 BpeMeHu mpobieMe caabbix
HeJIMHelTHOCTel HJOJIZKHOT'O BHUMaHUA HE YyIe/I4/I0Ch. B BbIYUCJ/IUTEJIBHOM IIJIaHE
npobjiema cyrabblx HeJMHEeHOCTell CBA3aHa € IPOo0J/IeMOil KOPPEKTHOI'O pacdera
MaJIbIX BO3MYIIEHUIl, O KOTOPOil Oy/IeT CKa3aHO HUXKE.

TpyaHocTr, BOBHUKAOIINE IPU y4YeTe MaJjbIX BO3MYyIeHuil u pacyere 3¢hdek-
TOB, JIOKATU30BAHHBIX B TIPOCTPAHCTBE W BO BPEMEHHU, MPEJICTABIISIOT CO0Oi Cire-
JIYIOIIY IO KJIFOYEBYIO Mpob/IeMy Pa3BUTUS MATEMaTUIeCKOr0 U YUCAEHHOIO MOjie-
sipoBanust. Cjieyer OTMeruThb, 9To 1pod/eMa 31a 0DIIEen3BeCTHA, Ha, TPOTSIKEHIH
[PAKTUYIECKH BCEl HCTOPUM MATEeMATUIeCKOr0 U YUCJIEHHOTO MOJIETUPOBAHUS, O/I-
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HaKO 0COOOr0 BHUMAHUs OHA HE IPUBJIEKAJIA, ITOCKOJbKY MaJIble BOBMYIIEHUA Ma-
JIO BJIMAIOT Ha MHTEI'PAJIbHBIC XaPAKTEPUCTUKU UCCIeyeMOI CUCTEeMBbl, 38 UCKJIIO-
YeHneM HECKOJBKHUX CIEIUAJIbHBIX CIydaeB, HAIIPUMep, PACIPeIe/ICHHBIX MaJbIX
BozeticrBuii. I3menenuro curyaluu CriocOOCTBOBA/IN TPU TEH/EHIIUU, [TPOIBUB-
muecd B IOCTIeTHee BpeMd:

1) peskoe yzxecTodeHne TpeOOBAHUI K CJIOKHOCTH DPACIETOB, 3aCTAB/ISIOIIEE
y4auThIBaThH BCe Oosiee masibie 3P PexTh;

2) pasBuTHE MUKDPOIJIEKTPOHUKH, MUKPOOMOJIOIMN U MUKPOMEXAHUKH, & 3aTeM
U HAHOTEXHOJIOIUi, /IJisT KOTOPBIX MaJible U JIOKAJIU30BaHHbIE d(DPEKThI B~
JISIOTCSl OCHOBHBIMU OOBEKTAMU UCC/IE0BAHNUS;

3) umccenoBaHUs MOBEIEHUS HEYCTONYMBBIX CHCTeM BOIM3U TOUKE OudypKa-
UM,

B coBpeMeHHOM MaTeMaTudecKOM U UUCACHHOM MOJEJIUPOBAHUE jaxke chop-
MUPOBAJIOCH OTJIEJIHOE HAIPaB/IEHUEe, HA3bIBAEMOE TEOpUEil MHOTOMACIITAOHBIX
3aja4 (multiscale problems), oueBuHbIM 00pa30M CBsI3aHHOE € PAacCMaTPUBAE-
MOi1 TIpODJIEMON U SIBJILAIONIEECs, 110 HEKOTOPBIM OlleHKaM, Haubojiee HbicTpopas-
BUBAIOIIUMCS HAIPaB/IEHUEM B JAHHOI 00/1acTu HAayKu. BoIiie yxKe yIOMUHAIUCDH
CBA3M PACCMATPUBAEMOIl TPOOJIEMBI C JAPYyruMu IPOOJIEMaMU PA3BUTHS MATEMa-
TUYECKOI'0 U YHUCJIEHHOTO MOJEMPOBAaHUSA. B BBIYUC/IUTETLHOM IIJIaHE OCHOBHAS
TPYAHOCTH I[PU PacYeTe MaJiblX U JIOKAJIN30BAHHBIX d(MD@PEKTOB 3aKII09aeTCd B
TOM, YTO YUCJIEHHBIE METO/Ibl, OCHOBAHHbIE HA JUCKPETU3aIUu 00/1aCTU PelleHus,
— METO/Ibl KOHEYHbIX paBHOCTef/i " KOHEYHBIX 2JIEMEHTOB — IIPUHIOUIINAJIBHO HE
JOIYCKAoOT pacdera 3HdEKTOB MOACeToqIHOro Macirada (Maciraba, MEHBIIEro,
YeM pPa3Mepbl PA3HOCTHBLIX AYCeK NJIN KOHEYHbIX S.J'IeMeHTOB)7 A CKO.H])KO—HI/I6y,E[b
[IPUEM/JIEMYIO0 TOYHOCTb pacydera 0DecrevnBaror [jid 00beKTOB, KaK MUHUMYM, B
IATh Pa3 0O0JIBIINX XaPAKTEPHBIX PA3MEPOB JIUCKPETU3AIUN.

ABToper HacToOAME pPabOTHl BUAAT MyTH pa3pelieHus JTaHHo# MpobaeMbl B
HCIIOIb30BAHNY BBIYUC/IUTEIbHOI Teopun nmoternrumata |10, 11, 12|, a Takke B mo-
CTPOEHMHU CIIENUAIbHBIX ACUMIITOTHYECKUX pasJsioxkenuii [4, 7]. HeiicrBuresnbho, B
[10, 11] moka3ano, 9TO B BBIYUC/IUTENBHOIl TEOPUU MOTEHIMAIA, OCHOBAHHON HA
WHTEIPAJILHBIX IPEJACTABACHUIX DPeIIeHul, MOHITU [0JCEeTOYHOr0 MacITada He
BO3HUKAET BOBCE, OJIHAKO Jijisd 3(PPHEKTUBHOTO pelieHns 3a/ia9 PacCMaTPUBAEMbIX
KJIaCCOB aJI'OPUTMBbI yKaBaHHOﬁ Teopun HY2K/1AI0TCA B ,E[OHO.HHI/ITB.H])HOI?I pa3pa-
6orke. To ke camoe MOXKHO CKa3aTb U 00 UCIIOJB30BAHUY CIEIUAJILHBIX ACHMII-
TOTUYECKUX pazJjioxkenuii. B ciydae pacupeesieHHblx MaJibiX BO3AefiCTBuUil, KOTO-
pble, HAllpUMEp, UMEIOT MEeCTO B FUJIPOUHAMIKE MHOTO(hAZHBIX CPEJ, B COBPEMEH-
HOM TEeOpUn MATEMATUICCKOT'O 1 YUC/JICHHOI'O MOJ/JC/IMPOBAHWA OTAAI0T IIPEJIOITe-
Hue MerojaM romorenun3anuu. He ocnapusas mnosesnocts u 3pHEeKTUBHOCTD Ta-
KOT'0 TI0J[X0/1a, aBTOPBI XOTe/ Il Obl OTMETUTH OOJIBIIIYIO ePCIEKTUBHOCTD MIPIMbBIX
YUCJICHHBIX PACYETOB, OCHOBAHHBIX Ha Yy2K€ YIIOMUHABHIINXCA METO/aX BbIYUCJIN-
TesibHOl Teopunu morennuasa |10, 11].

Haxomner, ¥ mocse/iHeil n3 pacCMOTPEHHBIX B HACTOAIIEH padbore mpodsem xo-
TeJIOCH Obl OTHECTU MHOIOYUC/EHHBbIE CUCTEMATUYECKHe OMINOKM, KOTOPbIE B CO-
BPEMEHHDbIX YCJIOBUAX Tpe6yIOT WHTEHCUBHOI'O UCCJIe10BaHUA 1, €CJIN HE yCTPpaHe-
HUs, TO, [10 KpaiiHeil Mepe, 3HAYUTE/ILHOrO yMenblnenus. K 1mo1o0HbIM omubram
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CJIe/yeT OTHECTU: U3J/IUIIHUE YIIPOIEeHNUs 3aBUCUMOCTEll, OMUCHIBAIOIIUX CBOMCTBA
cpeabl u apyrue busuveckue napamerpbl (0 4eM yzKe OBOPHJIOCH B CBHA3H CO
c/1abbIMU HEJIMHETHOCTSIMI ), CHECEHIE Ha, KOHETHOE DACCTOSHNE TPAHUIHBIX YCJI0-
Buil B OECKOHEYHO Y/IA/JIEHHONW TOYKE, YTO PEry/IgpPHO MMEET MECTO [PU PeIIeHrn
BHEIIHUX 3a/1a4, CXeMaTu3anuio (popMbl 00/1aCTU peIleHns, TpeHedpezKeHne 0THO-
CUTECJIbHO MAJIbIMU BJIUAHUAMU YJAJICHHBIX B IIPOCTPAHCTBE M BO BpEMEHU O6’beK-
TOB U npoiieccoB. HeobxomumMo oTMeTUTh, YTO KOHEIHO 11€/1bI0 BCEX MEPEIHCIIeH-
HBIX YIPOIIEHU sB/IgeTCd 00/IerdeHne POy Phbl YUCIEHHOIO PEIIeHus, HO IIPO-
U3BOJIATCS OHU HA YPOBHE MaTeMaTHU4ecKoil mojenu. Bce mepeduncjieHHbie Bbiiie
HUCTOYHUKU TOTPEITHOCTH HOCAT IBHO BBIPAKEHHBIN CHCTEMATHIECKUN XapaKkTep,
CJIEJIOBATE/IbHO, T€HEPUPYEMbIE UMU OMIUOKM MMEIOT TEH/IEHIINIO K HAKOILJIECHUIO.
Kak u muOrue u3 oOCyzK/IaBIINXCA BBIIIe, YKa3aHHbIE 0DCTOATEILCTBA B TEUCHUE
JIOJITOTO BPEMEHU CUUTAJINCH "HECYIIEeCTBEHHBIMI' | U TOJBKO MOCIEIHEE PE3KOe
yKecroueHue TpeboBaHUll K TOYHOCTU YHUC/IEHHBIX PACYETOB 3aCTABUJIO BCEPHE3
obparurh Ha Hux BHuManue. [Io TOi ke npuvnHe, HECMOTPS HA BHAYUTEILHOE
KOJIMYECTBO OT/Ie/IbHBIX, PA3PO3HEHHBIX UCC/IEI0BAHUN, YIIOMUHAHUSI O KOTOPBIX
MOXKHO Haiitu B kKuurax [1, 6, 8, 9], nannas upobiema Obuia Brepsble cHopMyIin-
poBaHa B 00II1eM Bujie TOJBKO B pabore [12]. B roii ke paboTe aBTOpBI yKa3asn Ha
HNPUMEHEHUE BbIYUC/IUTEJIBHON TEOpUM MMOTEHIMA/Ia KaK OCHOBHON IIyThb IIPEOJIO-
JIEHUS PACCMATPUBAEMBIX TPY/IHOCTE, OJTHAKO IIPEICTAB/IAETCS 11e1eCO0Dpa3HbIM
[IPOBEJIEHIE TEI0r0 Psi/la TEOPETUIECKUX U METOJ0/IOIMYEeCKUX HUCC/Ie/0BAHUM, B
TOM YHCJI€ U [PU TOMOIIM YUCJEHHOIO SKCIEPUMEHTA, JI/Isi OIPEJIe/ICHUs] CTere-
HU BJUSHUS YKAa3aHHBIX (PAaKTOPOB Ha ODIIYI0 TOYHOCTH PE3y/IbTaTOB YUC/IEHHOTO
MOJIe/IMPOBAHUS U OLEeHKU (D DEKTUBHOCTU PA3IUUIHDBIX Iy Teil [IPE0/I0IeHNs Hera-
TUBHBIX 3D DEKTOB 3TOr0 BIUAHUA.

[IpuBesennnlii iepevyers IpodbeM Pa3BUTHI MATEMATUYECKOI'O U UUCJEHHOI'O
MOJIe/IMPOBaHWA OTHIO/Ab HE IPETEH/AYEeT Ha IIOJIHOTY WM YHUBEPCAJIbHOCTDL, a IIPU-
3BaH YKa3aTb IIyTH Pa3BUTHUA JIAHHON OTPAC/IU HAYKU B CBA3U C [EPEXOJIOM OT
"srcTencuBHOroO" pasBuTHA (KOI/Ia Pa3BUTHE MPOMCXOMUT 3a CIET PACIIAPEHs
1OJIsA IPpUMEHEeHUA JAUCHUILJINHBL, YBE/JIMYCHUA YUC/Ia MATEMATUYICCKUX MO,ZI;e.HeI‘/JI n
dbopmyupyemMbIx B uX paMKax 3ajad) K "mHTeHCHBHOMY' Da3BUTHUIO, MPE/IIOIa-
rafoIeMy, B HEPBYIO 04Yepejib, YCOBEPIIEHCTBOBAHUE CYIIECTBYIONIUX MaTeMaTu-
YeCKUX MOJiejiell U YUC/IeHHBIX METO/IOB.

7. KoHnenmnusi BbIYNCINTEIbHON MOIEIn

Hecmorpst Ha cjiesiannblil BbIBOJL, O 1IPE0bJIa/JaIoeM 3Ha4eHn COBEPIIEHCTBO-
BAHUS CYIIECTBYIONINX OIXO0B, TaabHeIIee pa3BUTHe MATEMATHIECKOTO U TINC-
JIEHHOI'O MO/IE€/IMPOBaHUs, Oe3yCJIOBHO, HEBOBMOZKHO 0€3 1105BJIEHUS HOBbIX MaTe-
MaTHIeCKUX MoJesneil CI0KHBIX CHCTEM, ILIOXO IOTAIONINXCA WCCIeJOBAHUIO B
Hacrogdiree Bpems. i TaKuX cucTeM CyIecTBeHHBIM (haKTOPOM ABJIAIOTCH Hesc-
HOCTb W/ HE3aBEePIIeHHOCTh (DU3UIECKON MOJE/U, KOr/d HEKOTOPbIE J[AHHbIE U
rnapaMerpbl 00 OKAa3bIBAIOTCH TUIOTETUYECKUMU, JIM0OO 3a/aHbl HECKOJbKUMU
AJIBTEPHATUBHBIMY [IPE/ICTABJIEHUAME, JIMOO BOODIIE Hem3BeCTHbI. 10 €CTh pedb
UJIeT O CUCTeMe, HAXOJLAIIeNCcd B CTAJIUU HAy9IHOI'O UCCaeoBaHusg. B obbrdHbIX
HAY9HBIX WCC/IEJIOBAHULAX Jijid YTOUHEHUsT (PUBUIECKON MOJIe/In ITPOBOJIATCH Ha-
6Jir0/IeHNs, HATYPHbIE U J1A00PATOPHBIE SKCIEPUMEHTDI, HO JIJId CJI02KHBIX CUCTEM,
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a OCODEHHO CHCTEM YHHUKAJIbHBIX, HAIIPUMEP, 3eMHOI aTMocdepbl, KOCMUIECKAX
00bEKTOB U TOMY IMOJAO0HBIX, TAKOM IMOJX0J] OKA3bIBAETCS HEBO3MOXKHBIM. [l
TaKIX CHCTEM MOXKHO OCYIIECTBUTHL HMCKOMOE YTOYHEHWE IIyTeM PeIIeHUd HEeKO-
TOPBIX O0PATHBIX 3a/laY W/ CPABHUBAS PE3YJIbTaThl HAOJIIOJEHUI 1 U3MEPeHuit
C IpeJCKa3aHHbIMU HA OCHOBE YUC/IEHHBIX PACYETOB B paMKaxX aJbTEePHATUBHBIX
MareMarudeckux Mojesieit. [ToHaTHO, 9410 Takasl cxema HCC/IEeJI0BAHUS BBIXOIUT
3a paMK{ IIPUBEJEHHON BbIlIe cxeMbl "dusndeckoe spjenne — (QuU3NIECKad MO-
JleJIb — MaTeMaTUIecKas MOJIE/b — YUCIeHHBI MeTO/| — YUCACHHAST MOJIE/b — pe-
3yJbTaThl YncjaeHubpix pacderos” . [losromy aBropamu HacTosieil paboThl mMpe/-
JIOZKEHA KOHIIEIIUs BhIYUC/IUTETbHOM MOIe/ i, KoTopas o0beiunsger B cebe Habop
AJIBTEPHATUBHBIX MATEMATUIECKUX MOJIE/IEH, COOTBETCTBYIOIIUX PA3HBIM (husne-
CKUM TIPEJICTABJICHIUSIM, IPOTPAMMHBIE DEAIN3allu IUCICHHBIX aJTOPUTMOB (2Ke-
JIATE/IbHO HECKOJIbKKMX ) PElIeHUs] IPSIMbIX U 00PATHBIX 33124, OnudPOBAHHbIE De-
3yJIbTAThI SKCIEPUMEHTAIbHBIX UCC/Iel0Banmii. Berauciurebuas Mojeib obecte-
YUBAET B3aUMOJIEHCTBIE MEXKJIy [IEPEUUCIEHHBIMU BbIIIE 9JIEMEHTAMU C UCIIOJIB30-
BaHUEM CPEJICTB UCKYCCTBEHHOI'O MHTE/IJIEKTA, a TaKzKe obecrednBaer unrepdeiic
JIJIsl BHECEHUsI JIAHHBIX HOBBIX 9KCIEPUMEHTOB ¥ HabJro1eHuil. Boraucureibaas
MOJIE/Ib JIOJI2KHA ODecriednBarh yTodHeHue (pU3NUeCKUX U MATEMaTUIECKUX MO-
JleJjiell Ha, OCHOBE IMMOCTYIIAIONINX JIaHHBIX, TO €CTh 00eCieYnBaTh Pa3BUTHE CUCTE-
Mbl. KoHeuHO, BEIYUC/IUTEIbHASA MOJIE/Ib HAMHOTO CJIOZKHEe, YeM PACIPOCTPaHEeH-
Hble ceif9ac YuCJeHHbIe MOJEIN, U TpedyeT HAMHOTO OOJIBIINX KOMIIHIOTEPHBIX
PECYPCOB, OJIHAKO BBIUYUC/IUTEbHASI MOJEb [IPEJCTAB/IAETCs] YHUBEPCAbHBIM UH-
CTPYMEHTOM aBTOMATH3AINN HAYIHOI'O MCCAETOBAHUS U IMPAKTUIECKNA HE HMEET
AJIBTEPHATUBBI [IPU AHAJINU3ZE CJIOKHBIX CHUCTEM.

8. BriBoabl

Peskoe ycunenue tpeboBaHuii K TOYHOCTU PE3YJIBTATOB MAaTEMATHIECKOrO U
YUCIEHHOIO0 MOJIe/INPOBAHNS, TOBCEMECTHOE PACIPOCTPAHEHUE YUCIEHHOIO MOJIe-
JINPDOBAHUS B MPAKTUKE WHXKEHEPHBIX U HAYIHBIX MCCIEOBAHUI, MOABICHUE Ha-
CTOSITE/IbHON HEODOXO/IUMOCTU B MOJIE/IUPOBAHUN CJIOZKHBIX CHCTEM CYIIECTBEHHO
U3MEHW/IU [MaPAJUIMy Pa3BUTUS MATEMATHIECKOIO0 W YUCIEHHOIO MOJIE/TUPOBa-
nug. BeiBom o mepexone K "unrencuBHOMY'" pasBUTHIO B COBPEMEHHOM MaTeMaTH-
YECKOM M YUCJIEHHOM MOJIEJIMPOBAHUM Y2Ke ObLI ¢jlesiad Bhiire. Takke BbIie ObLT
cJieJ1aH BBIBOJI O HEOOXO/IUMOCTH [IEPEX0/Ia OT MATEMATUYECKOI'O U YUCIEHHOTO MO-
JIeJIMPOBAHUsT K BBIYUCUTEIbHBIM MOJIE/ISIM. B CBsi3U ¢ MOSIBJIGHUEM HOBBIX 1eJ1eit
pPa3BUTUS JUCIUILIUHBI HEOOXO/IMMO POBEJeHUE ODIIUPHBIX METOI0J0TUIECKIX
KCC/Ie/IoBaHuil, KOTOpble obecriedunsin Obl BbIPAOOTKY 3(MDMEKTUBHBIX KPUTEPUEB
OTIPEIe/IEHUST JOCTOBEPHOCTH PE3YIBTATOB MATEMATHICCKOTO W 9UCTEHHOTO MOJIe-
siupoBanusd. llepednciiennbie npobIeMbl PA3BUTUS MATEMATHYECKOTO U YUCIEHHO-
0 MO/IEJIMPOBAHUS CTOJIb TECHO CBA3AHBI MEXK/y CO0OM, 9T0 ObLI0 Obl HEBEPHBIM
OYKU/IATH yCIIeXa B PeIlIeHuu OJIHOM u3 3TuX pobjem 6e3 obiero mporpecca B
pEIeHr OCTAIbHBIX.

BaKHbIM OPUHIUINAIBHBIM BBIBOJOM HACTOLAIIENH PADOTHI SABJIAETCH 3aKJIIO-
YEHUE 0 HPEBAJIMPYIONIEH POIU YUCIEHHOIO SKCIIEPUMEHTA B PA3BUTUU HE TOJIBKO
YUC/IEHHBIX METO/0B, HO U MaTEMATUYECKUX MOJIEIei.
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9. lanmbHeilee pa3BUTHE UCCJIEO0BAHU B JAHHOM HANpPaBJICHUN

Cpesiu BOIIPOCOB, pacCMOTPEHHBIX B HACTOMAINEH CTATbe, HE HAILINA JOJIZKHO-
ro OTpakeHus MPOOJEMbl PA3BUTHUS HUUCJIEHHBIX METOJI0B, YUTO, BEPOLATHO, CTa-
HET [PeMETOM CJIeYIONmX paboT aBropos. He mpoanan3upoBaHbl TaKKe U BO-
LIPOCHI, CBA3aHHblEe C YUC/ICHHON peaJiu3anueil MareMaruvecKux MoJe/eil u 4duc-
JIEHHBIX a/ITOPUTMOB, KOTOPbIE, HE3YC/TOBHO, BayKHbBI [I/IsI PeaIu3al[ii IUCJIEHHBIX
MOJleJIeil, HO C 9TOU TOYKMU 3PEHUs HPAKTUYCCKU HE OCBEIEHbl B JIATeparype.
[IpwHIIUOTATBHBIM TOCTELYIONIM MOMEHTOM Pa3BUTHA JAHHOTO HAIIPaBJIEHN,
110 MHEHUIO aBTOPOB, CraHeT MaCCOBOE BHEPEeHUe YMC/IeHHbIX MO/e/eil cHada/la B
UHZKEHEPHO-TEXHUIECKYI0 JIesTe/IbHOCTD, a 3aTeM U B Jpyrue o0IacTu JedTe/ IbHO-
cru gesnoseka. s 9Toro srama craHeT XapakKTePHBIM IPEIbiB/IEHNE elle DoJiee
JKeCTKuX TpeboBaHuil K JOCTOBEPHOCTH PE3yJIbTATOB MOJIE/IUPOBAHUS [IPOIECCOB,
a Takzke TpeboBaHuil K 3(OEKTUBHOCTH INCIEHHOTO MOJIEJTUPOBAHNS, 9TO, KOHEI-
HO, HOTPedyeT J1aabHelero pa3suTus uieil, n3J02KeHHbIX B JaHHONI pabore.

Bouto 661 11e/16C0006pa3HO MPOBE/IEHUE CIEIUATBHBIX METOJIUYECKUX UCCTIE0-
BaHUIT W co37aHue 00IIeil KOHIENINN BBIYUCIUTEIBHON MOJE/n ¢ pa3paboTKoi
KOMITBIOTEPHOTO IIPOTOTUIIA, HA IPUMEPe KAKOro-/1ub0 JOCTATOYHO XOPOIIO H3Y-
YEeHHOI'0 Pa3/e/ia MEXaHUKU YKUJIKOCTU WJIM TEOPUM TEILIOMACCOOOMEHa.
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s HeJtiHIMHOrO piBHSAHHsI peakiiii-audysii 3 npaBoro yactuHoo Tuny Kapare-
onopi, yMOBUu Ha sIKy He 3abe3medyroTh €quHicTh po3B’a3Ky 3anadi Komi, qoBemeno
r106ajibHy PO3B’A3HICTH y KJIaci CYMOBHHUX i3 KBaJjpaTroM (YHKIIiH, 1110 HabyBaOTh

HeBia’ €eMHUX 3HA4Y€Hb.

Kinrouosi cioBa. Pisuamns peaxmii-gudysii, HeBin'eMHl po3B’'sa3KHM, YMOBU PO3B’SI3HOCTI.

1. Bctyn

fAx Bimomo, i 6araTboX HETIHIMHUX EBOJIIOIIHHAX PIBHAHb MaTeMaTHIHOI
bi3uKN BaXK/IMBUM € JIOBEJIEHHS TOI'O, 110 PO3B’430K 13 MOYATKOBUMU JAHUMU 13
3a/1aHOI MIIMHOKUHN (DA30BOTO MPOCTOPY 3AJIUIIAECTHCA B Iili MHOXKWHI JIjisd BCIX
t > 0 (piBasinas 3 inBapianTHOIO 00s1acTIO). B K1aci cucrem tuiy peakuii-—audysii
HAUBIIOMIMIMMEU [PUKJIAAMU € PIBHSHHS XOJAIKiHA—XAC/, [0 OMUCYIOTH IIe€pe-
Jlady HepBOBUX IMIIYJ/IbCiB, piBHAnHA CMo/i1epa B TeOpii HA/IIPOBLHOCTI, PIBHSAH-
Hsl Teopil ropiung, piBugHHs DBinoycoBa—2Kaborunchbkoro B ximiunift jgunamird,
mudysiitai cucremu tumy Jlorku-Bossreppa ta 6araro immmx [1]. [Ipu npomy B
yCiX mepepaxoBaHuX 3a/adax iHBapianTHA 00/1aCTb 3HAXOUTHCH BABJAKU SBHO
3aJaHM KoedimieHTaM Mo iHOMIaIbHOI IpaBol JacTUHU. 1aCTUHHUM BHITAIKOM
i€l 3a/a4i € JI0Be/IeHHsT PO3B A3HOCT] B KJiacl HeBli eMHuUX (DYHKINE. Y BUIAIKY
rIaJIKoro 1o pa3oBiit 3MiHHINM HETIHIHHOrO J0/aHKa HANUOLIBII 3arajibHi Pe3yJib-
TaTH 11010 ICHYBaHHSI HeBij'€MHOro po3s’ssky Oysu orpumani B [2]. dus cucrem
i3 mernazkoo 1o ¢dha3zoBiii 3MiHHil npasoo dactuHoo Buay f = f(u) Bianosimui
pesyabraru ojgepxkani B [3]. IIpore 3nauny KiabKicTs IPUKJIAAHUX 33/1a4, 30KPEMa
1 IegKuX 3 HA3BAHUX KJIACUYHUX CUCTEM, TOCTAB/IMIOTH IIPUKJIA/IN MATEMATUIHIX
Mojiesieil, B akux Hejinifinuit momanok f = f(z,u) € Bigobpaxkennsam tuiy Ka-
pareojopi. Came 3’ICYyBaHHIO YMOB, 3a SIKUX PIBHSIHHSI peakiiii-audysil 3 Takoro
HEJIHIAHICTIO JIOIYCKAaTh HEBi'€MHI PO3B’dA3KH, 1 MpucBddena jgaHa pobora.

!Pobora Buxomama 3a dimamcosoi mmrpumku epxasroro dbomrmy GyHIAMEHTATBHEX I0-
cnipekens, rpant No. 29.1/025

© O. B. Kanycran, B. 5. Janigos, 2009
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2. ITocranoBka 3aga4a i JOIOMi2>KHI pe3yJibTaTu

Posrniganaerbea 3amaga
ou(t, x)

ot
u(t, z)|zco0 =0,

= alu(t,z) — f(z,u(t,z)) + h(x), (t,z) € (0,T) x £, 2.1)

e xoucranra a > 0, Q C R® — obmexena obmacts, h € L2(Q), f: QxR — R —
dyukia tuny Kapareomopi, To6To

f(z,-) : R+— R — nenepeppua g M. B. x € §,
fG u): Q— R — Bumipna jys Beix u € R,

1 BUKOHAHI Takl yMOBH:

3C;, C3>0, a>0, p>2VueR yna M. B. x €S,
(2.2)
f(@,u)] < CL1 A+ [u[P~h), fa,u)u > alul? — C,.

Hapauni a, Q, Cy, Co, a, p Oyaemo HasusaTu KoHCTanTaMu 3aja4di (2.1).

®azopuM mpocTopoM 3aadi (2.1) e mpoctip L2(Q2), HopMy i cKamaprmil 106y-
10K B sikomy Gynemo nosuadaru || - || i (-,-) signosiimo.

Ockinbku B cumy ymos (2.2) | f(z,u)|? < Cy(1+ |ufP), ne %—i—% =1, To MaeMo
TaKe O3HaYeHHs Po3B’s3Ky (2.1):

Osnauennsi 1. Qynxuis u = u(t,x) € L2(0,T; H} () N LP(0,T; LP(Q)) nasu-
BaeThca poss’askom (2.1) ma (0,7, axmo ars gosimermx v € H(Q) N LP(Q),
neC0,7)

T T
—/ (u, v)ndt +/ (a((u,v)) + (f(z,u),v) — (h,v))ndt = 0. (2.3)

T

Binomo [1], mo 6yap-sxmit poss’sa30k 3azgadi (2.1) mamexurs C([0, T]; L2(Q)),
TOMY MPHUPOJHUM KJIACOM [1obagbHOI po3B’a3HocTi 3amaqi (2.1) € dbyHKIioHab-
HUl KJ1ac

W = L*(0,T; H}(Q)) N LP(0,T; LP(Q)) N C([0, T]; L*()).

Teopema 1. [1] /Jlaa dosinvnuz uy € L*(Q) sadaua (2.1) sa ymos (2.2) mae
npunatimni 00un pose’asok y kaaci W, dan arozo u(0) = ug.
Kpim moeo, daa dosiavnozo u € W - pose’asky (2.1) cnpasedausi oyinku:

[ +a [ ur)lgdr +2a [ u)dr <
)|+ Ca(t = s)(AI2 + 1), (24)

lu(@)I* < fu(s)]® +/ (h, u(p))dp + CalQ(t — 5), (2.5)

Vit>s,tse(0,T], npuwomy dodammni koncmanmu Cs, Cy 3aaeocams auwe 6id
Koncmanm 3adawi (2.1).
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[Tokstamemo
H={ucL*Q) | u(z) >0 s ms. zcQ}.

OcHoBHOIO MeTO0 PobOTHU € 3’sCyBaHHA YMOB, 33 AKUX JJjid J0BLIbHUX Uy € H
icHye npuHaiiMui oxun po3s’s30k u = u(x,t) 3axadi (2.1) 3 u(0) = ug, s KOO

u(t)e H Yte|0,T)]. (2.6)

g mporo 6ymemMo KOHCTPYIOBATH AllpPOKCHMATUBHI 3asgaqi qia (2.1), mpasi
YACTMHY SKUX y MEBHOMY CeHCl 30iraforbes j10 npasol yacrunu (2.1), i npu npomy
€ TaaKuMu QYHKIAMIE, 10 330BOIBHIOTH YMOBH 3 |2].

3 wi€ro MeTor posrisHemMo 1ocsigoBuicTs 3aga4 (2.1) (Oyuemo nosnadaru ix
(2.1)p, n >0, (2.1)p = (2.1)), ae 3amicry byukuiit f(z,u), h(z) croars dbynkuil
fn(z,u), hy(z) Bianosigao, mo mMaoTh Taki Baacrusocti: V n > 1 f, 3a10B0bHs€E
yMmoBH (2.2) 3 KOHCTaHTaMu, IO HE 3ajeXkarb Bix n i aas mosimpHmx A > 0,
0 € L*(Q)

sup esssup |fn(z,v) — f(x,v)| — 0, n — oo,
[v|<A ASY)

(2.7)
/ (hn(2) — h(2))0(2)dz — 0, 1 — oo,
Q

Togi 3 Teopenu 1 ama nosinpamx n > 0, up € L?(2) samaua (2.1), Mae mpuHaiivgi
o/tuH PO3B’aA30K y Kjaci W.

Hactymauit pe3yabTaT € aHAJI0TOM TEOPeMU PO HelepepBHY 3aJIeYKHICTH BiT
[IOYATKOBUX JIAHUX 1 JIO3BOJIUTH 3/IIMCHIOBATH I'DAHUYHUI [I€PEXij] B almpOKCHMa-
TUBHUX 3a/la4aX.

Teopema 2. [3],[4] Hexat {u™} C W — nocaidosnicmo pose’askis 3adau (2.1),,
npuvomy u™(0) — ug caabo ¢ L*(Q). Hezati 3adana nocaidoswicmo {t,} C [0,T]
maka, wo t, — to € [0,T]. Todi icnye w € W — poze’aszor (2.1) maxud, wo
u(0) = ug i npunatimni no nidnocaidosnocmi u™(t,) — u(ty) caabo ¢ L?(S2).
Axwo tg € (0,T), mo no nidnocaidosrocmi u"(t,) — u(te) cuavno ¢ L?(€2).
Sxwo oic u™(0) — ug cuavno 6 L*(Q), mo daa t, \, 0 no nidnocaidosrocmi
u™(t,) — ug cuavno 6 L(9).

3. OcHoBHuUuil pe3ysbrar

[Tepes, dopmy/toBanHIM OCHOBHOI'O PE3Y/IbTATy HABEAEMO JIOIMOMIXKHY JIEMY,
IO JIO3BOJIUTH CTBEP/KYBATH BIACTHBICTH (2.6).

Jlema 1. Hexati das sadawi suxonani ymosu (2.2), f(x,-) € CHR) das m. s.
T € Q,
fi(w,u) > _Ca (31)

—f(z,0) + h(z) >0 das m. 6. x €. (3.2)

Todi dan dosinviuz ug € H icnye edunuti poss’asox u = u(z,t) sadawi (2.1) 3
u(0) = ug, dan axoeo u(t) € H ¥ t € [0,T].
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Teopema 3. Hexati suxonani ymosu (2.2) i nacmynmni:

Ve>0VA>035>0Vu,v, |ul <A |[u—vl<§

esssup | f(z,u) — f(z,v)| <e, (33)
e
—f(2,0) + h(z) >0 dan m. 6. x € Q. (3:4)

Todi dan dosinvrux uy € H icnye npunatimmni odun poss’asox u = u(x,t) sadaui
(2.1), u(0) = ug, das axoeo u(t) € HV t €[0,T).

Losedenns., g nporo mjg KoxuaOro k > 1 moxmamgemo

Tomi fr, — dyukmia Kapareomopi, i VA > 0

sup esssup | fi(z,u) — f(z,u)] — 0, k — oo.
Ju|<A €

Hexait pe > 0 — cranjgapraa peryisipu3yioda noc/aigoBHicTs. O3Haunmo QyHKIHT

+oo
filz,u) = / Pe(8) fr(x,u — s)ds.
—00
B cuny ymosu (3.3) icuye €, € (0,1), € — 0 rake, mo V u, |u| < k, Vs, [u—s| < e

esssup | fr(x,u) — fr(z,s)| <
€N

e

Hoxnanemo f(z,u) = fi*(x,u). 3a nobyzposoio ¥ k > 1 f(z,-) € C(R).
Toni erko moxasarw, 1m0 [t BCix k > ko, 1€ kg 3a/1€KUTh JINIIEe Bij] KOHCTAHT
saga4i (2.1), cupaBeyinBi HACTYIHI TBEP/ZKEHHSI:

VA>0 sup esssupl|fi(z,u) — f(z,u)] — 0, k — oo,
lu|<A z€QN

175l < DI+, Pz Bl =Dy, (39
A1) _pyh),

ne Ds(k) — meBig'emne dmciio, CBOE it KOXKHOTO k > ko, & J07aTHI KOHCTAHTH
Dy, Dy > Cs, B ue 3aexars Bij k.
Tenep jist KoxkHoro k > 1 maemo

+o0
w0 = [ palo) (e —s)as
[Tok/tamemo

+oo
W () = / peu(8)(f(,0) — f(r, —s)ds,

—00
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FF(z,u) = f¥(x,u) + h*(z).

Tomi
—F*(z,0) + h(z) > 0.

Tenep npu dikcoBanux k > 1 posrisgHeMo 3aj1ady

Qs — aput,x) — FH(ult,z)) + h(z), (t,2) € (0,T) x Q, .
u(t, z)|zean = 0, u(0,2) = up(x) € H. '

Ocxinbku |[h¥(z)| < 1, To ana F* sukonyrorses ymosu (3.5). Orzxe, sajata (3.6)
Mae eauamit poss’sa30k uF(x,t) > 0 B xmaci W i B cuny teopemu 2 YV t € (0,7
uk(t) — u(t) 8 L3(Q), ge u(-) — posp’asok (2.1), u(0) = wug, AT AKOTO B CHITY
samknenocti H maemo u(t) € H V t € [0,T]. Teopema josenena. O

Hagesemo npukia, sxuil LII0CTPYE, 10 IKIO B YMOBAX TEOPEMU HE BUMATATH
€IMHOCTI po3B’a3Ky 3ajatdi Ko, To MOXKYTb iCHYBaTH PO3B’A3KM, 10 HE MAIOTh
Braacrusocri (2.6). s nporo posrranemo 3amady (2.1)3a=1,Q = (0,7), T =1,
h(z) =0,

B —4u — 3(sin 22)' /34?3, w e [0,1],
fla,u) = (—4 — 3(sin 22)Y3)u + u(u? — 1), u & [0,1].

Toxni f — dyuxkiia Kapareonopi i Bukonani ymosu (2.2), (3.3) i f(z,0) = 0, To6To
BUKOHYIOThCsi BCl ymoBu reopemu. IToksazemo ug(z) = 0 € H. Tomi u(t,xz) =
0 — ouenanmit po3s’a30k (2.1) i3 xkmacy H. Oymkmia u(t,z) = t3sin 22 Takox
poss’szok (2.1) na (0,1). IIpore, V ¢t € (0,1) u(t) € H.
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IIPO CTIMKICTBH J0 3BYPEHB OBJIACTI OJHOTI'O
KJIACY 3AJAY OIITUMAJIBHOI'O KEPYBAHHA

O. II. Koryr

Incmumym npukaadnozo cucmemmnozo ananrisy HAH Yrpainu ma MOH Ykpainu,
HTYY "KIII xopn.35, npocn. Ilepemozu, 37, Kuis. E-mail: kogut_olga@bk.ru

JJis po3IJISIHYyTOro KJiacy 3aJad OITHMAJIbHOrO KepyBaHH:A KoedilieHTamu He-
JIHINHOrO eJIINTUYHOro piBHsHHS 3 yMoBaMmu JlipixJsie Ha rpaHuill o3HaYeHe [MOHITTS
cTilfiKocTi Takol 3ajia4i BiZjHOCHO 30ypeHb obJiacTi. 3anpoIloHOBaHi JOCTATHI YMOBU

Ha 30ypeHHs 0bJsiacTi, 3a AKX CTIHKICTh PO3IVISIHYTOl 3a4a4i Ma€ Mmicre.

Kurrouosi ciioBa. 30ypenms obstacti, Mocko-30ikuicTh ipocTopiB Cobosi€Ba, KepyBaHHS B KO-
edinienrax, 3amaga ipixie, ymM0oBI CTIHKOCTI.

1. Bcryn

Ba3Buuail, MaTeMaTuIHA MOJE/Ib onTuMizariitnoi 3agaqi (mamgan OCP) ckia-
JIAETHCs 3 JIEKLIbKOX HE3AJIEKHUX MATEeMATUIHUX O0’€KTiB: PIBHsAHHH CTaHy, 00-
MEYKeHHsl Ha CTaH CUCTEMU Ta KepyBaHHd, (PyHKIoHANY gKocTi. s cucrem 3
POBIIOIITIEHNMI TTapaMeTpaMu KOXKHA 3 IUX CKJIQJ0BUX 3aJIEXKUTH Bij 00/acTi
), Ha gKiif BUBIAETHCA 00’eKT KepyBamusg. OTike, K0 001acTh () 3MIHIOETHCS,
TO HPUXOAUMO 10 abCOJIIOTHO iHIIOT 3a/aul onrumasbHoro kepysanus OCP(Q),
MOZKJIUBO 3 IHAKIIUMU OOMEKEHHAMM, IHAKIINM (DYHKIIOHAJIOM SKOCTI 1 1HIIIOO
KPailoBOIO 3a/1a4€l0.

Hexaii nocaigosuicrs muoxun {€ }.~o 36iraerbes B gesikomy cenci 10 2. Togi,
BUXOJSYN 3 KJIACHIHOTO MiIXoAy (auB., Hanmpukaaz, |6, 7, 10, 12, 13]), onrumiza-
nifiny 3agaay OC P(Q) nazuBaiorh CTIfiKOI0 BiHOCHO 33120010 30y pennst {: }eso
obstacti €2, K0 MOC/IOBHICTE onTuMaIbHuX nap 30ypenux 3agad OC P(£),) 36i-
raerbCsi (B neBHiil Tomosiorii) 0 napu, sika € ONTUMAJIBHOIO JIIst BUXIHOT 3aaul
OCP(Q). Ilpore onTnMaibHy mapy He MOXKHA HA3BATH BUUEPIIHOIO Ta BCEOITHOIO
XaPaKTEPUCTUKOIO OMTUMI3aIitHOT 3a/1a491. K mpaBmnio, MOBHA 1eHTHdIKAIS 3a-
Jadi ONTUMAIBLHOTO KePYBAHH (BKJIIOUA0UH (DYHKITIOHAJ IKOCTI, DIBHAHHS CTAHY
Ta icHy1041l 0OMeKeHHsI Ha KePYBaHHS 1 CTaH) 3a JOIOMOIOI0 CAMOr0 TiJIbKU OLTH-
MaJILHOI'O PO3B’SI3KY € HEMOKJIMBOIO. BibIme Toro, 3rajaHuii MeTo T TOC/Ii IZKEeHHT
Ha CTIKICTH HE HMPALOE y BUIMAJKY, KOJIU ONTUMAJJIBLHOIO PO3B’63KY B 3a/adi MO-
Ke He icuyBaru [6] abo Kosinm 1l PO3B’SI3KM MalOTh HEKJIACUYHUIT, HeBapiauiiiHuii
xapakrep [5].

Y naniit poboOTi pO3IVIAHYTO KJAC 33/1a9 ONTUMAJILHOIO KepyBaHHd Koediri-
€HTaMU HEeJIHINHOTO eiNTUTHOTO PIBHIHHS 3 yMoBaMu lipix/jie HAa TPAaHUIN 3 TaK
3BAHUMU y3ara/bHEHO-COJIEHOT A/ IbHUMEU KepyBanagamu. [ljig Takoro kjiacy 3amad
o3nadeno moHgTTs Mocko-cTifikocTi BijfHOCHO 30ypeHb 00/1aCTi, dKe BKJIIOYAE B

© 0. 11. Koryt, 2009
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cebe MOCKO-CTIfiKiCTh MHOXKHHK JIOMyCTUMEX Iap 30yproBaHO! 3a/Jadi Ta Bimo-
Bl BaacTuBoCTi PyHKIOHAMB AKOCTI. CTaBUTHCS 3a METY OTPUMATH JIOCTATHI
yMoBU Takoi cTiiikocTi. Ilokazano, Mo OCHOBY TaKMX yMOB CK/IQJAI0Th TaK 3BaHL
30ypenns B xaycaopdosiit Tonosoril 0noBHeHb, 3anponoHoBani Bakypom (ius.
[6]). Hdocmimxeno Bapiamiiiai BiractuBocTi MOCKO-CTIIKHX 3a/ad ONTHMATILHOIO
kepyBatHsi. OTpuMaHi pe3yJibTaT MOYXKYTh C/Iy2KUTU OCHOBOIO JIjist 100y 108U Cy0-
ONTUMAJILHUX KEPYBaHb y 3aja4ax 13 HEpPeryagpHuMu objacTaMu Ta 00/1acTaMu
ckJ1aHol hopmu.

2. IlocTanoBka 3amaui

Hexaii € € dpikcoBaHOIO BIAKPHUTOO IIiIMHOKIHOIO IIEBHOI 00MEKEeHOI BiIKpH-
toi Muoxkunu D C R™ 3 pery/igpHOIO I'DaHUIIEIO.

Host 3apanux zp € Ly(D) ra f € Ly(£) posrisineMo raky 3a/ady OUTUMAILHO-
0 KepyBaHHS:

Lo = /Q ly(z) — z9(x)|P dx + /Q |Vy(x)|P dz (2.1)

npu 0OMEKEeHHSIX
Ue L?goXn(D)’ U e Ui, y EWI} (9)7 (2.2)
—div (U(2) |Vy[P>Vy) + ao(z)|y|P "y = f B Q, (2.3)

ne ag(x) > 0. Yepes Usyy 103HAUEHO KJIAC y3araJbHEHO COJIEHOIIAJIbHUX MATPUIIb:

aij € LOO(D)
0<d<&(x) <aji(z) <&(x)Mmce.BD,
Usol = $ {aij}1>ij>n (3)a - Oj,(V)n c Rfl ) NnV. (2.4)

o= aig(@)nP2nim > eyl m. e s D
Tyt &1, & — 3amani dyskuii 3 npocropy Lo (D) Taxi, mo
0<d<&i(z) <&(x) wmaitxe ckpisb B D, (2.5)
a MHOYXKUHA, V BU3HAYAETHCH HAK
V={U=[u,uy,...,u,]|divu; € Q;, Vi=1,...,n},

e {Q1,...,Qn} — KOMIIAKTHI MHOXKMHU B POCTOPI Wq_l(D). MHOKHMHOIO J101Ty-
cruMux po3B’sa3kiB = 3aadi (2.1)-(2.3) Oyzemo HasusaTn cykynHicTs map (U,y) €
[¢]

L2 (Q)x W) (), sxi nop’ssani cnissigpomenmsvu (2.2)—(2.3). Yepes 7 Oyze-
e}
MO HO3HAYATH TOLOJIONi0 B mpocropi LIX™(Q)x W) (Q) sx 100yTok *—crabKoi

[¢]
Tonostorii B L2X™(€2) Ta caabkoi Tomomorii B npocropi W, ().
Buxoggam 3 (2.4)(2.5), jerxo 6aunT, Mo HeTiHifinuil einTHaHIil oepaTop
y piBasinHi (2.3) € KOEPUUTUBHUM, CTOPOrO MOHOTOHHMM Ta JIEMIHEIIEDEPBHUM.
[poro mocTaTHBO, MO0 CTBEPIZKYBATH OJHO3HAUHY PO3B’SI3HICTH KPaoBOI 3a1ati
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(2.2)-(2.4) (mus. |2|). Toxi, 3a amasoriero 3 |3], merko moxasaru, 1o 3a1a41a (2.1)—
(2.3) € po3B’s13H0I0 y K/1acl y3araJbHEHO-COJEHOTIAJLHUX KEePYyBaHb (JIMB. TAKOK

[1]).
Mertoro gaHol poboTH € JTOCTIINTH ACUMITOTHIHY IIOBEIIHKY PO3B A3KiB 3a,1at
OIITUMAJIBHOTI'O KepyBaHHﬂ

Lo .Uz, ye) = / lye (z) — z9(x)|P dx +/ |Vye(x)|P de — inf, (2.6)
Q. Qe

—div (U (2)[VyeP7*Vye) + aolyel "y = f B Qs (2.7)
Ye €W, (), Uz € Uy (2.8)

BigHOCHO 30ypenn {€}.s0 obmacti Q C D. Jlani € o3nauarume Mauii napamerp,

110 3MIHIOETHCS B Me2KaxX CTPOTO CITAIHOI ITOC/TIOBHOCTI TOJATHAX IUCET, TKI1 TPsI-

MYIOTH JI0 HyJisd. Byjemo mpuiyckaru, 10 MHOXKUHA, J0nycTuMux kepyBaub Usggy
o

1, BIIOBIIHO, MHOKMHA JOIyCTUMUX PO3B’a3KiB =, C L2X"(D)x Wpl (Qe) memno-
pOKHI Jijisi KO2kHOTO € > 0.

Hanmani npobsiemy ontumasbroro kepysanus (2.1)—(2.3) 6ymemo po3risggaru
SK IapaMerpu3oBany BianocHo obaacri 0 1 nosnauaru i1 gk OCP (). Binbme
TOrO, HPUILYCKATUMEMO, IO 00sactb ), 9K MiJIMHOXKUHA E€BK/IJIOBONO [POCTO-
Py, € 00MEXKEHOI0, BIJIKPUTOI, Ta MAa€ JOCTATHBO PEry/adpHy (HMpuHAiMHI, JIi-
ey ) rpanuiio. IIpore CyKynHicTh TaKuX IiJIMHOXKUH €BKJ/IJI0BOTO IIPOCTOPY,
B 3araJbHOMY BHIAJKY, He yTBOpIO€ JiHiiiamit mpoctip. Orxke, obgacts 2, gx
rapamMerp, HaJIeKaTuMe JIedKOMy aOCTPaKTHOMY IIPOCTOPY, B3araJji Kaxkydu, 0e3
JUHIAHOT CTPYKTYpHU, B AKOMY, /IO TOTO K, He Mae "xopomroil" Tomosorii. MaeTbcsd
Ha yBa3l Take: SIKIIO O3HAYMTH TOMOJIOr0 Ha mociigoBaocTi MHOMKUH {4}~
AK TaKy, IO y3TOJzKeHa 3i c1abKoIo 30iXKHICTIO BiJIOBIIHEX XapaKTepHCTHIHIX
dbyukuiit xo, (), TO jerko GaunTy, MO Taka TOLOJIONH He Oyjue xaycAopdoBoo.
OxkpiM TOro, HaBiTH AKINO CAaOKa TpAHUIE XapaKTePUCTUYHUX (DYHKIIR iCHYE,
BOHA, He 000B’I3KOBO CaMa € XapaKTePUCTUIHOIO (DYHKINEI0, TOOTO 3 HEIO HE 3a-
B2XKJ/INU B/1a€TbHCA HOB’S{S&TI/I MHOXKHHY, AKY MO2KHaQ 6y.HO 6 TPAaKTyBaTU B JCAKOMY
CEHCl 9K PAHUINO TOC/LI0BHOCTI MHOKUH { () } k>1- Y 3B’A3KY 3 M OyJ1eMo J10-
TPUMYBATUCH TAKUX HpUILyIiensb. Hexail Ha Hi,E[MH_O}KI/IHaX MHOXKWHHI D € 3aaHuM
neBHUil T 36i2KHOCTI 0.

Ozuavenns 1. Hexait 0, C D — BijgKpuTi MHOXKMHM 3 JJOCTATHBO PErYJIspP-
HIME MeKaMi. Byzemo kasaTu, mo HocaitoBaicts {2 }r>1 yrBOpIoe o-30ypents
MuOZKIHN €, 9Kk Q) — Q upu k — 00.

3aysaocenns 1. Cyrreso, mo Tepmin "o-30ypennsd'" Oyjie o3HAYATH HE TLIHKH
HasBHICTH mocstigoBrOCT MHOKUH {§)) } <1, a it TOHOJIOrI0 0, B SIKiil Il MHOKUHN
36iraroreca 10 §).

Amnanis icayounx mybsikarniit moka3ye (aus., 30Kkpema, poboru Mapuenko &
Xpycaosa [4], Buttazzo & Bocur [6], Dal Maso & Murat [11]), w0 tunosoto cu-
Tyariern g KpaiioBux 3a1ad Buay (2.2)—(2.3) 3 ymoBamu /[lipixie #a rpamuii
€ HasiBHicTb BiracTuBocTi "Hecrifikocri"  BigHocHO 30ypenb obuacri (3'sBisiTbCs
HOBI Barosi KoedirnieHTn Ta JOJATKOBI WI€HN B PIBHAHHI CTaHy). Y 3B’S3KY 3 UM
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3ayBazkKUMO, IO METOIO JaHOI poOOTH € OTPUMAHHS JOCTATHIX YMOB Ha 30ypeH-
Ha {Q:}es0, 3a 9KMX 337492 ONTUMAJIBHOINO KepyBaHHs (& He Jmnie BiIOBigHA
KpaiioBa 3aja4a) Oy/e 3a/I0BOJIbHATH [EBHIM YMOBaM CTIHKOCTI.

3. OcHOBHI OHATTHA Ta HMOIIEPEAHI PEe3yJIbTATHU

VYV upomy naparpadi HaBegeMO KII0Y0BI MOHATT Ta O3HAYEHHs, HeOOX1/IHI HaM
y MOJIAJIBIIOMY. 30KpeMa, HaBeIeMO BU3HAUEHH OHATTS JIOKAJIbHOI COO0J/IEBCHKOT
emHocTi, nougTTst Mocko 36ixkuocTi mpocropis CobosieBa Ta mOHSTTS 30ypeHb
obsiacti B xayc0pdoBiit TOMOI0ril JOMOBHEHD.

3.1. ITouarra cob0JIEBCHLKOT EMHOCTI MHOXKUHHN. 301>KHICTH
cobovieBCbKuX npoctopis y cenci Mocko

Hamasmi maM 3Ha100UTHCS MOHITTS JOKAJILHOI CODOTEBCHKOI P-€MHOCTI:

Ozunavenns 2. /g KoMnakTHOI MHOXKUHU K, 1110 MICTUTBCA Y JOBLIBHIN Kyii
B emuicrs K B B BUBHA9AETHCA TAKUM THHOM:

(B, B) = inf{/ Vol dz, Vo e C5°(B), 6 > 1 ma K}
B

Takox mam Oyjie morpibue mouarTd Mocko-3012KHOCTI COBOEBCHKUX TPOCTO-
piB.

[e]
Osnauenns 3. [15| Byzemo kazarn, 1mo nociigoBHiCTh {Wpl (Qa)} IIPOCTOPIB
e>0

[e]
CobosieBa 36iraeTbest B cenci MoCKo 710 TpocTopy VV]D1 () K10 BUKOHYIOTHCS TaKi
YMOBH:

o)
(My) mas poBinbHOTO Y EWI} (€2), 3HaiileTbCs TaKa IMOCIiJOBHICTD

{yg GWZ} (Qg)} , O Ys — Y CUIBHO B WI}(R");
e>0

(M3) axmo {ex},eny — 30ixna j10 myns nocigosuicrs inaexcis, {yr ey — 1OC-
[}
JIITOBHICTD TaKa, IO Yk EWI} (Q2,) s xkoxmoro k € N ta y, — 1 crabko
(o]
B WI}(R"), ol icHye dyHKIis ¥ GVV};l () raxa, mo y = ¥|q.

Ty i maui, uepes Y. (Bianosigano y) Oyje n03Ha4aTUC TPUBIAIBHO HOIIMPEHHS
ua R" dyukmiii, Busnadennx na (). (Binmosiguo Ha (1), a came, ¥z = YexQ. 1 Y =
Uxa- Aximo nocaigosuicrs {Q }oso 36iraerbes 10 Q B gesikomy "pisHOMipHOMY"
ceHci, To Jierko mokazaru, mo ymosu (M1) ta (M2) 6ynyTs BukonyBaruch. [Ipu-
POJIHMM TIMTAHHSIM € IONIYK MiHIMaJbHUX yMOB Ha MHOXKuHU {€): }.50 Ta (2, 3a
gkux 30ikHicTh npocropis CobosieBa y cerci Mocko byse maTu micrie.

3 BUKOPHCTAHHsM [OHATTS €MHOCT] Ta, Teopil G-36ixkHocti, y poborax [9, 10,
11| mayani meobxinmi i mocraTHi ymoBu MoCKO-36iKHOCTI.
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3.2. 30ypenns obJiacti B xaycaopdosiit TonoJiorii JonoBHEHb

[lepen Tum gk roBoputu 1po 30ypenns 00/1acTi, HEOOXiHO BBECTH TOIOJIOTIIO
Ha [POCTOPI BIAKPUTUX MAMHOXKUH MHOKWHE D. /g 1poro jJaMo BH3HAYEHHS
xayca0pdoBol Tonosorii gonoBHeHb (mo3uaduMo i1 uepes H¢), gxa 33/1a€ThCs 3a
JIOTIOMOT'OI0 TaKOI METPUKH:

dpge($,8) = Su]éf) |d(z, Q) — d(z,Q5)],
TrER™

ne depe3 () o3HaU€HO JONOBHeHH: MHOXKuH ); B R™.

O3snauenns 4. [8] Byzemo rogopuru, 1o moctigosuicts {2, } ¢~ BUIKPATHX IIiJT-
MHOKUH D 30iraerbed 10 Biakpurol muoxkunu 0 C D B HCrouosorii, sKIo
dpe(Qe, Q) 36iracrbes 10 myas 0 npu e — 0.

H¢-romnosiorig Mag JIeKijibKa XOPOIIUX BJIACTUBOCTEH, a came, IPOCTip BiaKpu-
TUX MIMHOKIH MHOXWHE [) € KOMIAKTHUM BimHOCHO H“-30iKHOCTI, TAKOXK, SIK-

mo 2, 2, Q, Toai fjIs TOBLIBHOI KOMIAKTHOI MHOKKHK K CC ) Ta I10CTaTHBO
MaJ/luX 3HadeHb Hapamerpa € marumemo K CC §2. . Biabuie Toro, noc/iijosticrs
BIIKPUTUX MHOYKIH {Qg}€>0 C D H¢36iraerbcs 10 BiAKpUTOl MHOXKMIHE §2, TOMI
1 TIJIbKY TOJI1, KOJIM [OC/IJIOBHICTD JIOIIOBHEHD {Qg}oo 30iraerbes j10 2€ B cenci
Kyparoscekoro [14].

Binomo (mus. [6]), mo y Bumaaky kouau p > n, H-361KHICTH BIIKPUTHX MHO-
wun {Q:} oo C D exsiBanenTna 36ikn0cTi B cenci Mocko Binosijuux npocropis
CoboJteBa.

VY zaranbaomy Bunajgxy (p < n), mae micue:

Teopema 1. [7] Hexati {Q:},., — ue nocaidosnicmo eidkpumuz nidmmnosicun D

He . .
maka, wo Qe — Qi Q. € Wy (D) das sciz e > 0, de kaac Wy, (D) eusnauwaemo-
CA MAKUM YUHOM:

QCD : VzedQVo<r<R<1;

W (D) = /R C (e N Bl 0): B, 20) ) " ae . (3.1)

Cp(B(z,t); B(z,2t)) t > w(r, R, x)

mym wepes B(x,t) nosnaueno kyaro 3 yenmpom 6 x ma padiycom t, a
w: (0,1) x (0,1) x D — R™
€ MaKo, UL
1. lim,ow(r, R,x) = +00, aokaavro pienomipro na D;

2. W HanisHenepepena 3HU3Y 30 MPEMIM AP2YMEHMOM.

o

Todi Q@ € Wy (D), a nocaidoswicms npocmopie Coboaesa {WI} (Qg)} 301-
e>0

(¢}
eaemoca 6 cenci Mocko do W, ().
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Teopema 2. [7] Hexatin > p > n — 1, i nexat {Q:},. — ue nocaidosnicmo

: . He . .
sidkpumuz niommooicun D maxa, wo Q. — Q i Q. € O)(D) das dosiavrozo
e >0, de kaac O)(D) susnauaemoca K

OD)={QC D : $Q° <1} (3.2)

(mym wepes § nosuaueno Kiavkicms 36 aznur Komnonenm). Todi Q € O)(D) ma

[e]
nocaidosricms npocmopie Coboacea {Wpl (QE)} sbieaemuvca 6 cenct Mocko do
e>0

npocmopy I/Vp1 (Q).

. :
Ak npukman HC-301KHUX miAMHOXKUH pO3rasHeMo MmHOXKuHU {€)} e>0> IO
MicTaTh ocnmoounii "Kpek" (Tpintuay ) 3 3aTyXai90i0 aMIITyA0t0 € (AuB. puc. 1).

Puc. 1. ITocaigosuicrs MHOKMH, KOMIIaKTHa B H “-Tomosorii

[lepen TuM 9K BBeCTH CTpPOTe O3HAUEHHS MOHATTS CTINKOCTL PO3TVITHYTOI 3a-
Jladi ONTUMAJIBHOIO KePYBAHHS BiIHOCHO 30ypeHb 00/1aCTi T4 BUBHAYUTH JIOIYCTH-
Mi 30yperHst BiakpuTol MHOKUHK ), 3ayBaykuMo, 110 3012KHICTE MHOKUH (). =,
Q B xaycmopdoBiit TOMOMIOTIT TOTOBHEHD HE € JOCTATHBOIO YMOBOIO /TSI JOBEICHHST
CTIKOCTI 3a/adl

Lo, y) = / ly() — ()P do + / Vy@)Pde —inf,  (3.3)
Q Q

_div U(@)|VyP V) + aolyP P f s O (3.4)

y eI/IZ,l (Q), U e Uyy. (3.5)

. . opt opt c
VY 3arajibHOMY BUIAJIKY, PPAHUYHA Hapa IM0C/ioBHOCTL § (Us' , ye' ) , mpu H¢
e>0

30ypenni MHOxkuHU ), MOKe HEe OyTu JOIyCTUMOIO i BUXiAHOT 3aadl (3.3)—
(3.5). Kourpropukmaan maseneni B podori [11] (zus. takox [6, 10]). Orke, Heob-
X1JIHO BBECTHU JIesKi JI0IATKOBI 0OMeKeHHs HA PyXOMYy 00/1aCTh.

4. JomycTtumi 30ypeHHs 00J/1acTi. ACUMIOTOTUYHA MOBEIIHKA
MHO>KWH JOOIIyCTUMHUX map 30ypeHux 3aaadv

Y npomy po3jijii OyayTh O3HaueHi JjomycTuMi 30ypeHHd BuxXijgHOl objacti i
BiJIHOCHO Takux 30ypeHb Oyjie A0C/Ii/2KeHa aCUMITOTUYHA [TOBEIIHKA, MHOXKHUH J10-
IIyCTUMEX Tap 30ypeHux 3a/7ad.
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O3nauenns 5. Hexaii 2 ta {Q).}
110 nocsiijgosuicrs {€: }

c>0 — BiaxkpuTi migvuokuau D. By nemo kazaru,

<0 YTBOPIOE HC-nomycrume 30ypentst MHOKuHU €, AKI110:

(i) Q. LN Q npu £ — 0;
(i1) Qc € Wy(D) ans Beix € > 0, ne knac Wy, (D) Buznadeno B (3.1).

Saysaosicenna 2. Ak crBepmxye Teopema 1, migmuoxkmHA ) C D momyckae icHy-
BaHHst HC¢-jonycrumux 30ypesb TOL 1 TIIbKYM TOJ, KoK §) HAJeKUTh JI0 KJIaCy
Wiw(D). Onnak ng ymosa € e jyxe obmexkuporo. Crupasjil, BUABIAETCH, 10
TBEP/A2KEeHHA:

7 gKImo y € W;(R”), Q € W,(D), i suppyCQ, 10 ¥y EWI} (Q)”

€, B 3araJbHOMY BHIIQJIKY, HEIPABUILHAM. 30KpEMa, BUICHABEIEHE HE Ma€ MiCIId,
kosim Bijgkpura muOkuHA {2 mae "kpek". Orxe, Wy, (D) € 10CTaTHBO NIMPOKUM
KJIACOM BIIKPUTHX IIiIMHOKIAH MHOXKUHNA D.

Teopema 3. IIpunycmumo, wo Q € Wy (D) — deaka ¢ixcosana nidobaacmv D,
a {Qe}.oo — deawe HC-donycmume 36ypenna Q. Hexati makoorc
{Us,y0.,u.) € Ea. .oy — ue nocaidosnicmy donycmumuz nap sada (2.6)~(2.8).

[¢]
Todi nocaidoswicmo { (U, o, u. ) }ovq € Pi6HOMIPHO 06medicenor 6 LI (D)x W)

(D) i das dosinvrol ii wacmKro6oi T-epanuyl (T-Kaacmeprol napu)

U*,y*) € LIX™(D)x VVp1 (D), mamumemo

U* € Uy, (4.1)

[ @9 Py 9p) g, di+ [ aoly e =
D D
:/f(ﬁdx, Vo e CP(Q). (42)
D

Jlosedenmna. s npocroru OyjeMo nucaru Y. = yq.,y.- JIK 3aBxkK/1, TPUBiaIbHE

mooBKeHHa GyHKIT Y. #Ha R” mozmagarmmemo depe3 y.. OCKITbKEH KOXKHA 3

nap (Us,ye) € pomycrumoro 10 Bianosinnol 3agaui (2.6)—(2.8), To nocaigosuicTh
o

{(Ue,9c)} .0 € piBHOMIpHO OOMezrenO0 Bigmocno mopmu B L2X™(D)x W, (D)
muB. (2.4) Ta [3|). Copapil, BUXOISIH 3 KOEPIIUTUBHOCTI PO3IVISHYTOTO OIEPATO-
P ) P P y P
o

pa, JIErko 6aunTh, M0 HOCAIOBHICTD {Ye }o>0 € 00MeKeH00 B WI} (Q). Mpuuomy

[ 19l de < Il (43

Orke, MOXKEMO TIPUITYCKATH, 110 icHye napa (U*, y*) Taka, 1o (3 To9HICTIO 10 mij-
. . . ~ T
LOC/IJIOBHOCTI, sIKy TakoxK Oyjemo nosHadaru injekcom €) (Us,y:) — U, y*) B

(¢}
L2X™(D)x W} (D). Toi, Kopucryiounch tum, 1m0 MuoxuHa Usel € CEKBEHIHO
KOMIIAKTHOIO ImiaMuoKuHOI0 B L™ (D) (mus. [3]), maemo: U* € Usg.
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Bizbmemo sk npobuy dyukiio ¢ € C§O(2). Ockinbku €2, KL Q, 1o, 3a Teo-

o
pemoro 1, nocsaigossicrs upocropis CoboJiesa {Wz} (Qe)} 30iraerbcd B CEeHCl

e>0
o

o
Mocko J10 VVp1 (Q). Lle o3nauae, mo jyis 3adikcosanol Bume GyHKIl @ GVV};l (Q)
o o
ICHy€ IIOCJIIIOBHICTH {cpg GVVI;,l (Qa)} Taka, 10 Q. —  CHJILHO B WI} (D)

e>0
(mus. Biacrusicts (My)). Ockinbku (Us,y:) € JOIyCTUMOIO TAPOIO JJist BLAMOBII-

HOT 3a/a4i Ha (), MOXKEMO 3allUCATU:

/ (ua ‘vyalp_2 Ve, V(,O5> dx + / aO’ya‘p_zya Yedr = / f e dx,
Q. Rn Q. Q.

a, orxKe,
| (@elvar Vi ve) | dot [ aoliip e do -
D R™ D

:/f@d:ﬂ, Ve>0. (4.4)
D

g roro, mob6 nosectu piBHicTb (4.2), mepeiinemMo 10 rpaHUI B iHTErpaIbHii
roroxHocti (4.4) upu € — 0. Bukopucrosyioun aprymenranio teopemu 3 3 [3],
MA€EMO

divu;. — divu; cuapHO B Wq_l(D), Vi=1,...,n;
{|V§E|P—2vg5}€>0 obmesxena B Ly (D), ¢ =p/(p—1);
{|§g|p_217€}6>0 obmexena B Ly(D);
Ye — y* cumbno B Ly(D), y.(r) — y*(x) m.c. x € D;
|:'7€|p_2g€ - |y*|p—2y* CJ1a0KO B Lq(D),
nelUs = Uie,... ,upe|, U =[uj,... ,u}l.

Posrigremo nocigosaicTnb {f6 =f - a0|§5|p_237€}6>0. Jlerko GaumTu, 1mo

fe— fo=f— ao\y*\p_Qy* CUJIBHO B Wq_l(D).

Bsijcu ta 3 ouinku (4.3), Bummsae, mo nociuigosuicrs {A(Us(7),V ye)}. 006-
mexena B Ly (D). OTze, 3 TOYHICTIO /10 MiAIOCTITOBHOCTI MOMKEMO MPUITyCTHTH,
o icuye Bekrop-dynxuis £ € Ly (D) raxa, mo

€ = AUe(2), V) = U VG2V Y. — € cmabro B Ly(D).

[¢]
BpaxoBytoun 1e Ta cuiabHY 301KHICTD @ — @ B I/Vp1 (D), B pe3ysibrari rpaHud-
HOro nepexoy npu € — 0y cuissignonrenni (4.4) orpumaemo:

/ (&, VQ)gn dx = / (f — aoly*]p_2y* ) pdx. (4.5)
D D
Sa/IMIIAETHCA TOKA3ATH, 1110

E=U VY P2 vy (4.6)
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A 11e MOXKHa 3pOOUTH TaK caMo, 9K 1 B JTOBEIEHHI aHAJIOTITHOI PiBHOCTI B TeopeMi 3
3 [3] 3okpema, HeOOXiTHO MOBTOPUTH BCl apryMEHTH TOTO JJOBEJIeHHsI, 3aMiHUBIIN
~ B . - ~
Qua D, U, ma U, y, 12 Y, Uy HA U™, Yo HA Y*, 1 ¢ HA ©.
B pesysabrari, ockinbku npejacrasienns (4.6) cupasejjuBe, iHTErpajibHA TO-

ToxHICTE (4.5) HabyBae Burasy Gaxkamol pisuocti (4.2). TBepmkenus nosenene.
O

(¢}
Hauti, JloBeeMo, 110 KozKHa T-Kjiacrepha napa (U*,y*) € LIX"(D)x W} (D)
nocaioBHOCTL {(Ue, Y. u.) € Z. }.o (MMB. TBEPIKEHHA 3) € JOMYCTHMOTO JI7is
BUX1/1HO0T 33184l onTuMaIbHOro KepyBanud (3.3)—(3.5). fk sunimsae 3 (4.1)-(4.2),
e]

sa/MIacTLCs LoKasary, o y*|g €W, (Q), a orxe (U*,y*|o) € E. dus nporo
CKOPUCTAEMOCS HACTYITHIM Pe3yIbTaToOM, AKnil € mpaMuM "HacaiakoMm Teopemn 1.1

3 (7).

Jlema 1. [7] Hewati Q,{Q:},.o € Ww(D), i Q. A0 npu e — 0. Hezati maxooric
Uy — dosiavra pikcosarna mampuys 3 mrooicuny Uy. Todi

o [}
~ ~ 1 1
Va.,n — Va,n cusvno 6 W, (D) VheW, (D), (4.7)
de uepes Vo, p t VQ,p NO3HAYEHO €Ouni CAaDKL Po36 Asku Kpaliosus 3a0daw

—div (Up|Vv|P72Vv) + aglvP2v =0 6 Q.

. (4.8)
v—h GVV};l (Qe)
1
—div (Up|VvIP72Vu) + aglvfP2v =0 6 £,
(4.9)

[}
1
v—heWw, (Q),
610n06101o, 4 “wepe3 Vq_ p, Ma Vo p — nowupenus na obaacmo D dynruyit vo, p
ma vq p, wo cnienadatomo 3 h nosa mroscunamu e ma Q 6idnosiono.

Temnep noBenemo HarkaHy BJIACTUBICTD.

Teopema 4. Hezatli {(Us,ya..u.) € Ea.}. — Ye nocaidosnicmo donycmumur
nap sadaw (2.6)~(2.8), de {Q:}.oy — ue deaxe HC-donycmume 36ypenns mmo-
orcuny Q € Wy (D). Srwo das nidnocaidosnocmi 3 {(Us, Y. u.) € Za. }uq (4KY

; . ~ T
mu 6ydemo nosnavamu mum camum indexcom ) mae micue Uz, Yo, u.) —
(U*,y*), mo ue oznauae, wo

Y ="Yaus, aomoce U y|q)€E,

de wepes yq y+ nosnavero caabkul poss’asox kpatosoi sadawi (3.4)—(3.5) npu

u=u-.

Hosedenns. st 3pyanocTi OyeM0O BUKOPUCTOBYBATH TaKi MO3HAYEHHS: Ve =
er,“e? y = yQJ/{*'
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3 piBHOMIPHOI 0OMEKEHOCTI HOCTIIOBHOCTL {Ye fe>o Ta 3 MaeMo (mepexo/adu
J10 TZOC/TIIOBHOCTI, SKIIO 1ie HeOOXiHO):

U > U =u],...,u}] € Ugy * —caabko 8 L2 "(D), (4.10)
Y. — y* cinabko B WI} (D), (4.11)

1 ~
y eW, (), yeW, (D).

Hosenemo, mo y* = y. Iloxibuo mo D. Bucur, P. Trebeschi [7|, mag mosiasrOrO
€ > 0 po3ryIgsHeMO HOBY KpaloBY 3a/ady:

—div (U*|Vee|P2Vee) + aolpe P20 =0 B Q. (4.12)
956:_3/* BD\QE' '

Y caabKoMy CeHCi 1ie 03HadaTuMe, M0

/ <L{* |V QE’P—2 Ve, V{/;8> dx +/ ao’(ﬁa‘Pﬂ@ 1’/;8 dr =0,
D R™ D
Vi e C5°(Q), Ve >0. (4.13)

[Moknagaoun y (4.13) sk npobuy dyHKIi0 TZE = Qe +y* — Y-, Maemo:

[ @ 1var Ve v Gy i), do
D R™

+/ ao| PP 2P (Pe +y* —Ue) do =0, Ve >0. (4.14)
D

Hexait ¢ € WI}(Q) — 1e csabKuil po3B’si30K 3a/iaul
—div (U*|VelP2Vp) +aolpP?e =0 B Q,
o=-y" B D\Q.

[¢]
Toui 3a siemoro 1, MaeMo Y — @ CUIBHO B WI} (D). Orxe,

V@ = V¢ cumbno s Ly(D),
119 P VBl ) = IV @l oy = 17 By ) = 119 572 VL, 1,
Vge(x) = V() moc. B D,
©: — ¢ cunbno B Ly (D),

P2 =2

” ‘@a (PaH%q(D) = H(Ea”ip(p) - HGHZ(D) = H ’& (E”qu(D)’

Oe(z) — @o(x) m.c.BD.
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Ockinbku 3012KHICTH HOPM PA30M i3 MOTOYKOBOIO 30iKHICTIO JIAI0TH CUJILHY
B01KHICTH, OTPUMAEMO:

|V & |p_2 Vo — |V <,Z|p_2 V@ cumbno 8 Ly (D),
’5@’10_2 Y — ]@]”‘2 ¢ cuabuo B Lg(D),
V(@ +y* =) = V@ cmabxo 8 Ly (D) ( aus. (4.11)),
(Pe+y"—ye) = ¢ cumpuo B Ly(D),
Otxe, inTerpanbaa TOTOXKHICTD (4.14) MicTuTh TiMbKH 106y TKH CJIAOKO Ta CUIBHO

3012KHUX OC/I0BHOCTEI, 1, epexojsauu 10 rpanuni B (4.14) npu & npsamyodomy
JI0 HyJId, OTPUMAEMO:

/ (u* IV 3IP2Vg, va) dx + / ao|@|P dx = 0.
D R D

3 ypaxyBanuaM BjactuocTi marpuii U* i ag, 3 nmonepe b0l PIBHOCTI BUILINBAE,
mo ¢ = 0 m.c. B D. A, 3a osuavennsam @ = —y* B D\ Q. Orke y* = 0 B
[e]

D\ Q, i 6axana BracTHBiCTH oTpuMaHa: Yy 0 = Y'|q GWpl (Q). Teepmxenus
JIOBEJICHE. Ol

Hacaigok 1. Hexat {U. =U*}.., — cmana nocaidosnicmo, de U € Usy —

e]
dosiavre donycmume xepyeanns. Hexai <y, y GI/V];,l (Qe)} — 610n06idHL
e>0
pose’asku (2.7)—(2.8). Todi, 6 ymosar meepoocenna 4, Maemo:

o
~ ~ 1
Ya.,us — you- cuavno 6 Wy (D).

Josedenns. Sk BummBae 3 TBepiKeHHS 4, i TOC/IOBHOCTI JOMYyCTUMUX TIap
ES = : * * * J—
{U* ya.,u-) € Ea. }.o icnye T-rpannuna napa (U*, y*) raka, mo y*|q = yu+ a-
Crabka 30iKHICTB JaHOI ITOC/IIOBHOCTI BUILIMBAE 3 TBEPKeHHA 4. 3TigHo 3 yMO-
(o]

BaMu Ha koedirienTu marpuri U*, dK eKBiBaJEHTHY HOPMY HPOCTOPY WI} (D)
MOXKHA B39TH TAKY:

1/p
o = Ur|VylP—? d / Pd
Il = ([ @190 290.90) dot [ aolap o)

JlocTarHb0 BCTAHOBUTH, III0

(A

p(D)—>IIIy e, , mPue—0. (4.15)

» (D)

Y piBagaaax (3.4) ta (2.7), 3a npobHi ¢yHKIil BizbMeMmo y* i Y., BiAIOBiIHO.
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[lepexomsan 1o rpanumni B (2.7), orpuMaemo:

lim ( /D (U VP> Ve, Vi) o d + /D aolye[? d:z:>

e—0
~lim < / U V2V, Vi) o da + / ao@gr”dw)
o\Jp D

E—

p
= g (myamv&;w)) :lﬂ/zyfyadx:/Lny "
:/ (U*‘Vy*‘p_zvy*avy*)ﬂgn dx+/ aoly*[P da =
b D

p
= (g, )

[}
Orxe, (4.15 asoM 3i crabkoro 36ixmicrio B W (D) mae cuiabmy 361KHICTH
, , P » y
po3s’s3kis. Ocklibku Yo 3+ — eaunuit po3s’s30k 3aa4i (2.1)—(2.3), a (U*,y*|q)
HAJIEXKUTh MHOXKUHI Zq, 11e 03Havae, mo y*|g = yo,u+ Takum auHOM,

o

U*,5e) — U, y*) cunbro B LE™(D)x W, (D).

TBepaKeHHA JTOBETEHE. O
Tenep moxkemo chopMyaIOBaTH HACTYIHUN PE3YJILTAT.

Teopema 5. Hewat Q, {Q:},.o, — sidkpumi nidmnoocurnu D. Hezat marxooic

o

Eq. C LIX™M(D)x W, () i Eq C LZX™(D)x W, (Q)

€ MHONCUHAMY JONYCTNUMUT PO36 A3KI6 300a% ONMUMAALHO20 Kepysantsa (2.6)—
(2.8) ma (3.3)~(3.5), eidnosidno. Ipunycmumo, wo Q € Wy(D) i {Q:}.oq €
He¢-donycmumum 306ypermsm obaacmi ).

Todi nocaidosricmo {Zq, }. o 30icacmoca do ZEq 6 cenci Mocko, a came, 6u-
KOHYIOMBCA HACMYNHL AACTNUBOCTNI:

(EMy) Oas dosiavroi napu (U,y) € Eq, snatidemoves maka nocaidoeHicmo

{(Z’[E’ye) S EQE}E>O

(¢}
mara, wo U. — U cuavno 6 LIX"(D) i g — § cuavno 6 W,y (D);

(EM3) axwo wucrosa nocaidosricmsv {€g by 30icaemuvca 0o 0, a { (U, yr) ey —
NOCAIIOBHICTIIL MAKA, U0

Uk, yk) € Eq., YEEN, i

(Un, ) — U,¥) & L™(D)x W, (D),

mo icnye Pynrkyis y EWI} (Q) maka, wo y = Ylg i (U,y) € Eq.
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Jlosedenna. Crodarky 3ayBazkKuMO, 110 BAACTUBICTD (EMs) € mpaMuM HACTIIKOM
rBep/pkentst 4. Orzke, 3ajmmaersest nepesipury Juiie Biaacrusicrs (EM7).

Ba BUXIIHUMH TPUMYIIEHHAMNA, MHOXKNHA JOMYCTUMUX Tap Zq JId 3a7adi
(3.3)-(3.5) nenopoxkus. Hexait (U,y) € Eq — 11 gosiabuuii enement. [Tobypyemo
nocigosaicts {(Ue,ye) € Eq. }.o(, Mo Oyae 3a10BoIbHATH BracTusicts (M)
TakuM yuHOM: U = U Ve > 0, a Y. = Y.y — BLALOBIIHKIT PO3B’30K KpailoBol
sagaqi (2.7)-(2.8). Baysaxkumo, no takuii Bubip MOK/MBUIL, OCKLIbKY MaTPUIA
U € nomyctuMuM KepyBaHHSM [ 3a1a49i (2.6)—(2.8) mpu koxuomy £ > 0. Togi,
3riJIHO 3 HAC/IAKOM 1, orpuMaemo

o
~ ~ 1
Yo.,u — You cumao 8 W, (D).

Ockinbku Yo 3y — eaunuit po3s’s3ok 3aga4i (3.4)—(3.5) a (U, y) € Zq, ue o3uagae,
MO Y = Y0,y MOXKHA 3pobuTH OazKaHUil BUCHOBOK:

U,5.) — U,y) cumsro 8 L"(D)x W} (D).

Teopemy moBesieHo. ]

5. ITouarTa MoCKO-CTIMKOCTI A1 3a1a4i OITHMAaJIbLHOI'O
KepyBaHHSI

Bgenemo rake monsirr:

Osuauenns 6. Byjuemo rosopuru, 1o 3aja4a onTUMaJIbLHOrO Kepysanns (2.1)—

(2.3) € Mocxko-criiikoo B L™ (D)x W, (D) sismocuo 30ypenns {2}, obmacri
), gKI110:

(MSy) muoxkuna gonycrumux nap =q aus (2.1)—(2.3) e rpanunero B cenci Mocko
nocyigosaocti {ZEq, },. o MHOXKIH JIOMyCTHMEX Hap 30ypeHux 3azad (2.6)-

(2.8);

(MS3) sximo {ey} ey — 4HCIOBA IOCTIOBHICTD, fAKa 36iracThbes 10 0, a moctizos-
wicts { Uy, Yk) }pen € TAKOIO, 110

U, yr) € Eq., VEEN, i

(Z/[k,gk) - (uvy) B L&XH(D)X Wz} (D)7 A€ (u7y|Q) € =g,

ro liminfy oo Lo, (U, yx) = Lo, ylg);
(M S3) s koxuol napu (U,y) € Eq, 3HaleThCa TOC/ILI0BHICTD
{Ue,9:) € Eq. }oog Taxa, mo U — U cunbro B L"(D), Y — Y CUIBHO B
W, (D), i
limsup Lo, Uz, ye) < Lo, y).

e—0
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Teopema 6. IIpunycmumo, wo daa sadanozo 36ypenns {:}, o obaracmi Q, sa-
daua onmumasvrozo kepysanna (3.3)~(3.5) ¢ Mocko-cmitixoro 6 npocmopi

LZX™(D)x W, (D).

Hezati {(Z/{g,yeo) € EQE}8>O
nogionux 36ypenux 3aday (2.6)—(2.8). Todi ua nocaidosnicmov € 610HOCHO T-KOM-

— e NocAIdOBHICTIIL ONMUMAALHUL PO36 A3KIE 610-

[¢]
naxmnoro 6 LX"(D)x I/Vp1 (D) ma xooicna 7 T-2panusna napa € ONMUMEALHUM
po3se’askom eurionoi sadaui (3.3)—(3.5). Biavwe mozo, axuo

U, 5y — U°y°), (5.1)

€

mo (U°, yO‘Q) €E=Zq i

inf LoU,y)=LoW y°.)=1lm inf Lo U,vy.). 5.9
wint ol,y) = Lo, y°|,) iy a. (Ue,ye) (5.2)

Josedenns. fK yyke He pa3 HAr0JIONIYBaJIOCh, JOBLIbHA [MOC/I/IOBHICTD JOIIYCTH-
mux nap 30ypennx 3aa4 (2.6)—(2.8) € piBHOMIPHO 00MEKEHOI0 y IPOCTOPI

e]
nxn 1
L3>"(D)x W, (D),
a, OTZKe, Te caMe TOPKAETHCA 1 MOCTLOBHOCTI ONTUMAIBHUX TIap

0,0 -
{(u:-: 1 Ye ) € “Qs}5>0 :
Orke, MOXKHA 3pOOUTH BUCHOBOK, 110 JaHa HOC/ILI0BHICTL € BIJIHOCHO T-KOMIIAKT-

[e]
noo B LX"(D)x W} (D), i npumycrury, mo icaye mianocmifosmicTs

{(ué?k’yéjok)} keN

i mapa (U*,y*) Taxi, mo (UL, 70) T (U*,y*) upu k — oo. Toi 3a Teopemoio 5
(auB. Biracrusicrs (2Ms)), orpumaemo (U*, y*|g) € Eq. A T0Ai, 3ri/iHO 3 yMOBOIO
(M S3) o3nauenns 6, Mmaemo:

A . IR TI 0 0
MR e, o G) = Tt e, O ) 2

> Lo(U*, y*lq) > min  LoU,y) = Lo, y?"). (5.3)

3 inmoro 60Ky, ymosa (M S3) crBeppKye iCHYBaHHS TaKOl MOC/0BHOCTI

{(Uaaga) EEQE} , H10
e>0

(Ue,7.) — U7, 5%, i Lo, y°P") > limsup Lo, (Us, J:).

e—0
BukopucroByioun meit haxt, Maemo
min_ Lo(U,y) = Lo, y") > limsup Lo, (Uz, §.) >
(u7y)€EQ e—0

>limsup min  Lq (U,y) >limsup min Lo (U,y)=
e—0 (u7 y) €E Qe k—oo (uvy)EEQEk k

= limsup Lo, (Llfk , ygok). (5.4)

k—oo
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3sigcn i 3 (5.3), pobUMO BHCHOBOK, ITIO
. 0 ,0 . 0,0
h]ﬂlcgf Lo, (U, . ye,) = hgl_ilip La., Uz, Yz, )

Tenep, o6’ennyroun crissigaomenus (5.3) ra (5.4), i mepenucyoun ix y dopwmi
PIBHOCTEH, OTPUMAEMO

Lo, y'lg) = Lo ,y™) = min_ Lo(l,y), (5.5)
(U, y)eEq
Lo y°P") = lim  min Lo., U, y). (5.6)

k—o0 (Z/{v y)e Eng

Ockinpknu pisuocti (5.5)—(5.6) cnpaBeqmusi a1 KOKHOI T-3012KH0T miAmociizos-
Hocti Buxianof nocainosuocti {(U2,y?) € Eq. }6>0 ONTUMAJILHUX PO3B’S3KIB , PO-
6uMo BUCHOBOK, 110 rpauuti B (5.5)—(5.6) cuiBnagaiors, a orke, L o(UP, y°P!) €
TPAHUTIEIO BCIET TTOCIIOBHOCTI MIHIMA/IBHUX 3HAYEHD

Lo, (U,yY)= inf Lo (Uy)
Uy)e Eqc e>0

Teopemy moBeseno. O

6. locraTrni ymoBu Mocko-CTifiKOCTi

Hacrymaoro MeTo10 € BUBEJIeHHS JOCTATHIX yMOB Jitd MockKo-cTiffkocTi 3a/1a-
4i omrumasbHOro Kepysauus (3.3)—(3.5). s 11bOro BUKOPUCTAEMO HACTYITHIA
pesyJsibrar.

Jlema 2. Hexat Q — sidkpuma niomnoocuna D. Ipunycmumo, wo nocaidos-
niemo {Q:}.o o ymeopioe deaxe donycmume 36ypenns obracmi Q (6 cenci ozna-
wenna 5). Hexatli {X o, } .~ — Y€ nocaidosnicms 6i0nosionus capasmepucmunus
dynrxuit. Hexal x* — i *-caabka epanuus 6 Loo(D;[0,1]). Todi

xoa(l=x")=0 m.c. 6 D. (6.1)

Hosedenmna. Jlerko Gaumru, mo ans dikcosanoro 30ypenns {€):}, . MHOKIHEI

2, 3 TounicTIO 0 HifOCHiOBHOCTI, icuye dyukiis x* Taka, 1o x o, 30iraerbcs

s«-c1abko 110 X* B Loo(D;[0,1]).
(¢}

[}
Hexait < y. EWZ} (Qe) — JIOBLIbHA HDOCIIOBHICTD, TaKa IO Ys — Y™ B WI}
e>0

(¢}
(D) iy*| o €Wy (€2). Brigno 3 rBepkensy 4 Takuii BUOIP € 3aBAKM MOKIMBIM.
Tomi

lim gegodx:/ y*godx:/ xay pdx Yy e LyD).
0Jp D D

E—

3 inmoro 60Ky, BUKOpUCTOBYIOUH TOH (akt, 1m0 Y- — y* cuiabuo B Ly(D), maemo
lim [ yepdr = lim/ XQ.Yepdr = / Xy pdr =
e—0 D e—0 D D

Z/Dx*my*sod:r, Vo € Ly(D)

fK I'DaHuld JI00yTKY CHJIBHO Ta *-CjabKO 30izkHux 1oc/ijosHocreii. Jlemy jose-
JIEHO. Ol



38 O.II. KOI'yT

Hacrymra TeopeMa TOPKATHMETHCS TOCTATHIX YMOB MOCKO-CTIMKOCTI Kjaacy
3a/1a4 OITUMAJIbHOIO KepyBaHHs (3.3)—(3.5).

Teopema 7. Hezati Q2 — sidkpuma nidmmoocuna D. IIpunycmumo, wo po3nodi-
nenna zg € Ly(D) y dynxyionani axocmi (3.3) € maxum, wo

zo(x) = z9(x)x o(x) Odan m. 6. x € D. (6.2)

I nexat suxonyemoca npunatimmni odna 3 ymos & € Wy (D) i {Q:},. € HC-do-
nycmumum 36ypernam obaacmi §2.
Todi sadaua onmumanavrozo kepysanna (3.3)—(3.5) e Mocko-cmitixoro 6 npo-

cmopi LIX™(D)x W) (D).

Aosedennsa. Ilepesipuvo mynktu (MS1)-(MS3) ozmadenns 6.

Ymosa (MS1) 6yna gosepena s reopemi 5. Hexait {(Uy, y) bpeny — 10C1108B-
HICTb, 1110 3a/I0BOJIbHSIE BJIACTUBOCTI, onucani B myHkTi (MS3), i mexait (U, y) e 11
T-rpanuneio. Tomi |yx — zoP — |y — 29|P cunbno 8 Ly (D), i

. ~ P P
11gg.}f||Vyk||Lp(D) > HVZ/HLP(D),

OCKIJIbKM HOpMa € HalliBHEeIIePEPBHOIO 3HU3Y (PYHKIEIO BIIHOCHO €/1abKOl 3012KHO-
cri. Orxe,

liminf Lo, Uy, yi) =

= lim inf (/ xa., |Uk — za|? dz +/ IVye|? dx) >
k—o0 D k D

2/ x*ly—Zal”dx+/ |VylP dx =
D D

= { srigmo (6.2) }:/ XQX*\y—za]pda:—i—/ |VylP de =
D Q

= { 3rigno (6.1) }:/ ]y—za]pda:+/ |VylPde = Lo, y|q)-
Q 0

Orxke, myskr (M S2) mepeBipero. 3aHImaeTbCs 3pOOUTH MEPEBIPKY OCTAHHBOL
ymoBu o3Hadenns 6. OnHak 1e JIerko BUIIMBAE 13 cuibHOL 30ixku0oCT (Us, Y ) —

U,y) B LX™(D)x W, (D) ra sractusocreii (6.1)~(6.2). Cnpasni, B npoMy Bu-
HaJ/IKy MaeMo:

thUPLQE(Z/[e,ye) = lim </ XQs@s _Z8|pdl‘+/ |V§€|pdl’> =
e—0 e=0\Jp D
=/ x*!y—Za\”der/ |VylP do =
D D
:/ XQX*]y—za]pda:+/\Vy]pda::
D 0
=/ Iy—Zalpd:n+/ |Vy|Pde = Lo, y|q).
0 Q

Teopemy moBejieHo. [
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Hampukinami maBejeMo Ie OJIHE TBeP/KEHHdA, dKe TOPKAECTHCA BapilalliiiHuX
BJIACTUBOCTE 3aa4l ourumasbHOro Kepypanus (3.3)—(3.5) upu Mocko-crifikux
30y peHHSIX.

Teopema 8. IIpunycmumo, wo 8UKOHYIOMbCA 6Ct npunyuerna meopemu 0. He-
wat (U, y°) — onmumanrvra napa 3adawi onmumanvnozo xepysannsa (3.3)—(3.5),
a {U,y?) € EQE}8>O — NOCAIDOBHICING ONMUMAALHUT Nap Oaa 3aday (2.6)—
(2.8) maxa, wo

U,50) — U°,5°) 6 LIX"(D)x Wy (D). (6.3)

Tooi 3 ymosu (6.2) sunausae, wo

o

72 — 7 cuavno 6 VVp1 (D), (6.4)

;E}% i (u€0|vy€0|p—2vy€0’VyEO)Rn dr =

:/ Uy P29y, vyO),, dz. (6.5)
Q

osedenns. Sk BUlLIUBAE 3 JIOBEJEHHS TEOpPeMU 7, Jjid 3a/iaHoro 30ypeHHs 00-
nacri Q 3ajada ourumasibHoro Kepysanus (3.3)—(3.5) na ©Q € Mocko-criiikoo B

[e]
L2X™(D)x W) (D). Bimsme toro, 3ringo 3 reopemoio 6, 1oBimbHa mocizos-
HiCTH OnTHMaALHUX nap 30ypenux 3asad (2.6)-(2.8) € BIAHOCHO T-KOMIIAKTHOIO

[¢]
B L2X"(D)x WI} (D) i koxkHa 1 T-rpaHUYHA TOYKA € ONTUMAJBHUM DO3B A3KOM
mutst Buxiamol 3axa4a (3.3)(3.5). Orxe, npunymenns (6.3) He € 0OMeKIUBHM.
st iosejiennst (6.4), ckopucraemocs cuissiguommennsm (5.2). Tond

lim (/ XQE‘gEO—Za’pdx+/ ]Vﬂeolpda;> —
e—0 D D
:/Xg\ﬂo—za]pda;—i—/ \Vﬂo\pdx. (6.6)
D D

3a Teopemoto Brajenna Cobosesa, maemo §° — §¥ cumbuo B L,(D). 3Bsincw,
KopuCTyI0unch Baacrusoctsimu (6.1)—(6.2), orpumaemo:

lim/ xa. |70 — z9|P da = / X*xalg? — zo|P dx =
e—0 D D
:/ xalg® — zo|P dz. (6.7)
D
[Moeanyioun ue 3 (6.6), TPUXOAMMO 10 CHIBBIIHOIIECHHS

lim [ V5P dz = / VIO da,
e—0 D D
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[e]
sKe pasoM 3i crabkoro 36ixuicTio 8 W) (D) nae (6.4).

Baymmmaerbesa jgoBectu 36ixkuicrs enepriii (6.5). diasg nporo ckopucraemoch
pisroctamu (3.4) i (2.7), saminusum tam y na y°, ta y. na v, signosigno. Toxi
IS BiOBITHMX iHTErpaabHIX TOTOXKHOCTE(l BizbMeMo 3a npobui dynkmii 49 Ta
3750: Bianosigno. B pesysbrari rpannunoro nepexomay B (2.7) orpumaemo:

lim (/ (UQ\VgEO‘p—ZV%O,VﬂaO)Rn dx +/ aoly2|P da:> =
e—0 D D
=lim [ fyldz = / f7%dx =
e—0 D D
— [ @9V 99 dot [ g d.
D D

Tenep 3a/maeTbCa TIIBKU CKOPUCTATUCS PIBHICTIO

lim/ aolﬂeo\pdx:/ ao|y°|P da
e—0 D D

(muB. (6.7)). TBepmxenns goBeeHe. O

7. Bucuosku

Y pobori orpumano jgocratHi ymMoBH Ha 30ypeHHs 00/1acTi, 32 BUKOHAHHS
KX IIOCJIJIOBHICTH MHOYKHUH JIOIYCTUMUX PO3B’s3KiB 30ypenux 3ajad Mocko-
[e]

36iraerbes B LIX(D)x W, (D) 10 MHOXKHHE JOIyCTHMEX PO3B’SI3KIB BHXiHOT
zataai. ABropamu copmysiboBate HOHTTs MOCKO-CTIHKOCTI 3a/ja4di onruMalib-
HOT'O KepyBaHHH 1 JIOBEJIEHO, 1110 BiJIHOCHO oOpaHoro tuity 30ypeHb objacti, pos-
magHyTa y poboTi onmruMizaniiina 3a/a4a € CTIKOIO.
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Mpobnemn maTeMaTUHHOro MOAENIOBAHHSI
Ta Teopii AndepeHuiaNbHNX PiBHSHb

VIK 519.6

ON THE EXISTENCE OF H!'-SOLUTIONS TO CERTAIN
IMAGE REGISTRATION PROBLEMS

O. Museyko

Institute of Medical Physics, University of Erlangen-Nuremberg,
Erlangen 91052, Germany. E-mail: museyko@gmaz.de

The solubility of the class of nonlinear optimization problems arising in image
registration is discussed. The necessary optimality conditions (Euler-Lagrange equa-
tion) for such kind of problems is a nonlinear Neumann boundary value problem
which is not known to have a solution in general. However, in the image registration
context some assumptions can be made that let us move a little bit further in this

question.

Key words. Image registration, nonlinear optimization problem, nonlinear Neumann boundary
value problem, existence of H'-solutions.

1. Introduction

Cousider the following optimization problem:

J(u) = /Q [T (x — u(x)) — I(2)|* dz + a(u,u) — inf, (1.1)

where u(x) is an offset field associated with the transformation ¢(x) = z—u(z), u
is an element of a certain class of admissible displacements W; and the application
dependent regularizing term a(-,-) is a bilinear bounded form in W x W. The
images IT (template) and I (reference) are nonnegative functions in Q. The
domain Q in R? where images are defined is assumed to be bounded and Lipschitz.
We also assume that I” can be extended by zero to R so that I” (z —u(z)) makes
sense for any u.

This is a so-called image registration problem for the monomodal images,
i.e. obtained on the same hardware so that the intensity of their pixels can be
compared directly, as in the first term in J which is a sum of squared differences
(SSD). An example of reference and template images is in Figure 1 which shows
two sets of orthogonal multiplanar projections of a human femur taken withtin
the interval of one year. The purpose of monomodal registration in this case
is to compare changes in different subvolumes of interest caused by a medical
treatment.

From this point on, the reference image I(x) is supposed to be an element
of the space L>(£2). The template image I7(z) is an element of C(Q) N C*(Q).

The regularizing term a(-, -), a bilinear form, penalizes the undesired properties
of u.

© O. Museyko, 2009
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Fig. 1. Example of a template and a reference image in R®: Orthogonal multiplanar projections
of a CT-scan of human femur. Left and right show slices from two volumes taken withtin the

time interval of one year, extracted at approximately the same anatomical position.

The existence of solutions to the problem (1.1) for several conventional regula-
rizers a(-,-) (diffusion, elastic, etc) can be readily stated in Sobolev space W =
H}(Q)? since the functional J(u) is lower semicontinuous and coercive in the
weak topology of this space (see [3], where also classical solutions are considered).
See also [2], where the well-posedness of the Euler-Lagrange system for (1.1) is
considered in abstract Banach space (of course, the solubility of the system doesn’t
guarantee the existence of minimizers for original problem).

However, when computing numerical solutions to an image registration prob-
lem, one usually works in the space W = H'(Q)?, see [1] for instance. The reason
is that the Euler-Lagrange system for the problem of type (1.1), used to compute
a solution, is usually supplied with homogenous Neumann boundary conditions
on u. These conditions are natural in image registration. Indeed, looking for the
suitable registration transformation ¢(z) = x — u(xz) which makes a template
being similar to a reference (in the sense of our image similarity measure (1.1)),
we would like to admit a non-zero offset for every pixel in a moving template
image: consider the rigid rotation as a typical example in image matching. Such
a possibility would be lost with the homogenous Dirichlet boundary conditions,
which are applied in a case of the space H&(Q)d. To the best knowledge of the
author, the existence of H'-solutions to the problem (1.1) was not yet established.

Summarizing, we can say that in the image registration area the problem
(1.1) is de facto considered in H'(Q)?, which is, despite of the great amount of
important practical results, remains formal problem. The purpose of the paper
is to fill up this gap between the theoretical and practical parts of the image
registration problem.

2. Assumptions and the proof of existence

According to the direct methods in the calculus of variations, the weak lower
semicontinuity and coerciveness of the functional are sufficient to state the exis-
tence of the minimizers. We are going to show the weak lower semicontinuity of the
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functional J(u) in H'(Q) and the weak sequential compactness of the minimizing
sequence u, only, not the coercivity of the functional J. The argument of the
direct methods is then equally applicable.

The check of the lower semicontinuity is almost straightforward, which is not
the case with the compactness. To obtain the compactness we apply the idea of
the proof of the Poincaré inequality for the sequence of functions u, which are
known to be bounded in H'(D) where D is a subset of €.

First of all we establish the following auxiliary result.

Proposition 1. Let a sequence {U,} of subsets in € be such that there exist a
sequence of points {z,} in Q which, together with the balls of some radius ¢ > 0
around them, belong to the corresponding sets U,,: B:(zy,) C U, for all n.

Then there exist a point y and a ball Bs(y) in £ which belong to every set in
a subsequence of the sets U,:

Bs(y) C Up,, k=1,2...
for some 6 > 0.

Proof. Let us fix a number § < € and consider a mesh with grid points y; € §,
i € 1,1 such that the distance between any two points in a single cell is less then
€ — 9. Assume that the corollary claimed in Proposition is false. For the point y;
it means that there exists an index m such that Bs(y1) ¢ Uy for all k > m. That
is, |z — y1| > € — 0. Now take the rest points y2,ys,...y; €  in turn. Since the
domain  is bounded, only a finite number of balls B.(z) can belong to €. This
contradiction concludes the proof. [

The following lemma is used to prove the boundedness of the minimizing
sequence 1, in the space H'(D) where D is a certain subset of §2.

Lemma 1. Let Q be bounded. Let for a sequence {u, € L*(Q)%} there exists € > 0
and a sequence of balls Be(xy,) of radius € in Q such that

s%p||un||Lz(BE(mn))d < 0. (2.1)

Then there exist a subsequence up, and such a set D C € that its Lebesgue
volume is positive £4(D) > 0 and

sngunkHLz(D)d < 0.

Proof. From Proposition 1 we readily get the existence of a ball Bs(y) in  such
that Bs(y) C Be(xy, ) for a certain subsequence of the set sequence B.(x,,). That
is,

Sl;p [wn | 22(By ()2 < 00 for all n,

which concludes the proof with D = Bs(y). O

To get use of Lemma 1 and ensure the boundedness of gradients of the mini-
mizing sequence, we suppose appropriate properties of the registration problem
(1.1).
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(A) There exist e > 0, 6 > 0, C > 0 and a sequence of balls B.(z,,) of radius ¢
in  such that if

||ﬂ||L2(Bg(xn))d > (C for all Be(wn)

then

Tz —au(z)) — I*(2)]? dz in T(x —u(z) — I%(2)]? dz .
Q/u(a: @) - el dez [ ) - I kg

(B) The continuous bilinear form af(-,-) is coercive in HZ-norm.

Remark 1. In fact, it is natural even to assume that |[@[| (g, (z)¢ > C in
assumption (A) above, since otherwise we admit the existence of a mapping
u which is (sub)optimal (the value of the functional on it can be arbitrarily
close to the infimum) and such that any neighbourhood in € contains another
neighbourhood which is sent outside of Q by .

The condition (B) is fulfilled in the above mentioned cases (elastic, diffusion
registration, etc).

We are now in a position to establish the main result.

Theorem 1. Given the problem (1.1) let the conditions (A)—(B) are satisfied.
Then there is a function u° € HY(Q)? such that J(u®) < J(u) for all u €
HY(Q)4.

Proof. Let u,, € H'(Q)? be a minimizing sequence for the problem (1.1).

Compactness of the minimizing sequence. Since the bilinear form a(u,u) is
coercive in H}-norm (condition (B)), the sequences {Vu!,} are bounded in L?(Q),
i € 1,d. Thus, we need to establish the boundedness of {u,} in L?(Q)¢ to ensure
the compactness of the minimizing sequence in H'(Q)?. Using condition (A), we
have from Lemma 1 the boundedness of {u,} in L?(D)? for some D C Q (up to a
subsequence). Then the boundedness in L%(Q)? directly follows from the Poincaré
inequality.

Consequently, one can find a subsequence of {u,} (not relabelled), which
converges weakly in H'(Q)? to some u®.

Weak lower semicontinuity. Since u, is weakly convergt in H'(Q)?, it is also
strongly convergent in L%(Q)? and, therefore, is convergent in measure. Then, by
the virtue of Fatou’s Lemma and continuity of a(-,-) we obtain

/ 7 (@ — ) = I7(2)* da + a(u®, u®)
Q

< liminf/ 1T (x — uy) — IR($)|2d$ + a(up, up).

n—oo

Q

That is, u” is a minimizer for J(u). O
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3. Closing remarks

The existence of solutions for a certain class of image registration problems
is established. To this end, a strong assumption on the behaviour of minimizing
sequence is done which however relates to the specifics of the registration problem.

The result can be extended to other registration problems which are based
not on SSD-term but on the mutual information (MI) or the cross-correlation
(CC), for example. On the other hand, the proposed argument is also applicable
for the registration problem with certain other regularizers when formulated in
an appropriate space. One example is a curvature registration problem in H 2 (Q)d
with a(u,u) = [ |Aul?dz.

Q

The condition (A), although being quite natural, is hard to verify. Therefore,
the future efforts will be to find an alternative assumption which is based on the
properties of images only and doesn’t use variational properties of the registration
problem.
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JdaHo moJiHOe pellleHue 3a/Ja49i ¢ MUHUMAJIbHON SHepruei AJjis napabo/imiIecKoro
YPaBHEHUsI C HEJIOKAJIBHBIMU KPAEBBIMU YCJOBUSMHU U CHEIUAJIbHbIM KPUTEpUEM Ka-
yecrBa. PenteHus npejcraBiieHbl B Bu/jie psigoB o buoproronansHomy 6asucy Pucca,

KOTOPBbIE CXOAATCHA K HENIPEPBIBHBIM (DYHKITHSM.

KurroueBbie ciioBa. HEJIOKaJIbHBIE KPAaEBble YC/IOBUs, MapabO/MdecKoe ypaBHEHWE, 33Ia9u C
MUHUMAJIbHOI 3HEpruei.

1. I[Tapaboamyeckue ypaBHEHUsS C HEJIOKAJIbHBIMUA KPaeBbIMU
YCJOBUAMHA

B pabote |6] paccMoTpeHo OmHOIAPAMETPUYIECKOE CEMEHCTBO HAYaIbHO-Kpae-
BBIX 3a/1a4 JIJ1s1 OJJHOMEPHOI'O0 YPABHEHUSI TEIJIOIPOBO/IHOCTH

dy 0%y
y(x,to) = p(x), 0 < z < 1, (1.2)
0y(0,t oy(1,t
vo.0) = 0, 20D _ WD ya im0 (g

rpe Il = {(z,t): 0 <z < 1,t > typ > 0}, a € R.

Ilpn o = 0 3azmaga (1.1)-(1.3) u3BecTHa Kak 3amata Camapckoro-llomnkuma.
[Mocneaunii B [4], ucuons3yst Meros pasjiejeHus [IE€PEMEHHBIX, JI0Ka3a/l TeopeMy
eIMHCTBEHHOCTH PEIIeHNUs, IPEJCTABIII €r0 B Bu/e (PyHKIMOHATHLHOTO Ps/ia, I TeM
CaMbIM IIOJIY41UJI JOCTATOYHbIC yCJ/JIOBUA CYIIECTBOBAHUA KJIACCUYIECKOI'O PDEIIEeHUA.
OcHOBHAsE TPYJHOCTH MPUMEHEHUsI METO/a Pa3/e/IeHNs ePEMEHHBIX 3aK/I04a-
JIACH B TOM, 9TO CUCTEMa COOCTBEHHBIX (DYHKIHUII OriepaTropa BTOpOil IpOu3B0O/IHOI,
HOJMMHEHHOIO KPAEBbIM yCjI0BHsiM, HE obpasyer 6asuc Pucca B L2(0,1) u maxe
HE sBJISIETCS MOJTHOM. /I TmosrydeHnsi yKa3aHHBIX BBIINIE PE3YJIbTATOB CHCTEMA,
cobcTBeHHBIX (DYHKIUI OO/ IHAIACH IPUCOEMHEHHBIMEU (DYHKIUSIMUA.

[IpuBesem 31ech OCHOBHBIE pe3ysbrarbl paborer [6]. s omeparopa Bropoit
npoussopnoit (Lu = — u”) ¢ kpaesbivu ycnosusivu (1.3) 3a1aua Ha cOOCTBEHHbBIE
TICIA UMEET J[Be CEPHUU DPEIeHuii:

AV = 2rp? ulV@) = sin@rka), k=1, 2,.. (1.4)

© B. E. Kamycran, H. C. Jlazaperxo, 2009
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AP = 2y WP (@) = sin@apa), ko= 1,2, (1.5)

e 7Y —PelleHns ypaBHeHUs
tgy = 052, 4 = 0.5 VA (1.6)
gl

[Ipu o > 0 ypasuerue (1.6) AOMOJHUTETHHO UMEET KOPEHb Yg. KMy orBedarorT
cobersennoe snadenne \g = (279)% u cobersennas dbyukuus ug(r) = sin(2vpz).
[Ipy o > 0 oTpunaTe bHbIX COOCTBEHHBIX 3HAYEHUN He CYIIECTBYET, & IpH
a < 0 cymecrByer eamHCTBeHHOe COOCTBeHHOE 3HaueHme \g = —(279)%2 < O,
rje y9 — Kopeb ypasaerus tg(y) = —0.5 «/7y. Dromy COGCTBEHHOMY 3HAUEHUIO
oTB€YaeT €JUMHCTBEHHAAd C TOYHOCTBHIO 10 HEHYJIEBOI'O MHOZKUTEJIA CO6CTBeHHa§{
dyuxims ug(x) = sh(2yz).
[Ipu jpocrarouno GosbuX k j1Jist PA3HOCTH 0 = Y, — Tk UMEIOT MECTO COOT-
HOIIIEHS
%( — @2rk)Y) < jw - 7k < % (1 + (2rk)™h. (1.7)
MHO}KeCTBO CO6CTBeHHbIX 3HAUYEHU MOXKHO YHopsAA049uUuThb 110 BO3PACTaHUIO UX
BHaYCHUIA:

1 1 2 1
0 < v < 79, yli) < v,g) < 7,(#1, k= 1,2,.., a > 0;

Yo < 0 <’y§2), %22) < ’y,gl) < 71224217 kEk=1,2,.., a < 0.

Omneparop L*, conpsizkeHHblit K oniepaTopy L, uMeeT Te ke COOCTBEHHbIE 3HAYEHNUS,
910 U oneparop L, KOTOPbIM COOTBETCTBYIOT HIPOCTHIE COOCTBEHHbIE (DYHKIMI

v,(gl)(a:) = cos(2mkz + 1y), v,(f)(aj) = cos(1(1 — 22)), k = 1,2,...,

vo(x) = cos(y(l — 22)), @ > 0; vo(x) = ch(yp(l — 2z)), a < 0,

e Uy, = arctg(a/(2mk)).

Cobcreennbie dhyukiun u(z), v(z) oneparopos L u L*, orBevatomiue pas/md-
HbIM CO6CTBeHHbIM 3HAYCHUAM )\, My BBAUMHO OPTOI'OHAJIbHBI B CMbICJIE CKAJIAPDHO-
ro npoussesenus B Lo(0,1). Crassipable npou3se/ieHusi cOGCTBEHHBIX (DyHKIHUIA,
OTBEYalomuX O/JJMHAKOBbBIM CO6CTB€HHbIM SHQUEeHUAM, UMEIOT BU/L:

(u,(f),v,(f)) = 0.5 siny(1 + (sin2%)/(27k)),

(u](:)’vl(cl)) = — 0.5 sinty, k = 1,2, ...,

(g, v9) = { 0.5 sinyo(1 + (sin2v9)/(2v)), « >0,
0:70 0.5 shyo(1+ (sh2v)/(270)), «<O0.

Breimucannas cucrema mpuBOAUTCHA K OUOPTOHOPMUPOBAHHOMY BU/LY

u,(f)(x) = sin2 9y x, v,(f)(x) = CIEQ) cos(1x(1 — 2 ),

u,gl)(x) = sin2 7k x, v,gl)(x) = C,gl) cosQmkx + Up), k = 1,2,...,
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up(z) = sin2 vy x, vo(x) = Cy cos(y(l — 22)), a > 0,
wo(z) = sh2 70, vo(x) = Cp chro(l — 24)), @ < 0,  (18)

e
CY = —2(sin ) 7Y, CF = 2((sinp) (1 + sine2y) 7, k=12,

Co = 2((sing) (1 + sinc2y0))~ L, (a > 0),
Co = 2((shno) (14 she2y0))~", (@ < 0),

npudaeM sin ey = (siny)/v,sh ey = (shvy) /7.

Hu cucrema cobersennbix dynknuii ug(x) oneparopa L, Hu 6uoproronasibuast
K Heil cucrema cobcTBeHHBIX (hyHKImil omeparopa L* me obpasyror 6asuc Pucca
B npocrpancrse Ly(0,1).

Pacemorpum Benomorarenshyio cucremy dyskimmit W, = {wj(z), j =
0,1,...}, 375eMeHTBI KOTOPO UMEIOT BUJI:

wok—1(x) = (u,(f)(x) - ug)(:n))(%k)_l = (sincdpx)x cos(2mkx + dx),

1 .
wor(z) = u](C )(x) = sin(2rkz), k = 1,2,..., wo(x) = up(z)/2v. (1.9)
g cucremsr dyukiuit W, cyiectByer buoproronajibHas K Heil cucrema (hyHK-
nuit Ry, = {ri(z), i =0,1,...}, 3;1eMeHTbI KOTOPOI MMEIOT BUJI:

ro(z) = 02 () + o (@),

rok—1(x) = 2 O v]gz)(x), E = 1,2,..., ro(x) =2 v vo(z). (1.10)

Cucrembr dyuxuuii W, R, obpasyior 6asucer Pucca B npocrpancrse La(0,1), a
CUCTEMBbI CODCTBEHHBIX (DYHKIHU Jid oneparopoB L u L* ABAAIOTCS MOJHBIMU B
TOM 7K€ MPOCTPAHCTEE.

B pabore |4], KaKk yKa3bIBaJIOCh BbIIIe, I cIydasd « = () mMOCTpOeHa CHCTe-
Ma coberBenHbIX n npucoeguaenabix bynknuit Wo = {Xj(z), j = 0,1,..},
9JIEMEHTBI KOTOPOil NMEIOT BUJT:

Xok—1(z) = x cos(2mkz), Xop(x) = sin(27kx),

E=1,2.., Xo(z) = = (1.11)

Jlts cucrembr dynkiuit Wy cymecrsyer 6GuoproronasibHas K Hell cucrema, (pyHK-
muit Ry = {Y;(z), i =0,1,...}, 3/1eMeHTBI KOTOPOH UMEIOT BUJI:

Yor—1(x) = 4cos(2wkx), Yor(x) =4(1 — x) X

x sin(2rkz), k = 1,2,..., Yp(z) = 2. (1.12)

Cucremsr Wy, Ry obpasytor 6a3ucel Pucca B mpocrpanctse Lo(0, 1) u mis r060ii
dbyuxkuun ¢(x) € Lo(0,1) cupasegiusa oneHka

rllgll, < D ¢ < RIgllL, (1.13)
k=0
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rme r = 3/4, R= 16, ¢k = ((25, Yk)Lz'
BoJiee roro, B [7] mokazano, uro B npocrpancrse La(0,1) MoxKHO BBECTH K-
BUBAJICHTHYIO HOPMY IIO IIPABUJLY

I6lh = (Do.d) = Y ¢t (1.14)
k=0

rie D Le(0,1) —  Ly(0,1) — HEKOTODBI 110JI0KUTEJILHO OLIPE/IeJIeHHbII
orepaTop.

B [6] a1 pesysbrarsl pacupocrpanensl Ha cucrembl Wy, Re. 3xech caepyer
OTMEeTHUTh, UT0 cucreMbl Wy, R, He mepexomar B cucrembl Wy, Ry mpum a — 0.

Takum obpasom, B pabore [6] st kpaesoit 3amaun (1.1)—(1.3) wmocrpoeno
dopmMasibHOE LIpejCraB/ieHle ee pelleHusl B Buje psijla 110 cucremam W, R, u
YCTaHOBJIEHO, UTO 9TOT PsiJ SIBJISETCS eIMHCTBEHHBIM KJIACCHIECKHM €€ PeIleHM-
€M, KOTOpoe yCTOﬁqI/IBO 110 Ha4YaJIbHbBIM yc.HOBI/IHM OTHOCHUTEJJIbHO dKBUBAJIEHTHON
HopMbl. Ilpu sToM citeyer ydecrb OTCYTCTBHE AllpHOPHBIX OIEHOK Ha pelleHue,
HO,D;O6HBIX 3a/la4aM C JIOKAJIbHBIMU KPaeBbIMU yC.HOBI/IHMI/I.

[Ipu mocTaHOBKE /st TAKMX KPAEBBIX 3314 33429 OMTHMA/ILHOIO YVIIPABIEHIS
Caeyer KaxKJiplil pa3 o0palarh BHUMAHUE Ha PA3PENINMOCTD TOCIEIHUX, TaK KaK
Meronl " Lo-Teopun" 31ech He paboTaroT.

2. PacupenenerHoe ynpaB/ieHUE C S9KBHUBAJEHTHON HOPMOii

[Iycrs yupasssemsiit mporecc y(x,t) onuchBaeTCa Kpaesoil 3ajiadeil

oy 0%y B
y(x,to) = »(x), 0 <z < 1, (2.2)
_ o 9y(0.t) oyt
y(0,t) = 0, = on + ay(l,t), t > 0. (2.3)

Tpebyerca naiitu ynpasnenue p*(z,t) € C(Q), KOTOPOE EPEBOAUT CUCTEMY
(2.1)-(2.3) B cocrosmme

y(@,T) = (z) (2.4)

U MUHUMU3UDYET (DyHKIMOHA

T

_ 2

I(p) = / Ipll3 dt. (2.5)
to

SameruMm, 9TO B 33/[a9aX C MUHUMA/IbHOI SHEPTHell B C/lydae JOKAJIbHBIX KPaeBbIX

ycasiosuii [3] B kayecrBe kpurepusi Boibupaercs dyHKIMOHAI

L(p) = /sz(a:,t)dx dt, (2.6)

KOTODBIil acOMUUpyeTcs: ¢ MoJIHOi sHeprueil cucrembl. Kpurepun (2.5), (2.6)
skBuBaeHTHbl B cMmbicse (1.13). Tlosromy panee OyaeM paccMarpuBaTh 3ajady
¢ kpurepueM (2.5), Tak KaK IIPU STOM YJAeTCs MOJYIUTh B OMPEIETEHHOM CMBIC-
Jie OKoHuaTe bHbIi pesyabrar. OcobeHHocTn pemenus 3aaun ¢ kpurepuem (2.6)
Oy/lyT pacCMOTPEHBI B KOHIIE 3TOrO ITyHKTA.
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Teopema 1. Ilycmo 6 sadaue ¢ munumarvroti snepeuets (2.1)-(2.5) dynrwyuu
o(z), ¥(x) npunadaescam obaacmu onpedeaenus onepamopa L u v # 0. Kpome
mozo, npednosoccum, wmo P(x) € C*0,1), p(z) € C3(0,1),

EP1) _ dP0) o dv(1)  d(0)

dz2 dzz2 O dz3  dz3 0 (2.7)
PPo(1)  d*o(0)

= 0. 2.

da? + da? 0 (2.8)

Tozda 3adawa ¢ munumarbrol snepeued umeem eQuHCMEEHHOE HENPEPHIEHOE HA
Q pewenue u 9mo pewenue npedcmasumo 6 sude: p*(r,t) = > pey pr(t) wi(x),
ede

2 )\0 o exp(—)\o(T — t))
1 — exp(=2Xo(T —t9)) ’

po(t) = (2.9)

ok () = (M2, P 2] eXP(—A;(f)(T —t) + [heas heol Ox(T —1t)
2k—1 H2k—1 AL
Pty b exp(=AC (T =) + [, hia] (T — 1)
— g A . (2.10)

pok (i1 hiet] — pok—1 [Pe,1, o)
JAV

B (2.9)-(2.11) obosnaueno

po(t) = exp(—A(T—1)), k > 1. (2.11)

po =1%o — wo exp(—Xo(T —to)), (2.12)
Pok—1 = Yak—1 — Pak—1 eXP(—A;(f)(T—to))j (2.13)
por = Yo + Op(T —to) pop—1 — 902kexp(_)‘](gl)(T_t0))v (2.14)

Ok, Y — Kospduyuernmor pazaoocenus Pynruyui o(x), P(x) 6 pade no cucmeme

Wa,

exp(—)\g) t) — exp(—)\gf) t)'

t) = 2.1

T
stis] = [ Ha®) bt . 2.16)

to
Ap = [hr, bia] [hea, heol — (R b2l (2.17)

2
k(1) = (exp(=N (T = 1), 0), (2.18)
Bia(t) = (=0, — 1), exp(=A (T = 1). (2.19)
Snauenue Kpumepua 0ano cLoOOAUWUMCH PAJOM

I(p") = + > T(par—1,p2), (2.20)

k=0
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2de
Io(po) = 2 Mot (2.21)
01P0 1 — exp(=2Xo(T —tg))’ ’
T
Iy (p2k—1,p2r) = / (P31 (1) + p3i(t)) dt, (2.22)
to
a4 ONMUMANLHAA MPAEKMOPUA, 3040A6AEMAHA DAIOM
@) = 3wt wla), (2.23)
k=0
2de pynryuu yi(t) onpedeasomesn xax pewenus 3aday Kowu
Yor—1(t) + )\;(f) Yor—1(t) = por—1(t), yar—1(to) = wor—1; (2.24)
. AL @)
Goe(t) + AV yor(t) = W yok-1(t) + pax(t),
ka(tO) = P2k, k = 17277 (225)
Yo(t) + Ao yo(t) = po(t), yolto) = o, (2.26)

ABAACTNCA KAGCCUNECKUM Peweruem kpaesol sadavwu (2.1)-(2.3).

Joxasameavcmeo. Sanumiem dyuximio ¥(x) B Buge paga no 6asucy W,
d(w) = wo(@) o + Y (war—1(x) Yar—1 + wor(@) Par), Y = (¥,7%). (2.27)
k=1

Bamerum, 4TO eciu Hpou3BO/IbHast (DYHKIWs o(x) IPUHAIIEXKUT O0JIACTH OLpe-
nenenus oneparopa L (L*), To niusg k03 dumenTos ee pa3/iokenust 1m0 CUCTeMe
Wa (Ra), cormacuo 6], cipaBeyiuBbl OIEHKN

C
okl < 75k = 1 (2.28)

Bazgaga (2.1)-(2.5) sxBuBaJeHTHA TAKOi 3a/1ade: HafiTH MHHIMYM (DYHKIHOHATIA

T o0
I(p) = / S P dt

LU y—

npu orpanmdenuax (2.24)-(2.26).
DTa 3a/1a9a PeLynupyeTcs B II0C/JEJ0BATEIBHOCTH KOHEIHOMEPHBIX 3asad. llpn
k = 0 6yjem umersb Takyio 3a/iady: MUHUMU3UPOBATH (DyHKIMOHAJ

T
Io(po) = / PR(t) dt (2.29)

0

[IpU OrPaHUYEHUN

T
/t exp(—2o(T — 1)) pot) dt = pio. (2.30)

0
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[lpu k > 0 caeayer MunuMu3upoBaTh OYHKIIMOHA

N T
TP pon) = / (PR r () + pRu(t))dt (2.31)

IIPU OrPAHUYEHUAX

T
/ eXP(—)\;(f)(T —t)) par—1(t) dt = pop_1,
2

0

T
/ [~0k(T — ) poe1 () + exp(=A (T = 1)) pos(t)] dt = oy, (2.32)

to
[Tpu nocrpoenun MomeHTHBIX paBeHCTB (2.32) mcnosb3oBasach (yHaMeHTa b-
mag Marpuia Wy (t, 7) aia cucremsl (2.24)—(2.25), KoTopas ©MeeT BH:

~(exp(=2P (- 7) 0

Bagaun (2.29)-(2.32) npeacraBiasgioT coboil KOHETHOMEPHBIE 33/a9H C MEHIMA/Ib-
HOIT sHeprueil. Pemenue nepsoit u3 nux, corsiacto (3|, 3agaercs dopmynamu (2.9),
(2.21). OnrumasbHOE yIpaB/IeHEe BO BTOPOIi 3a/a4e, COTIACHO |2, MIercs B Bue:

2
Pre(t) = > Bry i j(t),
=1

rpe Pl (t) = (par—1(t), par(t)), a koaddunuenrs: f ;j OAHOZHAYHO OLPEIE/IAIOTCH
U3 CHCTEMBI JTHHEHHBIX aJre0pamdecKuX ypaBHEeHUIT

Bra [Prishiei] + B2 [Pk, hio] = pok—1,
Bra [heishi2] + Br2 [hr2, o] = pok.

BorancinM cxasspHble mpon3Besenust [y i, by ;) :

1 — exp(=2 \2(T — t))

i1, hiea] =

A% ’
B 11— eXp(—()\,(:) + )\;(.32))(T — to))
[P, hip] = — E( AD @ ;
k k
1 — exp(—2 )\](f)(T - tO)))
2A? ’
[hh2, o] = N (1 — exp(-22)(T — t)) _
, ; 45]% 9 A}(:)
L 1 — exp(—()\](j) + )\,(f))(T — to)) I 1 — exp(=2 )\l(fz)(T — tO)))—F
A+ A 27

L1 exp(—22(T = t))
2 AV '
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OHpe,ZI;eJ'[I/ITeJII) BBLIIIMCAHHOII CUCTEMBI IMEET BU/I:

A, = LHAR (= ep((T - ) = ep(-A(T — w)

49 4 AP
1= exp=0Y + M@ - 1)
457 AD 0 '

Torga ynpassenns npununmaior suz (2.10)-(2.11).
Janee paccmorpum ciydaii, korga « > 0. Onenum apobu [hy i, by ]/ Ag. Tax

KaK
1 (1) (2)
Ap > ———— @ ep(-( + AD)NT - 1) -
42 52 3D A ‘ *
(1) (2) 1
— exp(=22(T — #)) — exp(-22P(T - t)) = ————x
- * 42 52 AV AP
x (1 = (exp(-A" (T = 1)) — exp(-AD (T — t)))?) =
(1 — exp(-A\ (T — 1)) (I — exp(-A\D (T — )
- 1 2 )
42 52 A0 AP
TO

[ 1, e 1] < C )\,(Cl)(l + exp(_)\l(f) (T — ty)))

Ay 1 — exp(=A\" (T = 1))
I[Pk, h2]| - 1 1 — exp(—2 /\;(f)(T — tp)) .
Ak - 25k Ak 9 Alil)
L Lo o2 A ) O e (T - )
27 - 1 — exp(—A") (T — t))
e biall 11— e~ 1)
Ay = 107 Ay e
1 — exp(—=A\ + AT = 1) 1 — exp(=2 AT - 1))
+2 ORRENG) + @) )+
A ¢ 2\
L1 exp(—2\(T — #)) _C AP (1 4 exp(—=A(T — 1))
2 A1 A, 1—exp(—\(T = t0))

Torma jy1d BeITUCAHHBIX KOI(MDMUIIMEHTOB yIIPAB/IEHUs [OIYUYUM OTEHKU:

hios hioll + [[hit, hisll C/k
Ipor—1(t)| < |por—1] 2 Pz ‘A‘L’kl k2ll €/ +

hi 1 hiall + [[het, hiall C/k
+|/‘2k| H k,1 k,2” ‘A’]E‘k,l k,l” / < C(|N2k—1| + |,U2k|)/\](€2)a

hiets Beall + lspei| s, b
pan(y] = Lot [ beall Ehomeonl eroeall 6 gy 4 e a2,
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B mpuBe/ieHHBIX OIEHKAX HCIOIH30BAHO HEPABEHCTBO u3 [6]:

Paccmorpum pa

NE

plx,t) = (p2k—1(t) wop—1(x) + pax(t) wa(x)). (2.33)

B
Il
—

Tak xak |wj(z)] < 1, j > 1, To

p(a,t)] < C Z AD (o] + ol + oar_1] (exp(=AP (T — o)) +

+ (T —t0)) + |oar| exp(—=A(T = t0))).
Tax Kak IUCIOBOIM AT
S A (lpzkat] exp(-AT(T —t0)) + lpai| exp(-A(T — b))
k=1

CXOZIUTCS, TO IS PABHOMEDHOH CXOJMMOCTH DPsiffa, CTOSINEr0 B IIPABOil 9acTh
paBeHcTBa (2.33), HY2KHO yOEAUTHCH B CXOAUMOCTHU Psijia

SN (oret| + [Warl + lpan1] O(T - to)). (2.34)
k=1
Pan (2.34) cxomurca. JleficTBUTEIBHO, B CUILY ONPEIEICHUS Yoy 1, MOJTY THM:
1 d?
Vo1 = (P, rok_1) = 205 (1/1,1),(3)) = —20; C,gQ) W(—f,cos(’yk(l —2x))).
Ay dx

Otnenbho peobpasyeM CKaIgpHOE IPOU3BEJICHIE:

2 2
d”yp 1 &) 1
(Greostont = 20) =~ TU sinGru(1 - 20 +
1 dy(x) 1 1 d%
+ 1 dd cos(e(1 —2z))lp — ye (Zoa cos(m(l = 22))).
Torpa, B cuiy (2.7), Oyuem umers:
1 d*

Yop—1 = RIS (Foa T2r-1)-

Bozspamasics K psiy (2.34), j1s ero nepBoii CyMMbl OJLY 4UM:

[e.9]

— 1
S faral < €S =
=1

k=1
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rak Kak |ri(z)] < Cp, k= 0,1,... B cuty HEOOXOIUMOr0 yCJIOBHs 0a3MCHOCTH
cucrembl (byHKnuit R, (3/1€MEHTBI CUCTEMBI JIOJI2KHBL OBbITH IOYTH HOPMUPOBAH-
HBIMH).

s Bropoit cymmbr psaaa (2.34) Oyger ClpaBejIuBbIM aHAJIOTMYHBINR PE3YJlb-
tar. JleificTBUTE/IEHO, COIVIACHO OMPEIeIeHHUIO 1oy, OyIeM HMeTh:

Yo = (¢77‘2k):(%U;(Q)—FUI(C)):(L%WUIE) + in(g)) =
k k

1 ~ 1
= (L, —10,9) cos(2mkx + ) + —C',?) cos(x(1 — 2x))).
NG A2
k k
Bropoe ckaispHOe pon3Be/ienne ObLI0 nccie0Bano Boie. [losromy ocraHoBuM-

Cd Ha 11€PBOM CKAJISIPHOM IIPOU3BEIEHUM, T. €.:

2¢ - 1 d21/)( ) . 7
(@,005(277/&7: + ) = Ik dx; sin(2rkz + T/’k)‘(l) + (27k)2 X
d3 ~ 1 d4 "
c;i(:) cos(2mkx + Yi)|p — (2rk)? (d—;f,COS(Zka +Ur)).

Orciona, yaursiBast cBoiicrBa dynkimu 1(x), nosyanm:

dy 1 1 1 1
Yo = (5> ——rak + — ( - Jrok—1) =
dz? ()63))2 20} ()\](f))z ()\]gl))2
1 d4¢ ()\]gl))2 o ()\122) 2
= g (gt @ Tok—1)
()‘k )2 r 25k()‘k )2
Tak kak W @
(2)y2 k’
265 (A7)
TO o
[Par| < =R
CrnemoBaresbHo,

Z )\l(f) [hor] < oo.
=1

Tperbs cymma psiyia (2.34) cxomurcsa B cuity coiicts dyukuumii o(x), O(t) (cm.
CXO/IMMOCTD TIEPBOii CyMMBI 9TOr0O Psijia).

Tem cambiM paz (2.33) ompenensger HempepblBHYT0 Ha (Q dbyHKmmEO H(2,t) I
[IPU 9TOM CXOJUTCH YUCIOBOM P/l

[e.9]

jk(p2k—17p2k)~
=1

e

Takum 06pa30M, MbI JIOKa3ajd, 9TO ONTUMAJILHOE yhpapienusa p*(z,t) Hempe-
PbIBHO B Objiactu () ¥ CXOJMMOCTH Psijiad, ONPEEISIONEro 3HAYCHNEe KPUTEPHUs
KadecTsa.
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Amnanormuano [6] ycramasnmumBaeMm, 4ro psazn (2.23) ompenesser eIMHCTBEHHOE
KJIACCUYECKOE pellleHne Kpaepoil 3agaqu (2.1)—(2.3).
Ecmm o < 0, TO mosty<mM TOT ke pe3ysbIar, TaK KaK IIPH 9TOM B [IPUBEJIEH-

(2)

1
HBIX OLIEHKaX CJjlejlyeT 3aMEeHUTh COOCTBEHHBIe YHC/Ia A,  Ha YHC/Ia )\l,(c ). O

Paccmorpum Ty ke 3324y ¢ MUHMMA/ILHOM dHEprueil, Ho ¢ kpurepuem (2.6).
B srom ciydae 3ajada He paciiajaercd Ha MOC/Ie0BATETbHOCTD OJHOMEPHBIX U
JABYMEpHBIX 3aja4. JleficrBuresibHo, yunreiBag npejacrasaenne dynkuuu p(x,t) B
Bujie pana 1o 6azucy Wy, kpurepuit (2.6) mpumer Bu:

Z / ) Aqj dt, (2.35)

1,7=0

rie )
Aij = / w;(z) wj(x) de.
0

Kpome TOro, npu 3ToM JIOJIZKHBI BBIIOJHATHCA MOMeHTHbIE paseHcTsa (2.30),
(2.32).

Us [1] cienyer, aro marpuna A = {A; ;175 g
OTpAHUYIEHHBI 00PATUMBIN OIepaTop B ls.

Paccmorpum runsbeproso npocrpancrso Lo(tg, ), s1eMenTamu KOTOPOro Bbl-
crymaior mocaenoBarensuocta p(t) = {p;(t)}2, ¢ mopmoit

IpecTaBIsIeT coO0M TMHEHHbIM

00 LT
Bllcator = o3 / P2(1) dt. (2.36)
1=0 0

B cuny [6] Bepra onenka

I (p)

v

B2, 10

Torga marpuia A mpejcrasisger coboii M0I0KATEIbHO-0IPE/IeIeHHbL OIepaTop
B npocrpancree Lo(tp,T) u onpejesnsser B HEM SHEPreTHYECKOe IIPOCTPAHCTBO
H 4(to,T) c mopmoii Bua

Z/ t) A;j dt.
to

1,7=0

U3 [3] caenyer, uro HA(to, T) € La(to,T). lepenninem 3ajady ¢ MUHUMAIBHOMN
sueprueii (2.35), (2.30), (2.32) B repmunax mpocrpanctBa H4(tg,T"). C stoii
ne/Ibio onpegenuM nociegosareasaocta ol (t) € Hu(tg,T), | = 0,1,... xak
pellenus ypaBHeHUN

Ad@) = flit), 1 = 0,1, ..., (2.37)

rjue

o) = {exp(=Xo(T —1)),0,...},

2k—1 (2)
t) = {0,...,0, —\7(T —1t)),0,...},
f () { - exp( k ( )) }
2k—2
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2k (1)
t) = {0,...,0, =0 (T —t), exp(=A, (T —1)),0,...}, k=1,....
) = A (T =), exp(=A, (T = 1)),0,...}
2k—2
Tak kax f{(t) € Ha(to,T), ro u o'(t) € Ha(to,T), I = 0,1,... . Torya 3aza-
9a ¢ MUHUMAJIbHOI SHeprueit hopMyIupyercss TakuM 06pa3oM: MUHUMU3UPOBATH
Kpurepui

I(p) = [pl, (2.38)

IPU OrPaHUYEHUAX
0P, = m, I = 0,1 (2.39)

IIpeamosozxmy, 1o noceosaresioctn {o'(t)}7°, obpasytor Gasuc mpocTpam-
crBa H 4(tg, T'). Torpa pemenue 3asa4u (2.38)—(2.39) MoKHA 1PEJICTABUTH B BUJE:

o0

Blt) = Y a; o),

J=0

rae ducja &y OJHO3HAYHO OIPEAEIA0TCA U3 CUCTEMbI ypaBHeHI/Iﬁ

> .
Z Qg [Qk7Q7]HA - M]jj = 0,1,... .
k=0

[Ipu sToM noc/enoBaTesbHOCTD P(t) I0/KHA OBITH TAKOM, YTOOBI HHILYIUPYEMOE
€10 OTUMaIbHOE yupasierue p(x,t) ObLI0 HEIPEPbIBHBIM.

N3m0KeHHBITT aJArOPUTM PEITEHns 331a91 ¢ MUHUMAJIbHON HEpPrueif HOCUT
dopmaibHBI XapakTep, Tak Kak Tpedyer obocHoBaHus Ha Kaxk /oM mare. [loce-
Hee yrmpaercs B m3ydenne ceoiicts Marpun A~ u {[o¥, o/]p,, k,j=0,1,..} 7%
DTOT BOIPOC MOKA OCTACTCS OTKPBITHIM. [109T0MY MpeyIoKeHHBI 3/1eCh T0/X0/1
K PEIIeHnIO 3a[a90 ¢ MIHIMAJIHHON SHEpTHeil ¢ NCIOMb30BAHNEM KPUTEPHI Katie-
crBa (2.5) gBisercs 1eaecoodpasHbIM.

3ameuanue 1. B cayqae o =0 mojsyduMm pe3ysbTar, aHAJOTUYHBINA Teopeme 1.

3. PaznenenHoe ynmpaBJieHUe

[Iycrs ynpasasiemblit npouecc y(x,t) onucbBaercs ypaBHeHueM

dy 0%y

Y24 1), 3.1

R Y0 3.)
¢ KpaesbiMu ycsiousimu (2.2)—(2.3), tae g(z) € C(0,1).
Tpebyerca waiitu yupasienue p*(t) € C(tg,T), 1oCTaBsgIONIee MUHUMYM KpPU-
TEPUI0 KAYEeCTBa,

T
6 = [ o) (3.2
to

u yjosaersopsiomee ycaosuio (2.4) (o > 0.)
YunrbiBag npejacraBienue pentenusi Kpaesoit 3agaqu (3.1), (2.2)-(2.3) B Buge
psizia 1o cucreme W, noayduMm Takyio (GOpMYyIUPOBKY 3aJadd ¢ MUHUMAJLHOM
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sueprueii: waiitu p*(t) € C(tg,T), nocrapnsomnee MEHEMYM (3.2) Opu orpanu-
YEeHUAX

T
% ]f exp(—Ao(T — ) p(t) dt = pro, (3.3)

0

T
92k—1 / GXP(—)\;(.CQ)(T—t)) p(t) dt = pop_1,
t

0

T
/t [—0k(T — 1) gok—1 + exp(=A (T = 1)) go] p(t) dt = pox, k>0, (3.4)

0
rae gj — KoaddunpenTsl pasnozkenns Gyskipn g(x) B psag o cucreme W,
[Tepedopmymupyem mpobsemy momentos (3.3) - (3.4). C sToil meapio BBe-
JeM JiBe mocsejoBaresbuoct: 1) b = {bj};?‘;o, rae bg = po/go; bak—1 =
Hok—1/92k—15
2 0 pok — Pok—1
20k 9ok — Gok—1’

b = ko= 1,..

1 2
2) X = {X]}]Oim rae xXo = )\07 X2k—1 = A]i)v X2k = A]i)7 k = 17 .
Torma mpobsrema MomenTos (3.3)—(3.4) mpuurMaer BUT:

T
| eploxm =) plo) de = by § = 0.1, (3.5)
to
[Iycts b € [lp. Torya Mbl MOJTHOCTBIO IOIAJIAEM B YCJOBHUSA PA3PEIIMMOCTH 3a-
Ja4du C MUHUMAaJIbHON SHepFI/Ief/'I JJIA Hapa6OJII/IquKOFO ypaBHeHI/IH C JIOKaJIbHBIMHA
KPaeBbIMU YCIOBUAME, U3/I0KeHHbIe B |3]. [leficTBUTEIBHO, TaK KaK

=1
§E<OO,

10, cornacio Teopeme Mionua [5], cucrema dynkuuit {exp(—x; (1" —1))}32, ne
apigercd noHoit B Lo(tp, T'). Perenne 3aqa4un ¢ MuHEMaIbHON Heprueil (3.2),
(3.5) mmmercs B mOHOM (OTHOCHTEIBHO METPUKH IpocrpaHcTBa Lao(to,T)) mpo-
crpancrse Hy(to,T) C La(to,T) B Buge: p(t) = > pey ck exp(—xx(T —t)), rae
GHCIIOBAS MOC/IE0BATEIBHOCTE ¢ = {Ci}7C ) OLpPesesAeTcsa KaK eJUHCTBEHHOe
pelienue CUCTeMbl ypaBHeHUi

00
Z Mk,j C = bj,j = 0,1,...,
k=0

My ; = 1 — exp(—(xx + x;)(T — to)) i My ep¢; < o0

Marpuma M onpegensier B lo nosioxuresbHbIil oneparop. [losromy mnocienoBa-
TeJILHOCTD {C) } IPUHA/IEIKUT SHEPreTHIECKOMY HPOCTPAHCTBY M) MOJIOKUTE b
Horo oneparopa M (ly C My).

Taxoii pe3yabTar, BOOOIIE roBOps, HAC HE YCTPAUBAET: HET JOCTATOYHBIX YCJIO-
Buii pazpenmmocru we Toabk0 B C(tg,T), no u B Lo(tg,T). Ho Gosburero moka
JIOCTHYb HE yJIAeTCs.
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Sameuanue 2. B caygae o < 0 pesyabrar Oyner aHAJIOTUYHBIM.
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In this paper we study vector optimization problems in partially ordered Banach
spaces. We suppose that the objective mapping possesses a weakened property
of lower semicontinuity and make no assumptions on the interior of the ordering
cone. We derive sufficient conditions for existence of efficient solutions of the above
problems and discuss the role of topological properties of the objective space.
We discuss the scalarization of vector optimization problems when the objective
functions are vector-valued mappings with a weakened property of lower semicon-
tinuity. We also prove the existence of the so-called generalized efficient solutions
via the scalarization process. All principal notions and assertions are illustrated by

numerous examples.

Key words. Vector optimization problem, efficient solutions, objective mapping, property of
lower semicontinuity, generalized efficient solutions.

1. Introduction

The main goal of this paper is to discuss one class of vector optimization
problems in Banach spaces in the case when the objective vector-valued mapping
possesses a weakened property of lower semicontinuity. The classical setting of
vector optimization problems usually consists in the investigation of “optimal”
elements of a non-empty subset of a partially ordered objective space, where by
“optimal” elements one mainly means the minimal elements or several variants
of this concept, for example, strongly minimal, properly minimal and weakly
minimal elements. Therefore, an important aspect in the vector optimization is
to find conditions which guarantee existence of the so-called efficient solutious,
which are defined as inverse images of the minimal elements of the image set. The
following result is well-known: if the image of admissible solutions in an objective
Banach space is compact then the set of efficient solutions is non-empty. Since the
compactness is a very restrictive assumption, at least in an infinite-dimensional
setting, many authors have tried to weaken it. The typical way to do it is to endow
the objective mapping with some lower semicontinuity properties. In the vector-
valued case there are several possible ways to extend the “scalar” notion of lower

© P. I. Kogut, R. Manzo, I. V. Nechay, 2009
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semicontinuity (see, for example, |3, 4, 5, 7, 8, 13, 16, 20|). We could mention the
lower semicontinuity, quasi lower semicontinuity, and order lower semicontinuity.
However, the above properties for the objective functions may fail at an efficient
solution, even for simple vector optimization problems with non-empty solution
sets. This is an atypical situation for the scalar case

I(z") =inf{I(z) : z€ X}, (1.1)

where each solution x* is always a point of lower semicontinuity of the cost
functional 7 : X — R.

The next problem, which motivated our efforts in this field, concerns the
following observation: if the scalar problem (1.1) has a non-empty set of solutions,
then

inf{I(z) : x€ X} =min{l(z) : z € X} = min|closure{I(z) : z € X}].
However, in the case of vector optimization, the typical situation is:
Min(S) # (0, Min [closure(S)] # 0, and Min(S) N Min [closure(S)] = 0,

where by Min(S) we symbolically denote the family of all minimal elements of a
subset S

Thus our prime interest in this paper is to consider vector optimization prob-
lems in a new setting, which involves topological properties of the objective space,
and discuss the problem of their scalarization. We deal with the case when the
objective mappings take values in a real Banach space Y partially ordered by a
pointed cone A with possibly empty interior. In contrast to the classical setting
of the vector optimization problem

Minimize f(x) with respect to the cone A subject to x € Xy, f: X =Y,
we study the problem in the following formulation:

Realize Inffg’eTXa (x) (1.2)

and associate this problem with the quaternary (Xy, f, A, 7), where the essential
counterpart is the choice of the topology 7 on the objective space Y.

We also extend the concept of lower semicontinuity to vector-valued mappings,
which is compatible with optimization problems in the form (1.2), and discuss
the existence of the so-called (A, 7)-efficient solutions to the problem (1.2). In
particular, we show that the extended concept of lower semicontinuity does not
fail at (A, 7)-efficient solutions, however the topological properties of the spaces
(X,0) and (Y, 7), where this problem is considered, play an essential role. In view
of this, our main intension deals with the scalarization of vector optimization
problems (1.2) with the so-called (A, o x 7)-lower semicontinuous mappings, using
the “simplest” method of the “weighted sum”. We show that in this case one of
the fundamental requirements on the scalarizing vector optimization problems
(according to Sawaragi et al. [18]): solutions to the scalarized optimization problem
must also be minimal solutions to the original vector optimization problem, may
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not hold. Moreover, we show that for (A,o x 7)-lower semicontinuous mappings
f: Xy — Y a situation is possible, when none of the scalar functions, obtained
by “weighted sum”approach, is sequentially lower semicontinuous. For this reason,
we extend the notion of (A,7)-efficient solutions to the so-called generalized
solutions of the vector optimization problem. We study their main properties
and derive sufficient conditions when the generalized solutions can be obtained
via the scalarization process of (1.2).

2. Notation and Preliminaries

Let X and Y be two real Banach spaces. We assume that X is reflexive and
Y is dual to some separable Banach space V (that is Y = V*). We suppose
that these spaces are endowed with some topologies 0 = o(X) and 7 = 7(Y),
respectively. By default o is always associated with the weak topology of X,
whereas 7 is associated with the weak-x topology of Y. For a subset A C Y we
denote by int; A and cl; A its interior and closure with respect to the T-topology,
respectively. We will omit this index if no confusion may occur. Let A be a 7-
closed convex pointed cone in Y. No assumption is imposed on the topological
interior of A. Throughout this paper, we suppose that Y is partially ordered with
the ordering cone A. We denote with <, a partial ordering introduced by the cone
A, that is, for any elements y,z € Y, we will write y <p z whenever z € y + A
and y <p zfory,z €Y, if z—y € A\ {0y }. We say that a sequence {y;}po; CY
is decreasing and we use the notation y; \, whenever, for all k¥ € N, we have
Yk+1 <A Yr. We also say that a sequence {yx}ro; C Y is bounded below if there
exists an element y* € Y such that y* <j yi for all k£ € N.

For the investigation of “optimal” elements of a non-empty subset S of the
partially ordered space Y one is mainly interested in minimal or maximal elements
of S.

Definition 1. (see [11|) An element y* € S C Y is said to be minimal of the set
S, if there is no y € S such that y < y*, y # y*, that is

SNy —A)={y"}

Definition 2. (see [11]) An element y* € S C Y is said to be weakly minimal of
the set S, if
SN (y*—cor(A) =0,

where by cor (A) we denote the algebraic interior of A, that is,

cor(A) :={zZe€V |VzeV thereisan a > 0 with
Z4+aze A foral ael0,al}.

Let Miny (S) denote the family of all minimal elements of S. We say that an
element y* is the ideal minimal point (or a strongly minimal element) of the set
S,if y* € S and y* <p y for every y € 5.

Let us introduce two singular elements —oop and +o0op in Y. We assume that
these elements satisfy the following conditions:

1) —oop 2y =X +oop, Vy€Y; 2)+o00p + (—oop) = Oy.
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Let Y* denote a semi-extended Banach space: Y* =Y U {+o00,} assuming that
| +ooally =400 and y+ A(+oop) =+ VyeY and VA > 0.
The following concept is a crucial point in this paper.

Definition 3. We say that a set F is the efficient infimum of a set S C Y with
respect to the 7 topology of Y (or shortly (A, 7)-infimum) if E is the collection
of all minimal elements of cl; S in the case when this set is non-empty, and E is
equal to {—oop} otherwise.

Hereinafter we denote the (A,7)-infimum for S by Inf*" S, Thus, in view of
the definition given above, we have

AT S Miny (cl- S), Minp(cl, S) # 0
| —oon, Miny (cl; S) = 0.

The following example shows the significance of this definition and compares

it with the notion of minimal elements.
Ezample 1. Let Y = R? and let A = Ri be the natural ordering cone of positive
elements in R2. Suppose that the set S C Y is given as S = U3_, X;, where

Xi={2€R?® : 21>1, 20>3, 21 +2 <5},

Xo={2€R?® : 21>2, 20>2, 21 +2 <5},

Xs={2€R? : 21 >3, 20>4, 21 +2 <5},

Xy ={(2:3),(32)}

(see Fig. 1). It is essential that the set S is not closed. Then the set Mina (S) of

Fig. 1. The set S in Example 1
all minimal elements of S is given as

Miny () = {(2;3), (3;2)},
whereas the (A, 7)-infimum of the S reads as

InfA7(8) = {(1;3),(2:2), (3; 1)},
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where 7 is the strong topology of R?. Consequently, in contrast to the scalar case
where the inclusion Miny (S) C Inf»7 S is always true, we have:

Inf7(S) # 0, Mina(S) # 0, and Inf*7(S) N Miny(S) = 0.

Let Xp be a non-empty subset of the Banach space X, and f : Xy — Y be
some mapping. Note that the mapping f : Xy — Y can be associated with its
natural extension f : X — Y® to the whole space X, where

iy _ f(x)v WS X87
)= { +oop, T ¢ Xp.

Following [1] a mapping f : Xy — Y* is said to be bounded below if there
exists an element z € Y such that z <, f(z) for all z € Xj.

Definition 4. A subset A of Y is said to be the efficient infimum of a mapping
f: Xog—Y

with respect to the 7-topology of Y and is denoted by Infi\gxa (x), if A is the
(A, 7)-infimum of the image f(Xy) of Xp in Y, that is,

Inf)" f(x) = Inf™ {f(z) : Vo € Xp}.

Remark 1. It is clear now that if a € Inff;’eTXa f(x) then
cl: {f(x) : Ve e Xg}N(a—A) ={a}

provided Miny [cl; {f(z) : Vz € Xa}] # 0.

Let {yi}re be a sequence in Y. Let L{y,} denote the set of all its cluster
points with respect to the 7-topology of Y, that is, y € L7{yg} if there is a
subsequence {yx, }5°, C {yr}re, such that yx, — yin Y asi — oo. If this set is
lower unbounded, i.e., InfA" L7{y;,} = —ocop, we assume that {—oopr} € L7{y;}.
If Sup™”™ L7{yx} = +oon, we assume that {+oor} € L7{ys}. Let 29 € Xp be a
fixed element. In what follows for an arbitrary mapping f : Xy — Y we make
use of the following sets:

L7 (fwo) = J L@}, 2.1)
{z1} o2, €5 (20)
LXT(f,20) = L7 (f,20) N Infh f(2), (2.2)

where M, (z) is the set of all sequences {zy},—; C X such that z — o with
respect to the o-topology of X. To illustrate the characteristic features of the set
LZ5T(f, x0), we give the following example.

Ezample 2. Let Xy = [1;3], Y = R?, and let A = R% be the ordering cone of
positive elements. We define a vector-valued mapping f : Xy — Y as follows:

f<x>={ E

2.3
2, -t 2
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f
\f(xa)
2 C—
1 [ )
1 3 1 2 3

Fig. 2. lllustration of the set LI X7 (f, zo)

min

(see Fig. 2). Then
L7 (f,x0) = {f(w0)} Vo € (1;3],

Lo (f1) = {[;] ;[f}}, and InfggXaf<x>=:{[;] ;[f}}

Therefore, L7 7(f, z9) = 0 in the case when x¢ € (1;3], and

e ={ 5]+ 2]}

Remark 2. It is easy to see that the set L7X7(f, z9) can be alternatively defined

as "
Lo (fowo) = {y" € L7 (fao) i f(mx) 5 v,
flxp) <ay* VEEN, Vo, > xo}. (2.4)
Now we are able to introduce the notion of the lower limit for the vector-valued

mappings.

Definition 5. We say that a subset A C Y U {£oo,} is the A-lower sequential

limit of the mapping f : Xs — Y at the point xg € Xy with respect to the

product topology o x 7 of X x Y, and we use the notation A = lim ian’Z f(x),
T — T0

it

LU>-<T ,.'1: bl LJ>'<T 7$ ?
liminf?  fla):={ ™ (. 20) min (/:70) # (2.5)
— WfN Lo (f ), L3 (f ) = 0

Remark 3. Note that in the scalar case (f : Xy — R) the sets
Infé\gXa f(z) and  InfMLOXT(f, 20)

are singletons. Therefore, if L7 (f,zo) # 0 then we have

Lo (fr0) = LT (f x0) NInfp ) f(x)
= Inf8" LOXT(f, 20) N Infg’gx6 f(x)
= InfM LI (f, 2).

Hence the choice rules in (2.5) coincide and we come to the classical definition of
the lower limit.
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To illustrate the crucial role of the conditions

Lo (fizo) #0 and LT (f,20) =0

min min
in Definition (5), we give the following example.

Ezxample 3. Under assumptions of Example 2 we consider the mapping f : Xy —
Y defined as follows (see Fig. 3):

Fig. 3. Illustration of Definition 5 in Example 3

HEEEE!

A =1, =0

Let us define the A-lower sequential limit of f: Xy — Y at two points: firstly at
xo = 1, and after at xg # 1. Then direct calculations show that

it {[J v~ )

LO¥T(f,20) = {["””10}} Vo € (1;3].

Hence, since
LOXT(f,20) := Inf>" f(z) "L (f, 20) =0 for every zg € (1;3],

min zeXy

it follows that

liminfﬁimo f(z) = Inf7 { [3310} } = { [3310] } :

At the same time, in the case when zg = 1, we have

LI (f,1) := Infi\gxa F(x)NLOXT(£,1) = { E] } :

As a result, we conclude:

liminf7  f(z) = LE5T(f,1) = {m }
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3. The setting of vector optimization problems

Let Xy be a non-empty o-closed subset of the reflexive Banach space X.
Let Y be a partially ordered Banach space with a 7-closed pointed ordering cone
A CY.Let f: Xy — Y bea given mapping. Then the typical vector optimization
problem can be stated in general manner as follows:

Minimize f(x) with respect to the cone A } (3.1)

subject to = € Xjy.

Usually this problem is associated with the triplet (Xp, f, A), where the set Xy is
called the set of admissible solutions to the problem (3.1). The problem consists in
determining minimal (or weakly minimal) solutions ™" € X, which are defined
as the inverse image of the minimal (or weakly minimal) elements of the image set
f(Xp) in the sense of Definition 1 (or Definition 2, respectively). Let Min(Xp, f, A)
and WMin(Xp, f, A) denote the sets of minimal and weakly minimal solutions to
the problem (3.1), respectively. It is clear that the notions “minimal”and “weakly
minimal”are closely related, moreover, the following inclusion is obvious

Min(Xp, f,A) € WMin(Xy, f,A).

However, the concept of weak minimality is rather of theoretical interest, and it
is not an appropriate notion for applied problems.
In contrast to (3.1) we will consider the vector optimization problems in the
following form:
. A,
Realize Inf, [y f(z), (3.2)

where the operator Infﬁgxa is defined in Definition 4. Note that in this case the

optimization problem (3.2) can be associated with the quaternary
(Xo, [ A7), (3.3)
which indicates that the essential component of this setting is the choice of the

T-topology on the objective space Y.

Remark 4. It is clear that vector optimizations problems (3.1) and (3.2) are
identical in the case when ¥ = R and A = R4, and they lead to the classical
setting of a scalar constrained minimization problem. However, in general, there
is a principal difference between the mentioned setting of vector optimizations
problems. First, as follows from (3.2), it is natural to say that an element z* € Xy
is a solution to the problem (3.2) if

f(z") e Infi\gXa (x). (3.4)
Hence, f(z*) € Miny (cl; f(Xp)). Since f(x*) € f(Xp) it follows that
f(a:*) € Miny f(Xa)

Therefore, * is a minimal solution to the problem (3.1), i.e. z* € Min(Xy, f, A).
However, as follows from Example 4 given below, the converse statement is not
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true in general. Note that this situation is atypical for the scalar case when we
always have the implication

it f(z*) = ;161}?8 f(z), then z* € Xy and f(z¥) = gcien)g(9 f(x).

On the other hand, as follows from Definition 4, the problem (3.2), and hence the
set of its solutions, essentially depend on the properties of the T-topology of the
objective space Y. Thereby, the problems (3.1) and (3.2) are essentially different.
We introduce now the following concept.
Definition 6. An element 2°// € Xj is said to be a (A, 7)-efficient solution to
the problem (3.2) if 2¢// realizes the (A, 7)-infimum of the mapping f: Xy — Y,
that is,
eff AT — InfAd 7 .
f@) eInf, 2 f(z) =Inf>" {f(z) : Vo € Xp}.

We denote by Eff;(Xg; f; A) the set of all (A, 7)-efficient solutions to the
vectorial problem (3.2), i.e.

Eff,(Xp; f3 A) = {xeff € Xy ¢ f(a) e fhyy (x)}. (3.5)

Taking into account the motivation of Remark 4, we come to the following obvious
result:

Proposition 1. Let X and Y be two Banach spaces, let Xy be a non-empty
subset of X, and let f : Xy — Y be an objective mapping. Assume that the space
Y is partially ordered by a 7-closed pointed cone A C Y. Then the solution sets
to the problems (3.1) and (3.2) satisfy the relation

EHT(X67 VE A) C MIH(Xg,f, A)

The sets Eff;(Xg; f; A) and Min(Xp, f,A) do not coincide in general. To
illustrate this fact, we give the following example.

Ezample 4. ( see [12]) Let X =Y = R? and let A = R? be the ordering cone of
positive elements. We suppose that a vector-valued mapping f : X — Y and a
set of admissible solutions Xy are such that f(z) =z and Xp = U_, X;, where
Xi={z€R®: 21>1, 29>3, 21 +2 <5},
Xo={2€R?* : 21>2, 20>2, 21 +2 <5},
ng{z€R2 2 >3, 29 >4, z1+zQ§5},
Xy ={(2:3),(3;:2),(3: 1)}

(see Fig. 4). Then straightforward calculations show that

o ={[3. [} s ={3. ]

Hence
e 0= ([} s 2.7}



70 P. 1. KOGUT, R. MANZO, I. V. NECHAY

Fig. 4. The image of the set X5 in Example 4

The aim of this section is to obtain an existence theorem of the (A, 7)-efficient
solutions for a vector optimization problem (3.2), that is, to find sufficient condi-

tions which guarantee the relation Eff;(Xg; f; A) # (0. Let f: X — Y* denote
the natural extension of f: Xy — Y to the whole X. We begin with the following
concept of lower semicontinuity for vector-valued mappings.

Definition 7. We say that a mapping f : Xy — Y is (A, o x 7)-lower semiconti-
nuous ((A, o x 7)-Isc) at the point oy € Xy if

flzo) € liminf™7  fla).

X — 0
A mapping fis (A,o x 7)-lsc if f is (A,o x 7)-lsc at each point of Xj.
The main motivation to introduce this concept is the following observation.

Proposition 2. Let X be a Banach space, and let Y be a partially ordered
Banach space with an ordering 7-closed pointed cone A. Moreover, let Xg be a
non-empty subset of X and let f : Xy — Y be a given mapping. If 20 € X is
any (A, 7)-efficient solution to the problem (3.2), then the mapping f: Xy — Y
is (A, o x 7)-1sc at this point for any Hausdorff topology o on X.

Proof. Let 2° € Eff .(Xp; f; A). Then f(z%) € Infﬁgxa f(x). On the other hand
f(2°) € LEZT (f,2°)

for any Hausdorff topology o on X. Hence
(@) e LTXT(f, 20).

As a result, by Definition 5, we have

F(2°) € liminf7 o f@).

r—T

This concludes the proof. O
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Before proceeding further, we note that the concept of (A, o x7)-lower semicon-
tinuity for the vector-valued mappings, given above, is more general than well
known extensions of the “scalar” notion of lower semicontinuity to the vector-
valued case (see, for example, [3, 4, 5, 7, 8, 13, 16]). We recall now a few main
definitions of lower semicontinuity of vector-valued mappings with respect to the
product topology ¢ x 7 on X x Y, introduced in [7, 8, 10, 19].

Definition 8. (see [8]) A mapping f : X — Y* is said to be sequentially lower
semicontinuous (s-lsc) at 2° € X, if for any y € Y satisfying y <x f(2") and for
any sequence {zy }re; of X o-convergent to z°, there exists a sequence {yx}re, C
Y 7-converging to y in Y and satistying condition yi < f(zx), for any k € N.

Definition 9. (see [7]) A mapping f : X — Y* is said to be quasi lower
semicontinuous (g-lsc) at 20 € X, if for each b € Y such that b #5 f(z°), there
exists a neighborhood O of 2% in the o-topology of X such that b %5 f(z) for
each z in O.

A mapping f is s-Isc (resp., ¢-Isc) if f is s-Isc (resp., g-lsc) at each point of
X. It is clear that the s-lsc-property of f at z implies its ¢-lsc at this point. To
characterize the properties of (A, X 7)-lower semicontinuity more precisely, we
give the following result.

Proposition 3. (see [12]) If a mapping f : Xy — Y is ¢g-lower semicontinuous at
2" € Xp with respect to the o x 7-topology on X x Y, then f is (A, o x 7)-lower
semicontinuous at this point.

As a consequence of this result and the properties of quasi-lower semicontinuity,
we have: if f is s-lsc then f is (A, x 7)-Isc. However, in general, (A,o X 7)-Is
continuity of the vector-valued mappings does not imply their ¢-Isc property.
Indeed, let us consider the following example.

Ezample 5. Let X,q9 = [-3,—1], Y = R? and let A = Ri be the ordering cone
of positive elements. We define a vector-valued mapping f : X,q — Y as follows

(see Fig. 5):
{ (5] e # -1

flx) =
2, e=-1

(3.6)

Let xg = —1. Then

o) = m liminty  fla) = {m B]} (3.7)

(see Fig. 5). Let us take b = [1é5]. Obviously b #a f(zo) and there is no
neighborhood of the point xq such that b #a f(z) for all z from this neighborhood.
Hence, this mapping is neither g-Isc nor Isc mapping at the point xy. However,
by (3.7), we have the inclusion

f(zo) € liminfigx flo).

Hence, f is the (A, o0 x 7)-lower semicontinuous mapping at zo = —1.



72 P. 1. KOGUT, R. MANZO, I. V. NECHAY
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Fig. 5. The example of (A, o X 7)-lsc mapping which is neither s-Isc nor g-lsc mapping

Before going on further, we prescribe some additional properties to the ordering
cone A.

Definition 10. Let (Y, 7) be a real topological linear space with an ordering cone
A. The convex cone A is called Daniell, if for every decreasing net (i.e. ¢ < j =
yj <A ¥i), which is lower bounded, T-converges to its (A, 7)-infimum.

Condition ensuring the Daniall property are given by the next lemma.

Lemma 1. Let (Y, 7) be a real topological linear space with an ordering cone A. If
Y has compact intervals [—z, z] and A is T-closed and pointed, then A is Daniell.

For this result see Borwein [6]. A typical example of Daniell cone with respect
to the weak topology of LP(Q2) (1 < p < +00) is the so-called natural ordering
cone in LP(§) which is defined as

App) =1{f € LP(Q) : f(x) > 0 almost everywhere on Q}.

Definition 11. We say that a non-empty subset Yy of a real topological space
(Y, 7) with an ordering cone A is lower semibounded if every decreasing net {y;} C
Yy is bounded from below.

As a direct consequence of Definition 11, we have the following observation.

Remark 5. Let Yy be a lower semibounded subset of a partially ordered linear
topological space Y with a 7-closed ordering cone A. Then, for any z € Yj
the section Yy = ({z} —A) NYp of ¥y is bounded from below, that is, there
exists an element z* € Y such that z* <, y for all y € Y7. Hence, the lower

semiboundedness of a subset Y} implies the lower semiboundedness of its 7-closure
ClT Y().

Now we are ready to formulate the main result of this section.

Theorem 1. Let (X,0) and (Y, T) be two real topological linear spaces, and let Y
be partially ordered with the T-closed pointed Daniell cone A. Moreover, let Xg be
a non-empty sequentially o-compact subset of X and let f: Xg — Y be a given
(A, 0 x T)-lower semicontinuous mapping. Then the vector optimization problem
(8.2) has a non-empty set of (A, 7)-efficient solutions.
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Remark 6. Before the proof, we note that in contrast to the scalar case for vector
optimization problem (3.2) with a sequentially o-compact subset of Xy and (A, o x
7)-lower semicontinuous objective mapping f : Xy — Y, the image set f(Xp) can
be unbounded from below. It means that, in general, there does not exist an
element y* € Y such that f(X5) C {y*} + A. Indeed, let us consider the following
example: let X = R, Xp = [0;1], Y = R?, and let A = R% be the ordering cone
of positive elements. We suppose that a vector-valued mapping f : X — Y is
defined as follows:

fz) = {_11/5“’] it 2 [0:1), and f(1) = [_02

S (v | e ()

it follows that
s s eAT _ -2
hmlnfxilf(x) = {[ 0 ]}

Hence this mapping is (A, o x 7)-lower semicontinuous on Xy. However the image
set f(Xp) is unbounded from below (see Fig. 6).

Since

Le

Fig. 6. The example of (A, o X 7)-lsc mapping with lower unbounded image

Proof. Since the proof of this theorem is rather technical, we divide it into several
steps.

Step 1. First we show that the image set f(Xp) is lower semibounded in the
sense of Definition 11. Indeed, let us assume the converse. Then, there exists a
sequence {xy},—; C Xp such that the corresponding image sequence

{yr = fzr) 12y C F(Xo)

is decreasing (i.e., yr+1 <A yx Vk € N) and unbounded from below in Y. Hence
—oop € L™ {yg}, where L™ {y; } denotes the set of all its cluster points with respect
to the 7-topology of Y. By the initial assumptions, the family {x;};2, C Xp is
sequentially o-compact, so we may suppose that z, — z* in X, where z* is some
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element of Xp. Since the sequence { f(zx)}r—; is unbounded from below, we have
{—oop} € LZ7(f,2*). Hence, by Definition 5,

liminfiim* f(z) ={—oop}.

On the other hand, taking into account the (A, o x7)-lower semicontinuity property
of f, we obtain
f(z¥) € iminf™]  f(x)
r— X

which contradicts the previous conclusion. This proves Step 1.
Step 2. Let us prove that the set Inf;\gixa f(z) is non-empty. We show that
there exists at least one decreasing sequence {yx}re; C f(Xp) such that

Y — Y€ Infﬁ&a f(z) =InfM {f(z) : Vo € Xy}.

Let y be an arbitrary element of cl; f(Xy). To begin with, we show that for any
neighbourhood of zero V; in (Y, 7) there exists an element y" € cl, f(Xp) such
that

y¥ <ay and ({g”} = A\{0y}) N (el f(Xo)\ (V- + {9¥}) = 0. (38)

Having assumed the converse, we suppose the existence of a sequence

{yetiz, Cclr f(Xo)

such that

v1 € f(Xo), k1 € (ur} — AN{Oy}) N (el f(Xo) \ (Vr +{yx})) Yk eN.

Since yr+1 € {yr} — A\ {0y}, this sequence is decreasing. Taking into account
Remark 5, the set cl; f(Xpy) is lower semibounded. Therefore, there exists an
element y* € Y such that y* <j yi for all k£ € N. Hence, by Daniell property, this
sequence T-converges to its (A, 7)-infimum: yy, 5 ¥ € Y. However this contradicts
the condition

Ye+1 € clr f(Xo) \ (Vr +{yk}) VEkeN

Thus the choice by the rule (3.8) is possible for any neighbourhood V.

Let {Vi};2, be a neighbourhood system of zero in (Y, 7) such that V41 C Vg
for every k € N, and for any neighbourhood V(0y) in (Y, 7) there is an integer
k* € N such that Vg C V(0y ). Then, using the choice rule (3.8), we can construct
a sequence {uy}re; C clr f(Xp), where u;y is an arbitrary element of f(Xp), as
follows

upr1 <a up and ({ur} — A\ {0y })N
Nl f(Xo)\ Ve +{ur})) =0 Vk>1. (3.9)

Since ug41 € {ur} — A it follows that

ups1 € cly f(Xp) and ugyq € cly f(Xo) \ (Vi + {ur}).
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Hence, in view of Daniell property, {uy } 7, is the 7-converging decreasing sequen-
ce. As a result, there is an element

u* € InfA7 {uy, € cl, f(Xp) : Yk € N}

such that up — w*. It is clear that u* € cl, f(Xy). Our aim is to prove that
uw* € InfA {f(x) : V& € Xy}. To do this, we assume that there exists an element

geInf> {f(z) : Vo e Xy}

such that ¢ <j w*. Since u* < wuy for all £ € N, it follows that ¢ < wuy for all
k € N. Then (3.9) ensures that

({g} = ANA{O0y }) N (clr f(Xa) \ Vi +{ur})) =0 VEkeN. (3.10)

Hence (3.10) and the fact that ¢ € cl; f(Xp) imply g € Vi + {uy} for every k € N,
that is, up — ¢ in Y. Thus u* = ¢ and this concludes the Step 2.

Step 3: We show that the set Eff - (Xg; f; A) is non-empty. Let £ be any element
of Infi\gxa f(x). Then, by Definition 4, there exists a sequence {y}ro; C Y such

that yr, — ¢ in Y. We define a sequence {zy}7e, C Xp as follows x = £~ (yx)
for all £ € N. Since the set Xy is sequentially o-compact, we may suppose that
there exists 29 € Xp such that z;, — =z in X. Hence & € Lo*7(f,z0), and we
get

L7 (f,20) NInfy f(x) # 0.

Then, due to the (A,o x 7)-lower semicontinuity of the mapping f on Xy and
Definition 5, we obtain

f(zp) € lim infM7 f(x)=L7"(f,z0) N Infi\gxa ().

T — T

Thus, on the one hand,
f($0) S LUXT(fa $0)7

which implies the equality
flwo) = &= 7= lim yj.

On the other hand, ¢ € Infé\gXa (x). Hence, zop € Eff.(Xp; f; A) and this

concludes the proof. O

4. Vector optimization problems for (A, o x 7)-lower
semicontinuous objective mappings and their scalarization

Typically, scalarization means the replacement of a vector optimization prob-
lem by a suitable scalar optimization problem that is an optimization problem
with a real-valued objective functional. It is a fundamental principle in vector
optimization that optimal (minimal) elements of a subset of a partially ordered
linear space can be characterized as optimal solutions of certain scalar optimization
problems. For the problem (3.1), a wide family of scalar problems is known,
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which fully describe the set of all minimal elements Min(Xy, f, A) under suitable
assumptions (see, for instance, [9, 11, 14, 15] and the references therein). However,
our prime interest is to describe the set Eff . (Xy; f; A) of (A, 7)-efficient solutions
to the vector problem (3.2) (see (3.5)), which involves some topological properties
of the objective mapping f and the space Y. In order to do it, we will consider
the problem of scalar representation of vector optimization problem (3.2) with
a (A,o x 7)-lower semicontinuous mapping f : Xy — Y, using the “simplest”
method of the “weighted sum”.

To begin with, we introduce some additional suppositions. As was mentioned
above, the objective space Y is dual to some separable Banach space V' (that is
Y = V*). Suppose that the space V is partially ordered with a nontrivial pointed
ordering cone K C V for which A is the dual cone, that is,

A=K":= {yGY t (Y, Ay, = 0 for all )\GK}. (4.1)

Definition 12. We say that A € V is a quasi-interior point of the cone K if
A € K and (b, )\>Y;V >0 for all b€ A\ {0}.

We denote by K* the set of all quasi-interior points of K. Note that, in general,
we have the inclusion cor (K) C K*, where cor K is an algebraical interior of the
cone K (for more details we refer to [11]).

In what follows, we associate with the vector optimization problem (3.2) the
following scalar minimization problem

(@) = (f(2), A)y.,, — inf subject to v € Xg C X (4.2)

where A is an element of the cone K.
The main property of this problem can be characterized as follows.

Theorem 2. Let X and Y = V* be two real Banach spaces, let Y be endowed
with the weak-x topology T, and let Y be partially ordered with the cone A = K*,
where K is an ordering cone in V with a non-empty quasi-interior K*. Let also
Xo be a non-empty subset of X, and let f : Xg — Y be a given mapping. Assume

that there are elements 2° € Xy and A\ € K* such that 2° € Argmin (f(x), \)y.i/-
zeXp ’

Then z2° is a (A, 7)-efficient solution to the problem (3.2).

Proof. By the initial assumptions, we have
f)\(ajo) - f)\($) = <f($0) - f(ﬂf), A>Y;V < 07 Vr e Xa' (43)

Let z be any element of the image set cl; f(Xs). Then there exists a sequence
{zk )72, C Xp such that f(z) = zin Y as k — co. Hence, in view of (4.3), we
get

(@) = f@r): )y, <0, VEEN (4.4)

Passing to the limit in (4.4) as kK — oo, we obtain

(f(2°) — 2, Ny €0, Vzecd; f(Xp). (4.5)
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Let us assume that x° ¢ Eff (Xps; f; A). Then there exists an element h €
cl, f(Xy) such that h <5 f(z°). So, f(2°) —h € A\ {0y }. Hence, by Definition 12,

(f(@®) = hA)y >0,

and we come to a contradiction with (4.5). So, #° € Eff;(Xp; f; A) and this
concludes the proof. O

As an evident consequence of this result, we have the following conclusion.

Corollary 1. Under suppositions of Theorem 2, we have

U Argmin (f(x), A}y, C Bff-(Xo; f; A). (4.6)
e Kt zeXy

Remark 7. Note that Theorem 2 generally fails when A € K \ K*. Indeed, let
V =Y =R% Xy = [1,2], and let A = R% be the ordering cone of positive
elements (then K = A). We define the objective mapping f : Xy — Y as follows:

f@ =]

1
} if xe€(1,2], and f(x)= [2] at the point x =1
(see Fig. 7). Straightforward calculations show that

Z,

Fig. 7. The example of the problem for which Eff;(Xp; f; A) =0

liminfﬁilf(x) = E] ,

and hence Eff;(Xpy; f; A) = 0. However, if we take A\ = [(1)] € K\ K¥ then

(f(@), A>v*;v =z

and hence
Argmin (f(z), Ay« = {1} € Eff-(Xo; f; A).
z€(1,2]

Before proceeding further, we note that the objective mapping in Theorem 2
does not possess the (A, x 7)-lower semicontinuity property, in general. So the
question is about the solvability of the associated scalar minimization problems
(4.2) with A\ € K*. Following the direct method in the Calculus of Variations, the
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constrained minimization problem (4.2) has a non-empty set of solutions, provided
Xp is a o-compact subset and

O = O Ny Xp — R

is a proper lower o-semicontinuous function. However, the characteristic feature
of vector optimization problems (3.2) is the fact that with any (A,o x 7)-lower
semicontinuous mapping f : Xy — Y, which is neither lower semicontinuous
nor quasi-lower semicontinuous on Xy, there can be always associated a scalar
minimization problem (4.2) for which the corresponding cost functional fy : Xy —
R is not lower o-semicontinuous on Xy. Indeed, let 7 be the weak-* topology on
Y, and let 2° be a point of X where the quasi-lower semicontinuity of f is failed.
Then there exists at least one element a* € cl. (f(Xg)) such that

a* € liminf;\gxo fx), f(z%) € liminfigxo f(z), and a* # f(z°).  (4.7)

Let {z1}7>, C Xp be a sequence such that z; = 2°in X and f(z;) = a* inY,
Since a* %4 f(20), it follows that a* — f(2°) & A and hence there exists a vector
A" € K such that

(a* - f(xo),)\*>y;v < 0.

As a result, we have

liﬂgf P (zg) = klln;o (f(@E), Ny

= (@ Ny < (f@°) Ny = fae(@?).

Thus, the lower o-semicontinuity property for fy- fails at 2. Moreover, as the
following example shows, for (A, o x 7)-lower semicontinuous mappings f : Xy —
Y a situation is possible when none of the scalar functions fy(z) = (f(2), A)y.y/

is lower o-semicontinuous for any A € K*,

Ezample 6. Let Xy = [1,2] C R, and let A = R?% be the ordering cone of positive
elements in Y = RZ2. It is clear that in this case V = Y and K = A. Let us
consider the mapping f : Xy — R? defined by (see Fig. 8)

(7], ifze[L,2]\{l+1/k, keN},

f@) = Hk}’ ifz=1+1/k, keN.

22

[x]

Fig. 8. The vector-valued mapping in Example 6
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Straightforward calculations show that

liminfﬁél f(z) = { E] } )

s B 0 1+1/k
hmlnfxi)(lﬂ/k) f(z) = {[1 +k‘] , [ L .

.. eAT .. eAT
f(1) e hmlnfxi)lf(:n) and f(1+1/k) € hmmfxi)(lﬂ/k) f(z),

Since

it means that the mapping f : Xy — R? is (A, x 7)-lower semicontinuous at
these points and in fact on the whole domain Xy. Let A = Rﬂ be any vector

with non-negative components, i.e. A € K. Then the scalar function fy, associated
with the vector-valued mapping f by the scheme of the “weighted sum”, can be
represented in the form

- Mz + Ao, if £ 1+ 1/k,

ha) = @y ={ b E EETI TN vkeN vacx,

(4.8)

To be sure that the lower g-semicontinuity property for this function at the points

xr = 1+ 1/k is valid, we have to choose the parameters A\; and A2 so that the
inequality

Ao(14+k) < M1 +1/k)+ Ao (4.9)

holds true for every k € N.
However, taking into account the non-negativeness of \; and passing in (4.9)
to the limit as k& — oo, we obtain Ay = 0. As a result, we have

ez, if x#£1+1/E,
f)\(aj)—{ 0, if z=1+1/k, VkeN, Va e X,. (4.10)

Nevertheless, as follows from (4.10), the inequality

() < 1igg.}f In(zr)

does not hold for any A\; > 0 with the exception of \; = 0. Thus, there is a unique
scalar function in the collection (4.8) satisfying the lower semicontinuity property
in the domain Xy = [1,2]. This function is fy(z) = 0.

This example motivates the introduction of the following notion.
Definition 13. Let f: Xy — Y be a given mapping. The cone
K7 :={\€ K : f\ islower o-semicontinuous on Xp} (4.11)
is called the cone of g-semicontinuity for the mapping f.

As a result, Theorem 2 can be sharped as follows.
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Theorem 3. Let X be a reflexive Banach space, let V' be a separable Banach space,
and let Y = V* be endowed with the weak-x topology T and partially ordered with a
pointed Daniell cone A = K*, where K is a weakly closed ordering cone in V. Let
also Xy be a non-empty bounded weakly closed subset of X, and let f: Xy — Y
be a (A, 0 X T)-lower semicontinuous mapping, where o is the weak topology of X.
Assume that K¢\ Oy # 0. Then

Argmin (f(z),\)y NEff-(Xo; f; A) #0 VA€ K7\ Oy. (4.12)
zeXy

Proof. As follows from Theorem 1, under the above assumptions, we have
Eff- (Xo; f3 A) # 0.

Let A be any element of K7 \ Oy. Then, by the direct method in the Calculus of
Variations, we obtain

Argmin <f(£1)), )‘>Y;V ?é 0.
zeXy

If \ € K* then relation (4.12) is obvious by Theorem 2. So, we suppose that
A€ KT\ (Kﬁ UOy). Assume that

Argl{lin (f(2), Ny, € Bff-(Xo; f; A).

Then, there exists an element z* € Xy such that

z* € Argmin (f(x), A\)y.y, (4.13)
zeXy
2" ¢ Bff, (Xp; f3 A). (4.14)

Hence, by (4.14), there exists an element
y* € Miny (cl; f(Xg)) C cl f(Xp) such that y* <p f(z¥).
However, in view of (4.13) and (4.1), this leads us to the equality
fal@®) = <f(x*)7)‘>y;v = <y*7)\>y;v- (4.15)
Let {x}r-, be a sequence in Xp such that
flzp) = y* as k — oo. (4.16)

Since the set Xy is sequentially weakly compact, we may suppose that there exists
rg € Xp such that 2, 7> 20 in X. On the other hand, y* € Miny (cl, f(X5)).
Hence, y* € Inf;\’gxa (z) by Definition 6. As a result, we have xg € Eff - (Xg; f; A).
Taking into account the lower o-semicontinuity of the functional fy : Xo — R,

we get

o by (4.16)
<f(1’0)7)‘>y;v§11g£f<f(xk)a)‘>y;v . W™ Ny -

Then, combining this with (4.15), we obtain

(f(20), Ay < (f(2™), Nyv s
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zo € Argmin (f(x), A)y.y -
zeXp
Thus, we have shown that there exists at least one element xy € Xy which is a

joint point of the sets Argmin (f(z), A)y.,, and Eff;(Xps; f; A), respectively. This
zeXy ’
completes the proof. O

As an evident consequence of this theorem, we have the following conclusion:

Corollary 2. Assume that in addition to the conditions of Theorem & there exists
an element \ € K]C[ \ Oy such that the infimum in the scalar problem

Minimize fx(x) = (f(x),\)y subject to x € Xy (4.17)
is attained at a unique point ©* € Xy. Then x* € Eff .(Xo; f; A).

Note that, we do not give the conditions which would guarantee the fulfilment
of the relation KJ‘Z \ Oy # (). However, as a hypothesis, we can make the following
conjecture:

If the image set f(Xy) is bounded in (Y,|| - ||) and K has a non-empty quasi-
interior (Kji # 0), then under conditions of Theorem 3, the cone K}’ contains at
least one nontrivial element.

To motivate this hypothesis, we note that if a uniformly bounded mapping f :
Xy — Y is quasi-lower semicontinuous on Xy then f is lower semicontinuous (see
[2]). In this case the functions fy(z) = (f(z), A}y, are lower o-semicontinuous
on Xy for every A € K. Hence K? \ Oy # 0. Let 2° be a point of Xy where
the quasi-lower semicontinuity of f fails. Then there exists at least one element
a* € cl; (f(Xy)) with properties (4.7). Let A* be an element of K such that

(F@), Ny < (@ Xy Va e nminfig o f(@). (4.18)
The existence of A* immediately follows from the fact that

f(z%) #a a* forall o* € liminf;\gxo f(x).

Let {zx};-, C Xp be a sequence such that x, Z 2% in X. Since each of elements
a* belongs to the set

o(fa = ) L{f@)

{zr}i, €Mo (20)
o~ oo
of T-cluster points of the sequences { f (:Ek)}k R it follows from (4.18) that

<f(x0), )\*>Y.V < liminf (f(zy), )\*>Y;V.

) k—oo

Thus, the function fy« is sequentially lower o-semicontinuous at the point .
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5. The ill-posed vector optimization problems and their
generalized solutions

Let A be an arbitrary element of the cone K. Denote by

Sol(Xg; fx) := Argmin fy(z)
xe€Xp

the solution set to the scalar problem (4.17). We recall that the problem (4.17)
is said to be well-posed in the generalized sense when every minimizing sequence
{zr}rey C Xp (i.e. such that fi(zg) — infzex, fa(z)) has a subsequence o-
converging to some element of Sol(Xpg; fi). We recall also a generalization of
the above mentioned notion. The problem (4.17) is said to be well-set when
every minimizing sequence contained in Xy \ Sol(Xy; f)) has a o-cluster point
in Sol(Xy; fr). However, as follows from the arguments of this section (see also
Example 7 given below), the problem (4.17) can be neither well-posed nor well-
set, in general. The main reason is the (A, o x 7)-lower semicontinuity property of
the objective mapping f which is the weakened property of lower semicontinuity
for vector-valued mappings in Banach spaces.

Ezample 7. Let Xy = {x € X : ||z| <1} be a unit closed ball in a reflexive
Banach space X. Let Y = R? be the objective space partially ordered with the
cone A = Ri of positive elements in R%. We suppose that X and Y are endowed
with the strong topologies ¢ and 7, respectively. Let the objective mapping f :
Xoa — R? be defined as

2 — |l

f(a;) = |:1+ H$H:| ifx e Xad\{OXUS},

o= [3] wee s on = 1],

where S = {z € X : ||z|| = 1} is the unit sphere in X. Since

M (el (X)) = Mina (7060 = { [ 1]},

1
liminfiiox f(z) = {E] },

and hence f is (A, o x 7)-lower semicontinuous on Xy. Then, by Theorem 1, the
corresponding vector optimization problem (Xy, f, A, 7) is solvable and, moreover,
2¢7f = 0y is its unique (A, 7)-efficient solution.

Let us consider the following scalar problem

it follows that

Minimize fy(z) = (f(x), \)gz2 subject to z € Xp, (5.1)
associated with the vector problem (Xy, f, A, 7), where

2= |l=fl, if |lz[| <1 and z # Ox,

=[] h@=G@ae={ 2 itses,
1, if x=0x
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Through direct verification we can show that Sol(Xps; fn) = {0x}. However,
this scalar problem is neither well-posed nor well-set with respect to the strong
topology of X, because all minimizing sequences for (5.1) containing in Xy \
Sol(Xy; fx) have o-cluster points on the unit sphere S = {x € X : |jz|| =1}.

In many applications it has a sense to weaken the requirement on efficient
solutions to the vector optimization problem (Xy, f, A, 7). In particular, we may
let the objective mapping to attain its efficient infimum on the set Xy with some
error. On the other hand, the set of (A, 7)-efficient solutions to such problem can
possibly be empty, i.e., the efficient infimum of the objective mapping is often
unattainable on the given set Xy. Nevertheless, the absence of its infimum does
not mean that the vector optimization problem makes no sense, since its efficient
infimum exists and hence can be approached with some accuracy.

Definition 14. We say that a sequence {z}r- ; C Xp is minimizing to the vector
optimization problem (Xp, f,A,7), if f(x3) = € in Y, where £ is an element of

A, T
Inf:ceXa (z).

Definition 15. We say that the vector optimization problem (Xy, f, A, 7) is well-
posed in the Tikhonov sense with respect to the o-topology of X if it is solvable
and every minimizing sequence {z1},-, C Xp has a subsequence o-converging to
some element of Eff;(Xp; f; A). In this case a minimizing sequence is called a
Tikhonov minimizing sequence. We also say that the vector optimization problem
(Xo, f, A, 7) is well-set in the Tikhonov sense with respect to the o-topology of X,
if it is solvable and every minimizing sequence contained in Xy \ Eff - (Xy; f; A)
has a o-cluster point in Eff/(Xp; f; A).

Note that having a Tikhonov minimizing sequence, we can guarantee both
the proximity of the corresponding values of the objective mapping to its efficient
infimum and the proximity of the approximation itself to one of the (A,7)-
efficient solutions of the problem. Nevertheless it should be stressed that even
in simple applied problems the construction of Tikhonov minimizing sequences
and corresponding Tikhonov approximate solutions usually turns out to be a very
complicated and sometimes unsolvable problem. In view of this, it is reasonable
to weaken the requirements on approximate solutions to the vector optimization
problem (Xg, f, A, 7).

Definition 16. We say that an element z* € Xj is the (o, 7)-generalized solution
to vector optimization problem (3.2), if there exist a sequence {zj}r-; C Xy and

AT f(x) such that 2 2 2* in X and f(z) = £in Y.

an element § € Inf X,

Thus, a vector optimization problem may have an approximate solution even
in the absence of its solvability. It is clear that any Tikhonov approximate solution
to the problem (Xy, f, A, 7) is also a (o, 7)-generalized solution. However, even if a
(A, 7)-efficient solution is available (z¢// € Eff.(Xy; f; A)), we cannot guarantee
the proximity of an (o, 7)-generalized solution z* to Eff;(Xp; f; A) in the o-
topology of X.

We denote by GenEff,  (Xp; f; A) the set of all (o, 7)-generalized solutions
to the problem (Xp, f, A, 7). It is clear that

Eff.(Xas; f; A) C GenEff, - (Xs; f; A).
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Moreover, as evident consequence of Theorem 1, we have the following obvious
result:

Proposition 4. Under suppositions of Theorem 1, the vector optimization prob-
lem (Xy, f, A, 7) is well-set in the Tikhonov sense with respect to the topology of
X, and in addition GenEff, -(Xp; f; A) = Eff -(Xp; f; A).

However, as the next example indicates, the inverse inclusion
GenEffo-(Xo; f; A) C Eff(Xp; f3 A)

does not generally hold.

Ezample 8. Let Xg = {z € X : ||| <1} be a unit ball in a Banach space X, let
Y = R? be partially ordered with the cone A = Ri of positive elements in R2.
Let the mapping f : Xs — R? be defined by

1+ [l

fla) = [Hux”] if 2 € Xp\ {0x US).

1 2
fa)=[y] tres ro0 =7,
where S = {z € X : ||z|| = 1} is the unite sphere in X. We endow the spaces X

ZZ

Fig. 9. The set f(X»s) to Example 8

and Y with the weak (o) and the strong (7) topologies, respectively. Since

Miny (f(X5)) = {M , m} and Miny (cl; f(Xy)) = {m}

it follows that Min(Xp, f,A) = {0x} U S whereas Eff -(Xg; f; A) = 0. However,
the set of (o, 7)-generalized solutions to the problem (Xp, f, A, 7) is non-empty.
Indeed, let us fix a sequence {zy}ro; C Xy such that

o i x ana fio0—{[1]}.

Then, following Definition 16, we have

Ox € GenEﬂ‘mT(Xa; I A)
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and, in fact,
GenEff, - (Xp; f; A) = {0x}.

Having taken A\* = [é], we consider the following scalar problem associated
with the vector problem (Xy, f, A, 7):

1+ [z, if ||z]] <1 and = # Ox,
@) = (f(2), N)pe = Lo if [zl =1, (5.2)
2, if ©=0x

Straightforward calculations show that

Argmin fy(z) ={z € Xy : ||| =1}.
x€Xp

As a result, we have

GenEff, - (Xp; f; A) N Argmin fy(x) = 0.

zeXp

Thus, any solution of the scalar problem (5.2) is neither a (A, 7)-efficient solution
nor a generalized one to the vector problem (Xy, f, A, 7). Thus, in view of Defini-
tion 15, (Xy, f,A,7) can be characterized as the ill-posed vector optimization
problem.

To obtain the sufficient conditions which would guarantee that the set of
(0, 7)-generalized solutions to the problem (Z,I,A,7) is non-empty, we use the
scalarization of this problem in the form (4.2).

Let sc, fy : Xg — R denote the lower o-semicontinuous envelope of the
functional fy(xz) = (f(x),A)y.,, with some A € K, that is, sc; f is the greatest
lower o-semicontinuous functional majorized by f) on Xy. Then, following the
direct method in the Calculus of Variations, we get:

Proposition 5. Let Xy be a sequentially closed subset of a linear topological
space (X,o). Assume that for a fixed A\ € K the functional sc; fy : X — R
is countably o-coercive, i.e. the o-closure of the set {z € Xy : sc; fa(z) <t}
is countably o-compact for every ¢t € R. Then every minimizing sequence for
infzex, sc; fa(z) has a o-cluster point which is a minimum point of sc; f) on Xj,

L.e., Sol(Xy; scs fr) # 0.

Remark 8. It is clear that this theorem remains valid if instead of the countable
o-coerciveness of sc; fy on Xy we assume the sequential o-compactness of the set
X5.

Now we are able to prove the main result of this paper.

Theorem 4. Let X be a reflexive Banach space, o be the weak topology on X,
V' be a separable Banach space, and the Banach space Y = V* be endowed with
the weak-+ topology T and partially ordered with a pointed cone A = K*, where K
is a convex pointed cone in V with non-empty algebraic interior cor (K). Let also
Xo be a non-empty sequential o-compact subset of X, and let f : Xg — Y be a
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given mapping (not necessary (A, o X 7)-lower semicontinuous on Xg). Then the
following inclusion is valid:

U Argminsc, fy(z) C GenEff, (Xps; f; A). (5.3)
Aekt TEXo

Proof. To begin with, we note that the convexity of the pointed cone K and
condition cor (K) # @ imply the inclusion cor (K) C K* (see [11]). Hence the
quasi interior K* of K is non-empty. Let A be any element of K* Then, by
Proposition 5, there exists at least one element z* € Xy such that

z* € Argminsc, fi(z). (5.4)
zeXy

Since sc, fa(x) is the lower o-semicontinuous envelope of the
@) = {f (@), Ny,v

it follows that there exists a sequence {x1}%°, C Xy such that z; ~ z* and

T (F(2), Ay = se; f(a”) <
by condition (5.4)
< sy @) < (F@) Ny (5.5)

V2 € Xp. Since K*UOy is a nontrivial convex cone in V with non-empty algebraical
interior, it follows that it is a reproducing cone in V', that is,

[Kﬂuov]—[Kﬁuov]:Lf

(see [11]). Then, following Peressini [17]| and Borwein |6], we have that in the dual
space Y = V* the ordering cone A = K™ is normal with respect to the norm
topology of Y, that is,

y<az = |yl <llzl (5.6)

Now, turning back to the formula (5.5), we get: there exist an integer k € N and
an element § € Y such that

(F@e), Ny < @ Ayy YE>E

Since A € K*, this implies f(z) <a ¥ for all k > k. Using the normality property
(5.6) of the cone A for the norm topology of Y, we come to the conclusion: there
exists a constant ¢ > 0 such that

If(ze)ly <C  forall k> k.

Hence, without loss of generality, we may suppose that the sequence {f(zx)}re
is bounded in Y. So, by Banach-Alaoglu Theorem, there exist an element n € Y
and a subsequence of {f(zy)}7; (still denoted by suffix k) such that f(zx) — 7
inY as k — oo.
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For now we assume that

z* ¢ GenEff, ;(Xa; f; A). (5.7)

Then, as follows from Definition 16, n ¢ Infi\gxa f(x). Hence, there can be found

an element & € Inff;’eTXa () such that & <p 1. Therefore, n — & € A\ {0y}, and

using the fact that A € K*, we just come to the inequality

<77a /\>Y;V > <£’ )‘>Y;V

which is equivalent to

im (f(zk), Ny, > (& Ay - (5.8)

k—o0

On the other hand, for the element £ € Inffv\gx6 f(z) there exists a sequence

{op}72, C Xy such that f(vy) — € in Y. Since the set Xj is sequentially o-
compact, we may suppose that vy — v* € Xs. Then, by inequality (5.5), we
deduce

im (f(zr), Ay,v < (f(vi), Ay, VieN. (5.9)

k—oo

Passing to the limit in (5.9) as i — oo, we get

lim <f(xk)7 )‘>Y;V < <£a A>Y;V :

k—o0

However, this contradicts (5.8) and hence (5.7). Thus, 2* is the (o, 7)-generalized
solution to vector optimization problem (Xy, f, A, 7). O
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BTOPAA KPAEBAA SAJAYA OJIA TEJIETPA®PHOI'O
YPABHEHUIA B IIOJIYVBECKOHEYHOI1 OBJIACTH
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Paccmorpena Bropasi kpaeBas 3aza4da 4Jis TejierpadHOro ypaBHEHUsS B IIOJIyOr-
paHudeHHoOI obuiactu. Ilosy4deHo pemrenue sroii 3agadu B KBaaparypax. Ilocrpoe-
HPE€ TOYHOrO pelleHus 3aJadd OCHOBAHO Ha IIPUMEHEHUU MEeTOo/ia OTPAa>KEeHWil U Ha
paspaboTaHHOM B [1] MeToZle MHTErpaIbHOrO IIPEACTABJIEHUS JOCTATOYHO IINPOKOro

KJlacca pelieHuil teserpadHOro ypasHEHUs.

KurroueBbie cioBa. MeTom MHTErpaJibHOTO IMPE/ICTaB/IeHNsI, TelerpadHoe ypaBHEHNEe, METOT,
OTPazKeHUIA.

1. Beeagenue

B ¢dusuke jg0cTaTouHO YACTO UCHOJB3YIOTCA MATEMATUYECKUE MOJIEIN, OCHO-
BOII KOTODPBIX sBjisiercs Tejerpaduoe ypasaernue. Takoro poga MOJeIn 1M03B0Jis-
IOT y49€CThb PeAJbHO CYIIECTBYIONIE COIPOTUBIICHUS CPE/Ibl U BBIACHUTD XapaKTep
3aTyXaHUsd BOJIH, BBI3BAHHOTO 3TUMU comporuBjeHusgMu. C IeIbi0 perenns Ta-
KOro poja 3ajad B [1] paspaboran MeTO/ MHTErPAJIbHOIO [IPEJACTABICHUS Delle-
uuit Tejierpaduoro ypasuenus ¢ momornpio gpyukinn Puvana. Coderanne Takoro
MHTETrPaJIbHOI'O IIpeacTaB/jieHnuda C MeTOJ0M HpO,Z[O.)'[)KeHI/Iﬁ IIO3BOJINJIO TIOJIyYUTH
TOYHOE peIleHue epBoil KpaeBoil 3aga4n |2]. B macrosimeit crarbe mogo6HbIM Me-
TOJIOM CTPOUTCs PEIIeHre BTOPOil KPaeBoil 3a/ja4u B [10JIyOrPAHUYEHHOM 00/1acTu.

2. IlocranoBka 3aga4dn

PaccmarpuBaercs ciemyronias KpaeBas 3aaada; B obyact x — xy > 0, ¢ > ty
Haiitu pemrenue rejerpadHOr0 ypaBHEHUs

0z2 a?  Ot? ot oz

YA0BJIETBOPAIONIICE HAYAJIbHBIM yC/JIOBUAM

2 2
Pulat) 10wt poulnt)  pOul@t) | oo, (21)

u(x,ty) =0, u (z,ty) =0, x> xy (2.2)
U KPaeBOMY YCJIOBHUIO BTOPOIO THIIA

Uy (g, t) =V (t—ty), t >ty (2.3)

© B. A. Ocranenxo, 2009
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[t penenns 9TOR 3a/ja4u, IPEXKJIe BCEro, CTPOUTC HPOIOJzKeHne (BhyHKIUI
v (t) Ha BCio ochb t:

vt —ty), t>t
N(t—ty) = 2.4
(t=tw) { 0, t <ty (24)
Kpaesoe yciosue (2.3) takzke 1pojoszKaercs Ha BCIO OCb t:
Uy (T, t) = N (t —ty) . (2.5)

3. Pemienne 3agaun

YunrbiBasg, 4To Kpaesoe yciaosue (2.5) 33/1aH0 B Bu/ie NPOU3BO/HOMN, peleHue
3a/1a9u OTHICKUBaeTcsa B Buje (yukmuu |1]:

o2
u(x,t) = e (@=ow) / Jo (2) 5 (=t N (n)dn (3.1)
0

¢ memspectHoii dyukuueit Ny (n). 3mecs Jy (2) — dbyuxnus Beccens uysnesoro
[IOPsJIKA,

2= e [te = - a2~ ) - ) (32)

D2a2 BQ
—- = (3.3)

Oyuxuus (3.1) ynosnersopsier auddepennuansaomy ypasaenuio (2.1) npu
npou3sso/ibHON dbyukuu Ny ().

g ananmsa kpaesBoro ycaosus (2.5) Beraucmm npoussoanyio dyukimu (3.1)
mo z. [oxyamm:

61:C+

Ox «

(&

« _ az
B (o) / [—gJo(Z)—qx g, <z>} ¢TI N () di. (3.4)

[Ipu BbIruuC/I€HUM STOM IPOUBBOAHON YUTEHO, 9TO

%_ T — Ty
or VL
aJo(z)_dJo(z)%_cl(:E—xH)dJo(z)__01(:17—xH)J ()
or dz Or z dz z L
TaK KaK dJ
O(Z):—Jl(z).

Yureno takxke, uro z = 0 mpu n =t —t, — =" a Jy (0) = 1.
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[ToxcraBum remeps dhopmy pemtenns (3.1) B kpaeBoe ycsosue (2.5) ¢ ydaeTom
(3.4). Tosyunm:

1 _
——NO (t —ty) /
0

B pasencrse (3.5) cienyer npuHAMATH

2|y, = @ (t —ty — ) V—c1. (3.6)

Da?
T(t_tﬂ_n)NO ("7) d’r, — N (t — tH) . (35)

NID:J

Pasencrso (3.5) mpezcrasisger coboit mHTErpajbHOE ypaBHEHUE /I OIpe/ie-
nenus byakuuu No. Beimoaaum B ypasuenuu (3.5) npeobpazosanue

T=t—ty. (3.7)

Torya ypasuenue (3.5) upumer Bu;
[ B )
——No Jo (T—n)vV—c1)e 2 "Ny (n)dn = N (7). (3.8)

U3 ypasuenus (3.8) u coiicrsa (2.4) dbyuxnuun N (7) ciaeyer, uro dbyHKIus
Ny () obsramaer caeayomum CBOHCTBOM:

No(t)=0, 7 <0. (3.9)

B cuity cioiicrsa (3.9) dyukuun Ny (7) dyukuus (3.1) Gyger yioBierBopsrs
HaJaIbHBIM yesmoBusM (2.2). [eiictBurensho, mpu t = ty u3 dbopmyst (3.1) mo-
JIy aeM:

T—Ty

(o3 a2
(z—2u) / JO (Z) C_DTnNO (T]) d?’]
0

B
2

u(z,ty) =e”

IIpu x — x, > 0 BepxHuit npejes uHTErpupoOBanus B 310l (popmysie orpura-
TeJIeH U, CJIeI0BATE/IBLHO, Ha OCHOBaHUU cBoiicTBa (3.9) dyukuun Ny (7), u (x, ty).
Nubivu coioBavu, dyuxius (3.1) y0B1eTBopsieT nepBoMy HAa4aJILHOMY YCJIOBUIO
(2.2). Ilpomuddepentupyem dyuknuio (3.1) mo t. Ilomxyanwm:

du (a: 2 — (@) [e%(m_%)]\fo <t —ty — : _O;EH> +

ot

D —ty — Do’
/ [—“J()( >+cla2”%h <z>]e (=t Ny () dp| . (3.10)
0

[Ipu BbIYMC/IEHUM TPOUBBO/HON YyUTEHO, YTO

0z ca®(t—ty—n)
ot z '
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Oy (2) _ddo(2) 0z _cloz2 (t—ty—n)dJo(z) cra®(t—t,
o dz ot z dz z
13 dbopmyast (3.10) npu ¢ = t,; noayqaem:

Ut (l‘,tH) = e_g(x—:ca) |:6D2a(x—:cﬂ)N0 (_%) n

a D 2 o2
/ [Ta 7o) - ero? L <z>} e~ 2N, () dy
0

B npasoit wacru s1oit dhopmysibl npu r — x, > 0 Bepxauil npejes uHTErpU-
poBauus u apryment dyuknun No (1) orpurnarenbisl. [losromy, Ha oCHOBaHIN
ceoiicrsa (3.9) dyukuuu Ny (1), uy (x,t,) = 0. A 910 3Hauur, uro dyskuus (3.1)
YZIOBJIETBOPSIET BTOPOMY HAYAJIbHOMY YCJIOBUIO (2.2).

Taxum 06pazom, nokazano, 4ro dbyuknus (3.1) y10B1eTBopsgeT BeeM yCa0BHUsiM
[IOCTAHOBKY KPAaeBOil 3a/1a4i, TO eCTh SIBJISETCS €€ DEIEeHUEM.

4. BeiBoapl

B pesysbrare npuMeHneHust KOMOUHAIIME HHTEIPAJIBHOTO IPEJICTABICHUST Pellie-
HUs ¥ METOJIa IIPOJIOJIZKeHUII [I0/IyYeHO B KBaJpaTypax pelleHue BTOPOil KPaeBoil
3aja4u s rejaerpadaoro ypasaenus. Anasns dhopmysibl (3.1), npeacrassiomeit
pellienre 3a/1a4uu, I0Ka3bIBAET, YTO TO PEIIeHre UMEET XapaKTep PaCIpOCTPaHs-
FOIIUXCST CO CKOPOCTBIO (v BOJIH. B TO Ke BpeMmsi B IPOIECCe PACHPOCTPAHEHUS
[IPOUCXO/IUT UCKAXKEHUE STUX BOJIH, 3aBucdiiee ot Koapduruentos B u D upu
[EPBBIX [IPOM3BOAHBIX B ypaBuenuu (2.1).

Paspaboranubiit MeTos MOxkeT ObITh HPUMEHEH Jijisd PEIleHus JAPyrux Kpae-
BBIX 3aJia4 10j06H0r0 THNa. B gacTHOCTH, C €ro MOMOIIBI0 MOIYT OBITH PeIleHb
KpaeBble 3391 JI/Isl [OJIyOrPAHUIEHHBIX 00/IacTeil ¢ MHBIMU KPAEBbIMU YCJIOBU-
gMu. B jonoHuTe IbHOM KOMOUHAIINK C METOI0M OTPAaYKEHU MOI'YT OBbITH TaKIKe
[IOJIy9€HbI PEIEeHUs] KPAEBbIX 3a/1a4 Jijis O'PAHUYEHHBIX 00/1aCTell.
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In this paper we study the optimal control problem associated to a linear
degenerate elliptic equation with mixed boundary conditions. We adopt a weight
coefficient in the main part of elliptic operator as control in BV(Q2). Since the
equations of this type can exhibit the Lavrentieff phenomenon and non-uniqueness
of weak solutions, we show that this optimal control problem is regular. Using the
direct method in the Calculus of variations, we discuss the solvability of the above

optimal control problems in the class of weak admissible solutions.

Key words. Optimal control problem, degenerate elliptic equation, mixed boundary conditions,
Lavrentieff phenomenon, weak admissible solutions.

1. Introduction

The aim of this work is to study the existence of optimal solutions in coeffi-
cients associated to a linear degenerate elliptic equation with mixed boundary
condition. By control variable we mean the weight coefficient in the main part
of the elliptic operator. The precise answer of existence or none-existence of an
L'-optimal solutions is heavily depending on the class of admissible controls. Here
are the main questions: what is the right setting of optimal control problem with
BV -controls in coefficients, and what is the right class of admissible solutions to
the above problem? Using the direct method in the Calculus of variations, we
discuss the solvability of the above optimal control problem in the so-called class
of weak admissible solutions.

The optimal control problem we consider in this paper is closely related with
the optimal reinforcement of an elastic membranes |2|. Reinforcing an elastic
structure subjected to a given load is a problem which arises in several applications.
The literature on the topic is very wide; for a clear description of the problem
from a mechanical point of view and a related bibliography we refer for instance
to the beautiful paper by Villaggio [6].

In the simplest case when we have an elastic membrane occupying a domain
Q) and subjected to a given exterior load f € L?(2), the shape u of the membrane
in the equilibrium configuration is characterized as the solution of the partial
differential equation

—divp(z)Vy+y=f in Q

© I G. Balanenko, P. I. Kogut, 2009
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together with the corresponding Dirichlet and Neumann boundary conditions on
0f). The reinforcement of the membrane is usually performed by the addition
of suitable stiffeners, whose total amount is prescribed. Mathematically, this is
described by a nonnegative coefficient p(x) which acts in Q and is associated
with some weight coefficient in the main part of elliptic operator. As a result, the
problem of finding an optimal reinforcement for the membrane then consists in
the determination of a weight p(z) > 0 which optimizes a given cost functional.
In contrast to the pioneer paper in this field (see [2]), we do not restrict of our
analysis to the particular case of the reinforcement problems. We also do not make
use any relaxations for the original optimal control problem.

2. Notation and Preliminaries

In this section we introduce some notation and preliminaries that will be useful
later on.

Let © be a bounded open subset of RV (N > 1) with a Lipschitz boundary.
We assume that the boundary of €2 is made of two disjoint parts

oN=I'pUl'y

with Dirichlet boundary conditions on I'p, and Neumann boundary conditions on
I'y. Let xg be the characteristic function of a subset £ C Q, i. e. xg(z) = 1 if
x € E, and xg(x) =0ifz ¢ E.

Let

CPRY:I'p) ={p e CPMRY) : ¢p=00n I'p}.

The space WH1(Q;T'p) is the closure of C$°(RY;T'p) in the classical Sobolev space
WH(Q). For any subset £ C Q we denote by |E| its N-dimensional Lebesgue
measure LV (E).

Hereinafter a locally integrable function p on RY such that p(x) > 0 for a. e.
r € RY is called a weight function. As a matter of fact every weight p gives rise
to a measure on the measurable subsets of RY through integration. This measure
will also be denoted by p. Thus p(E) = [}, pdx for measurable sets £ C RY.

Let p be a weight. We will use the standard notation L?($, pdz) for the set
of measurable functions f on €2 such that

1/2
”f”Lz(prdx) = </Q f2pd$> < +00.

We say that a weight function p : RV — R is degenerate on € if
p+p~t € Lig(RY), (2.1)

that is, the sum p + p~! does not belong to L>(Q2). Note that in this case the
functions in L2(Q, pdz) are integrable on €.

With each of the degenerate weight functions p we will associate two weighted
Sobolev spaces W, = W(Q, pdx) and H, = H(, pdx), where W, is the set of
functions y € WH1(€;Tp) for which the norm

Iyll, = </Q (V" +pIVyl) déﬂ) " (2.2)
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is finite, and H,, is the closure of C§°(Q2;T'p) in W,,. Note that due to the estimates

1/2
/Q ] de < ( /Q |y|2d:v> QY2 < Cllyll,. (2.3)

1/2 1/2
[ 19ldr < ( / rwpda:) ( / p—lda:) <Clyl, @4
Q Q Q

the space W), is complete with respect to the norm || ||,. It is clear that H, C W,
and W,, H, are Hilbert spaces. If p is a non-degenerate weight function, that
is, p is bounded between two positive constants, then it is easy to verify that
W, = H,. However, for a "typical" degenerate weight p the space of smooth
functions C§°(Q2) is not dense in W,. Hence the identity W, = H,, is not always
valid (for the corresponding examples we refer to (3, 7, 8].

Weak Compactness Criterion in L*(€). Throughout the paper we will often
use the concepts of the weak and strong convergence in L*(€2). Let {ac},., be a
sequence in L*(€2). We recall that {a.}.. is called equi-integrable if for any § > 0
there is 7 = 7(8) such that [ |a-|dz < § for every measurable subset S C Q of
Lebesgue measure |S| < 7.

Then the following assertions are equivalent:

(i) a sequence {a.},., is weakly compact in L'(Q);

(ii) the sequence {a.},. is equi-integrable;

(iii) given d > 0 there exists A = A(d) such that sup/ la:| dz < 6.
e>0 J{Jac|>A}

Theorem 1 (Lebesgue’s Theorem). If a sequence {a:}.., C L*(2) is equi-integ-
rable and a. — a almost everywhere in ) then a. — a in L*(Q).

Radon measures. By a nonnegative Radon measure on {2 we mean a nonnega-
tive Borel measure which is finite on every compact subset of £2. The space of all
nonnegative Radon measures on 2 will be denoted by M (). According to the
Riesz theory, each Radon measure p € M4 () can be interpreted as element of
the dual of the space Cp(2) of all continuous functions vanishing at infinity. Let
M(Q;RY) denotes the space of all RY-valued Borel measures. Then

p=(p1,...,pn) € M(QGRY) & peCHQ), i=1,...,N.

If i is a nonnegative Radon measure on Q, we will use L"(Q,du), 1 < r <
00, to denote the usual Lebesgue space with respect to the measure p with the

corresponding norm
1/r
i = ([ 1£6@ d)

Functions with Bounded Variation. Let f :  — R be a function of L'(Q).
Define

/IDflzsup{/fdiwd:r Do =(p1,...,0N) € CHURY),
Q Q

lo(x)] <1 for x e Q},
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where N
divo — i
vy = .
— Jx;
i=1
Then Df is a measure, in general. According to the Radon-Nikodym theorem, if
/ |IDf| < +o0
Q

then there exist a vector-valued function Vf € [L'(Q)]Y and a measure D,f,
singular with respect to the N-dimensional Lebesgue measure £V | restricted to
Q, such that

Df =VfLN|Q+ D,f.

Definition 1. A function f € L'(Q) is said to have bounded variation in Q if

[ 1psl <.

By BV (Q2) we denote the space of all functions in L'(Q) with bounded variation.
Under the norm
Ilave = 1l + [ 1011,
BV (Q) is a Banach space. It is well-known the following compactness result for
BV-functions:

Proposition 1. The uniformly bounded sets in BV-norm are relatively compact
in L'(9).

Definition 2. A sequence {fx}r—; C BV(Q) weakly converges to some f €
BV (Q), and we write fr — f iff the two following conditions hold: fr — f
strongly in L'(2), and D f;, — Df weakly-* in M (Q;RY).

In the proposition below we give a compactness result related to this conver-
gence, together with the lower semicontinuity property (see [4]):

Proposition 2. Let {f;}7— be a sequence in BV () strongly converging to some
fin L'(Q) and satisfying sup,ey [ |D.fi| < +00. Then

(i) f € BV(Q) and/Q|Df|§nggf/Q|ka|;

(i) fr — fin BV(Q).
Convergence in variable spaces. Let { i },cn, i be Radon measures such that
= pin My (Q), 1. e,

lim sodukz/sodu Vo € Co(RY), (2.5)
Q Q

k—oo

where Co(RY) is the space of all compactly supported continuous functions. The
typical example of such measures is

duy, = pr(z) dz, du = p(x)dz, where 0 < p, — pin LY(Q).

Let us recall the definition and main properties of convergence in the variable
L2-space (see [7]).
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1. A sequence {vj, € L*(,dpuy)} is called bounded if

limsup/ lug|? dpg < +o0.
Q

k—o00

2. A bounded sequence {vy € L*(Q,dpuy)} converges weakly to v € L?(Q, dp)
if

lim | vppdu, = / vpdp for any ¢ € C5°(Q),
k—oo Jq Q
and it is written as vy — v in L?(, dug).

3. The strong convergence vy — v in L?(€2, duy,) means that v € L2(Q, du) and

lim [ vizk d,uk:/fuzdu as zp — z in L*(Q,dug). (2.6)
Q Q

k—o0

The following convergence properties in variable spaces hold:

(a) Compactness criterium : if a sequence is bounded in L?(f2,duy), then this
sequence is compact in the sense of the weak convergence;

(b) Property of lower semicontinuity : if v, — v in L?(Q, duz), then
liminf/ lo|? dpg, > / v? dy; (2.7)
e—0 Q Q
(¢) Criterium of strong convergence : vy, — v if and only if vy — v in L2(€Q, duy,)

and
lim / \vk\2d,uk:/vzdu. (2.8)
k—oo J Q

3. Setting of the Optimal Control Problem

Let m € R be some positive value, and let &, & be given elements of L(Q)
satisfying the conditions

&(z) < &(x) ae. in Q, &' e LYQ). (3.1)
To introduce the class of admissible BV -controls we adopt the following concept:

Definition 3. We say that a nonnegative weight p is an admissible control to the
boundary value problem

—divp(x)Vy+y=f in Q, (3.2)
0
y=0on I'p, p(a;)—y =0on Iy, (3.3)
ov
(it is written as p € Rgq) if

p € BV(Q), /Q,od:z: =m, &(x) <plr) <&(x)ae in Q. (3.4)

Here f € L?() is a given function.
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Hereinafter we assume that the set R,4 is nonempty.

Remark 1. In view of the property (3.1), we have the boundary value problem
for the degenerate elliptic equation. It means that for some admissible controls
p € Ruq the boundary value problem (3.2)-(3.3) can exhibit the Lavrentieff
phenomenon, the nonuniqueness of the weak solutions as well as other surprising
consequences.

The optimal control problem we consider in this paper is to minimize the
discrepancy between a given distribution y; € L?(€) and the solution of boundary
valued problem (3.2)—(3.3) by choosing an appropriate weight function p € Rq4.
More precisely, we are concerned with the following optimal control problem

Minimize {I<p,y>= [ 1) = vato) o

+ [ Wu@Bpde+ [ Do} 33)

subject to the constraints (3.2)—(3.4).

Definition 4. We say that a function y = y(p, f) € W, is a weak solution to
the boundary value problem (3.2)-(3.3) for a fixed control p € Rq if the integral
identity

[ @0V tue) dr= [ fods (3.6)
holds for any ¢ € C§°(2;T'p).

It is clear that the question of uniqueness of a weak solution leads us to
the problem of density of the subspace of smooth functions C§°(Q2;T'p) in W,.
However, as was indicated in [9], for a "typical" degenerate weight function p the
subspace C3°(€2;T'p) is not dense in W), and hence there is no uniqueness of weak
solutions (for more details and another types of solutions we refer to [1, 5, 7, 9]).
Thus the mapping p — y(p, f) is multivalued, in general. Taking this fact into
account, we introduce the following set

Ew ={(Bp,y) | p € Rad» y € W,, (p,y) are related by (3.6) } . (3.7)

Note that the set Zy is always nonempty. Indeed, let V, be some intermediate
space with H, C V, C W,. We say that a function y = y(p, f) € V, is a V-
solution or variational solution to the boundary value problem (3.2)—(3.3) if the
integral identity (3.6) holds for every test function ¢ € V,. Hence, in this case the
energy equality

| (Voo +9?) do= [ judo (33)
Q Q

must be valid. Since

1/2 1/2
/ny' < (/szdx> (/Qdex> < Clll,

for every fixed f € L%(12), it follows that the existence and uniqueness of a V-
solution are the direct consequence of the Riesz Representation Theorem. Thus
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every variational solution is also a weak solution to the problem (3.2)—(3.3). Hence
Ew # (0 and therefore the corresponding minimization problem

<( inf I(p,y)> (3.9)

is regular. In view of this, we adopt the following concept:

Definition 5. We say that a pair
(r°,9°) € LY Q) x WHH(Q;Tp)

is a weak optimal solution to the problem (3.4)—(3.5) if (p°,4°) is a minimizer for

< inf I(p,y)>,i. e.,
(py)€Ew

(P y°) €eEw and I(p%y°) = inf I(p,y).
(py)e Ew

The main question to be answered on the optimal control problem (3.4)-(3.5)
in this paper is about its solvability in the class of the weak solutions. It should
be noted that to the best knowledge of the authors, the existence of optimal pairs
to the above problem in the sense of Definition 5 has not been considered in the
literature.

4. Existence Theorem for Weak Optimal Solutions

Our prime interest in this section deals with the solvability of optimal control
problem (3.4)—(3.5) in the class of the weak solutions. To begin with we establish
soma auxiliary results that will be useful later. Let {(pk,yr) € Ew ey be any
sequence of the weak admissible solutions.

Lemma 1. Let {p;},cy be a sequence in Roq such that pp — p in L'(Q) as
k — oo. Then

(pe) "t = p~' in the variable space L*(Q, ppda).

Proof. To proof this result we make use some ideas of the paper [9]. By the
properties of the set of admissible controls R4, we have

/\p,;1|dg;g/|§;1\da; VEk €N,
Q Q

that is the sequence {plzl}keN is equi-integrable on 2. Note that, up to a subse-
quence, we have pp — p a.e. in €. Since

&' <o <&
Lebesgue Theorem implies

pet —p b in LYQ). (4.1)
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Let ¢ € C§°(12) be a fixed function. Then the equality

/plzlgppkdznz/godx:/p_lgppd:r Vk e N
Q Q Q

leads us to the weak convergence ,0,;1 — p~lin L?(Q, prdz). It should be stressed

here that, by the initial assumptions, ppdz — pdz in the space of Radon measures
M (Q) (see (2.5)). However, taking into account the strong convergence p; ' —
p~lin L1(Q) and the fact that  is a bounded domain, we get

lim / \pie| 2 prdz = lim /pgldm:/p_ldxz/ Ip| 2 pdux.
k—oo JO k—oo J 9 9

Hence, by the criterium of the strong convergence in variable space L?(2, ppdx),
we just come to the required conclusion. The proof is complete. O

Our next intension deals with the study of topological properties of the set of
weak admissible solutions Zyy to the problem (3.2)-(3.5). To do so, we introduce
the following concepts:

Definition 6. A sequence {(py,yx) € Ew };cy is called to be bounded if
sup ok llBv () + [lvkllL2@) + IVUEl L2 (0, ppdzyn | < +00.
€

Definition 7. We say that a bounded sequence {(pg,yr) € Ew } ey of the weak
admissible solutions 7-converges to a pair (p,y) € BV (Q) x WH1(Q) if

(a) px — pin BV(Q);
(d) yx — vy weakly in L?(€);
(e) Vyr — Vy 2> L%(Q, pdz)" in the variable space L%(, prdz)V.

Note that due to the suppositions (3.1), (3.4), and estimates like (2.3)—(2.4),
the inclusion y € W1(Q) is obvious.

Lemma 2. Let {(pr,yr) € Ew }pen be a bounded sequence. Then there is a pair
(p,y) € BV(Q) x Wh(Q) such that, up to a subsequence, (px,yr) — (p,y) and
y € W,.

Proof. To begin with, we note that by Proposition 1 and the compactness criterium
of the weak convergence in variable spaces, there exist a subsequence of

{(or,Ur) € Ew bren >

still denoted by the suffix k, and functions p € BV(Q), y € L?(Q), and v €
L?(Q, pdx)™ such that

pr — pin LYQ), ppdz > pdrin M, (Q), (4.2)
yp —yin L*(Q), Vy, — v in the variable space L*(Q, py, dz). (4.3)
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Let us show that y € WH1(Q), and v = Vy. Since & < pp < & for every k € N,
the claim (4.2) and Lemma 1 imply the property (see (4.1))

plzl —ptin LYQ), & <p<&aein Q. (4.4)

This yields that the sequence {Vyy}yey is weakly compact in L'(Q)N. Indeed,
the property of its equi-integrability immediately follows from the inequality

1/2 1/2 1/2
/ |Vyi| dz < (/ pglda:> (/ IVl pr dx) <C (/ pglda:> :
Q Q Q Q

As a result, using the strong convergence (pp)” ' — p~

L?(, prpdz) (see Lemma 1) and its properties, we obtain

in the variable space

lim 0 (Vykv ¢)RN dx = kli{{olo /Q Iolzl (vyk7 w)RN Pk dx

k—o0
- / P (0, ) g pdas = / (0, 0)gy d
Q Q

for all ¢ € C§°(Q)N. Thus Vy — vin L(Q)Y. Since by estimate (2.3) y € L*(2),
this implies that y € Wh1(Q) and Vy = v. As for the inclusion y € W, this is
immediately follows from the claims (4.2)-(4.3). The proof is complete. O

The next result is crucial for our analysis.

Theorem 2. For every f € L?OC(RN) the set Zyw s sequentially closed with respect
to the T-convergence.

Proof. Let {(pr,yx)}tken C Ew be a bounded 7-convergent sequence of weak
admissible pairs to the optimal control problem (3.2)-(3.5). Let (po,yo) be its
7-limit. Our aim is to prove that (7, o) € Ew.

By Lemma 2 we have

pr— poin L'(Q), po€ BV(Q), & <po <& ae in Q. (4.5)

Then passing to the limit as & — oo in the relation fQ pr dx = m, we just come
to the conclusion: pg € Ryq, 1. e. the limit weight function pg is an admissible
control.

It remains to show that the pair (pg, o) is related by the integral identity
(3.6) for all ¢ € C§°(;T'p). For every fixed k € N we denote by (pk,Jk) €
BVjoe(RY) x Wlf;cl(RN) an extension of the functions (pg,yr) € Zw to the whole
of space RY such that the sequence {(pk, Jk) }ren satisfies the properties:

ﬁk S BV(Q), & < ﬁk <& aee. in Q, (46)
up (17l vi@) + 1kl120) + IVl 2@ty | < +oo (47)
€
fir any bounded domain @ in RY. Hence, by analogy with Lemma 2 it can be

proved that for every bounded domain @ C RY there exist functions py € BV(Q)
and yo € W5, = W(Q, po dx) such that

pr—po in LYQ), Gr—70 in L*(Q), (4.8)
Vik — Vo > L*(Q, po dz) in the variable space L2(Q, ppdx)™.
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It is important to note that in this case we have
Yo=1wyo and pg=py a.e. in €. (4.10)

In what follows, we rewrite the integral identity (3.6) in the equivalent form

/RN (VU Vo)rn Pk + i) Xa(2) dz
- [ Fexal@)ds Vo e GE@Y.To), (@)

and pass to the limit in (4.11) as k& — oo. Using the properties (4.8)-(4.9), and
the fact that yo — xq strongly in the variable space L?(Q, py dz), i. e.

[ oiede= [ opede— [ xaprdo= [ \bdvdo
RN RN RN RN

we just come to the relation

L (V0. Volax o+ e xale)de = [ foxale)ds Vi€ CGF(RY.Tp)

which is equivalent to the following one

/Q (Y50, Vo)an o + Gop) do = /Q fode Ve CR(Q,Tp).

As a result, taking into account (4.10) and the fact that yo € W5, (by Lemma 2),
we conclude: yg is a weak solution to the boundary valued problem (3.2)—(3.3)
under p = pg. Thus the 7-limit pair (79, yo) belongs to set =y, and this concludes
the proof. O

Now we are in a position to state the existence of weak optimal pairs to the
problem (3.2)-(3.5).

Theorem 3. Let & € L} (RY) and & € L] (RYN) be such that & < & a.e.in

loc loc

RN and &' € L (RN). Let f € L2 (RN) and yg € L*(Q) be given functions.

loc
Then the optimal control problem (3.2)~(3.5) admits at least one weak solution

(7', y™") € Bw C L'(Q) x WH(Tp), 4" € W(Q,p™" dx)
if and only if Raq # 0.

Proof. Because the converse statements is obvious, we suppose that the set of
admissible controls R,q is nonempty. Then the minimization problem (3.9) is
regular (i. e. Zyw # 0). Let {(pk.yYx) € Ew }jen be a minimizing sequence to (3.9).
Then as follows from the inequality

inf  I(p,y) = lim [/ lyr(z) — ya(z)[* do
(py)€Ew k—oo | Jo

—i—/Q]Vyk(x)\%Npkdx—k/Q]Dpk@ < oo, (4.12)
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there is a constant C' > 0 such that
sup [|ykllz2) < €, sup [[Vykll 20 ppdeyy < C, / |Dpi| < C.
keN keN Q

Hence, in view of the definition of the class of admissible controls R,q, the
sequence {(pk,Yr) € Ew }ren is bounded in the sense of Definition 6. Hence, by
Lemma 2 there exist functions p* € BV(Q) and y* € W(Q, p* dz) such that,
within a subsequence, (pr,yr) — (p*,y*). Since the set Zy is sequentially
closed with respect to the 7-convergence (see Theorem 2), it follows that the
7-limit pair (p*,y*) is an admissible weak solution to optimal control problem
(3.2)-(3.5) (i- e. (p*,y*) € Ew). To conclude the proof it is enough to observe
that by property (2.7) and Proposition 2, the cost functional I is sequentially
lower 7-semicontinuous. Thus

I(p*,y*) < liminf I(pg,yx) = inf_ I(p,y).
k—oo (p,y)EEW

Hence (p*,y*) is a weak optimal pair, and we come to the required conclusion. O
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HAIIIBHEIIEPEPBHA 3HU3Y PELVJIAPU3AIIS
BIIOBPAYKEHb, SIKI JIIFOTHh ¥ YACTKOBO
VIIOPSIIKOBAHUI 3A KOHYCOM HOPMOBAHUN
I[IPOCTIP

A. B. JloBxkeHko

ninponemposcorutll Hayionarvrul yuisepcumem im. Oaecs [onuapa,
ninponemposcok, 49050. E-mail: anthony3007@rambler.ru

3amnponoHoBaHa cxema HalliBHEIEPEPBHOI 3HU3Yy peryJisipu3anii BijoOpa>keHb,
fIKi JIIOTh y IIPOCTOPY, YACTKOBUII IOPAOK Y AKHX 3aJA€ThCI KOHYCOM i3 IyCTOIO

TOIIOJIOTIYHOI0 BHYTPILIHICTIO.

Kinrouosi cioBa. YacTKOBO yIopsiIKOBaHI IIPOCTOPH, HAIlIBHEIIEDEPBHA 3HU3Y PEry/IspU3allis,
IOPAIKOBI KOHYCHU 3 IIyCTOIO BHYTPIIIHICTIO.

1. Bctyn

Iobpe Biomum dhakToMm TEOPil BapiaifiHOro YnuC/IeHHS € MOXKJIUBICTD 1100Y/10-
BH I JIOBLIBLHOI fiiicrosuaunol ¢yukiii f : £ — R 1i manisuenepepsroi 3un3y
peryngpu3ariii BUXOATIN 3 IPaBIIA

flz)= ligl_glff(a;).
[Ipore y Bumasky, ko f : X — Y e BimoOpakenusm, fe Y € 9aCTKOBO BIIOPSTKO-
BAaHIM HOPMOBAHUM IIPOCTOPOM, BJIACTUBICTD HAIIIBHEIIEPEPBHOCTI MOXKHA O3HATH-
THU B JIEKIJIBKOX, 3arajiOM, HE3AJIE2KHUX BaplaHTax. ¥ jaHiit poOOTi pO3IJIsIa€ThCs
MUTAHHS HaMiBHEIEPepBHOI 3HN3Y peryasapu3arii Bimobpaxens f : X — Y, mo
O3HAYAE IMOIIYK HANHOLIBIIOrO 3 yCixX HalliBHEIEPEPBHUX 3HU3Y Bi0OOPaKEHb, sKi
€ MEeHIINME HiXK f.

[T upobsiema Gy/ia 4acrTkoBO po3p’sizana B [4], je aBropamu 3alpornoHOBa-
Ha CXeMa HalliBHEIepePBHOI 3HNU3Y pery/isdpu3aliil BeKTOPHO3HAYHUX Bi0OparKeHb,
sIKQ ONUPAETHCHA HA MOHATTH IpaHuli nocigoBuocti muoxkun 3a [lenesie—Kypa-
TOBCBKUM, Ta € 3PpYYIHOIO M1 IPAaKTUIHOTO 3acTocyBanHd. [Ipore meTon, 3ampo-
nonoBanuit B [4], aificHuit suie s Biobpazkensb, siki 0T y 1pocTip, HaliBy-
MIOPSAKOBAHNI KOHYCOM 3 HEIIyCTOIO BHyTpimrHicTiO. Lls1 ymMmoBa cyTTeBO 0OMeEKy€e
KJIaC Bijl0OparkeHb, gKi MOXKHA, peryigpu3ysaru. Tak, 1o, Halpuk/ia, KOHYCH J0-
JIATHUX eJIeMEeHTIB y 011b1IocTi j1eberoBux mpocTopiB MaiOTh IyCTy BHYTPINIHICTD,
[poTe, IO CyTTEBO, IX ajredpaidHa BHYTPIIIHICTD € HEIyCTOIO.

V 3B’43Ky 3 muM, MeTOI0 JAaHOl podoTH € JIOC/iIzKEeHH s IpOb/IeMu HalliBHeIIe-
PEPBHOI 3HU3Y peryagpu3aril BijgobparkeHb, sKi JIIOTh y IPOCTip, HAIIBYIIODS:/I-
KOBAaHUII KOHYCOM 3 HEIyCTOI0 a/jiredpaldHOI0 BHYTPIMIHICTIO. YMOBA HEIyCTOTH
ayiredbpalvHol BHYTPINIHOCTI € MEeHIII 0OMEXK/ITMBOIO, HizK HEIyCTOTa BHYTPIIIHOCTI,

© A. B. Jlos:kenko, 2009
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II0 JTO3BOJISIE MOMIMPUTH METOJ] 3alponoHoBanuii B 4], Ha OLIbII HIMPOKWit K1ac
Bi100paKeHb.

2. OcHOBHI NOHATTH Ta MOMEPEAHI PE3yJIbTaTH

VY upomy naparpadi HaBeAeMO KAIOY0BI MOHATT Ta O3HAYEHHsT, HeOOXi/1HI HaM
JUTS PO3IVISAY CcTaTTi. B mepimiit vacTuHi HaragaeMo MOHATTS HaIllBHEIIePePBHOCTI
3HU3Y Bi/0OOpakKeHHs, a B JPYTiil 3BEPHEMO yBary Ha MOHATTS Ta BJIACTUBOCTI
asiredbpaldHOl BHYTPIIIHOCTI KOHYCA.

2.1. IloagaTTy HaMiBHENEPEPBHOCTI 3HU3Y BigOOparkeHHS

Y nawmiit crarri depes E Tta F Oyjaemo mo3nadaru JiifiCHO3HAYHI BEKTODHI
ronoJioriani npocropu. st migvuokuau S B E au I, Int S ta cl.S OyayTh o3Ha-
JaTh BIJOBIIHO BHYTPIIIHICTE Ta 3aMUKAHHS MHOXKWHM S.

O3znauenus 1. Muoxkuua A C F' Ha3WBaeThCA KOHYCOM, AKIIO

YAeA:al €A Va> 0.

O3znauenns 2. Konyc A C F Ha3suBaeThCsa 3arOCTPEHNM, SKITO

Aﬂ—A:{OF}.

Mu bymemo po3ragmaTi 3aMKHEHI Ta 3arocTpedi Kouycu. Taxwmit komyc A mo-
PO/KY€E Y9aCTKOBUIT MOPAA0K B mpocTopi F', saxkuil mo3HAYAETHCI =) 1 O3HAYAE
HaCTYyIIHE:

Y1 JA Y2 & Y2 €Y1+ A

ITiz mpocropom F'® G6yaemo posymitu npoctip FU{+00}, ne +00 € naitbinbimm
eIeMEHTOM TIPOCTOPY F' BIIHOCHO MOPSIIIKY <A, & came: Jijist Oy/Ib-IKOTO eJIeMEHTa,

feF: fAr{+oc}

3aysaoicennsn 1. Tlonsirrs HeBiacHoro esementa {+00} y HaliBylHOPsiJIKOBAHUX
[IPOCTOpAaX € JOCUTH HEO[HO3HAYHUM. Y JIaHiil cTarTi Oy/1eMO JOTPUMYBATUCH Ta-
KOI'O TJIyMadeHHs: OyjeMo Kazard, 1o mnociaigosuicrs {f,}, C F 3biraerbes 10
{400}, akmo:

(i) {fn}, me obmexena 3a nHopmoio upocropy F,
(ii) Vb€ F Ing : b # fn, Yn > ng.

Oznauenus 3. llimvuoxkuna A B F' HA3WBAETHCA HAIPSIMICHOIO BrOPY, SAKITO
s Oyab-akux a,b € A icuye ¢ € A rake, mo a <z ¢ Ta b <, c.

Hanpgawmieni BHU3 MHOXKWHYM BH3HAYAIOTHCH 3 MO/IOHOIO CXEMOIO.
Huxubot0 rpammio MEOKIHE A HazuBaTIMeMO ejfleMenT inf A, skt 33,10B0OTb-
HsE YMOBU:

1. inf A <, b, Vb € A:;
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2. ¢ Xpinf A, Ve € F toxi i timpku Tomi, Ko ¢ <p b, Vb € A,

[Ipoctip F' Ha3uBa€THCs PEIINTKOI, SIKIO Jjid Oy/Ib-KUX ejJieMeHTiB a,b € F
icuytors sup{a, b} Ta inf{a, b}. I, nacamkinenp, pemirka, B sikiit Oy 1b-sKa HAIPSIM-
JIEHA Bropy, oOMerkeHa 3BEpXy HEIyCTa MHOXKHHA Ma€ TOYHY BEPXHIO IDAHUITIO,
HA3UBAETHCs [TOBHOIO BEKTOPHOIO PEIIITKOIO.

Ozuavenns 4. Byjemo kasaru, mo Bijgodpaxenus ¢ : E — E® ¢ MenmuM 3a
Bimobpaxkenns [ : ' — FE°, akmo

g(x) =2p f(x), Vo € E.

Ozuavenns 5. O6sacTio BusHadenns: Bijobpaxkennus f : E — ['®) ska nosHa-
JaeThed 9K Dom f, Ha3WBAETHCA MHOKUHA!

Dom f ={z € E|f(x) # +o0}.

O3nauennda 6. Pizounero muoxkun A 1 B: A — B Ha3uBaeTbCAd MHOXKUHA

A—B={a—b,ac Abe B}.

Hagpenemo moHaTTS HUXKHBOI rpanuii mnocjigoBuocti muoxud {A,} C Fy
cenci [Ienessie-Kyparoscbkoro:

liminf A, = {yeF:y:limyn, dng: yn € Ay, Vngno}.

Kaxyrb, 110 noc/iiosuicts Muoxun { A, } 36iraerbest 3au3y 10 MHOKUHE A C
F' B cenci Ilenessie—KyparoBcbkoro, sKimo

A C liminf A,,.

Harayiaemo renep Bijgomi noHsirrst HaniBHenepepsHOCTi 3Hu3y (HH. 3H.) Ta Cex-
BEHIIHOI HH. 3H. BEKTOPHO3HAYHAX BiT0OparKeHb.

Osnauenns 7. |5| Binobpaxkenns f : F — F'® Ha3uBaeThCs HAIIIBHEIEPEPBHIIM
sum3y (HH. 3H.) B Touni zg € FE, axkmo ans Oyjap-sikoro okosy mynas Vo€ F i
nosinbaOro b € F| gxe 3a10B0bHs€ Hepisaicts b <z f (z9), B F ichye okin U
TOYKM X TaKWUii, 1110

fU)Ccb+V+CU{+o0}. (2.1)

Osnauenns 8. [5| ko zg € Dom f, 1o Bijobpaxennst f Oyjue HH. 3H. B TOYL]
20, TOJI 1 TIIBKY TOJIi, KO [/ OY/Ib-KOI'0 OKOJTy HyJisd V € F' icHye Takuil OKij
U Toukm xg, 110

fU)C f(xo)+V+CU{+0}. (2.2)

Osnauenns 9. |2| Binobpaxenns f : E — F'® Ha3WBa€TbCs CEKBEHIIIHO—HH. 3H.
(ck.~mu. 3H.) B Touni xg € E, axmo ana Oyab-gxoro b € F| ske 3a/10BOJIbHSE
ymosi b <y f (zy,), 1 aas 6yap-sakol mocaigosuocti {z,}, C E, gka 36iracTscs 10
x0, icaye nocuiposuicrs {by,}, C F, saka, B cBOIO 4epry, 36iracrbes 10 b 1 koxen
i1 eJleMeHT 3a/10BOJIbHAE HEPIBHOCTL

bn 2A f(xy), VneN.
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Osnavenns 10. 2| dxmo z¢ € Dom f, To Bimobpaxkenns f Oyme CK.—HH. 3H. B
To4ni g, TOAl 1 TiabKE TOAl, KO Auist Oyb-skoi nociigosrocti {xy,}, C E, axa
36iraeTbes 110 X, icHye Bigmosigna mocmigosuicts {by}, C F, ska 36iracTbcs 10
f (xo) 1 KOxKeH 1T esleMeHT 3a/0BOJIbHSIE HEPIBHOCTI

bpn <A f(xy), YneN.

B [2] 6ym0 moBeseHO, M0 MOHATTS HH.3H. Ta CEKBEHIITHOI—HH. 3H. € €KBiBa-
JleHTHUMY, 9KIO npocropu E ta F' merpuszosami.

2.2. Asrebpaiuna BHyTpillHICTH KOHYcCa Ta 11 BJIACTUBOCTI

KuirogoBuM MoMeHTOM cTarTi € ymoBa HelycroTu ajredpaiyHol BHYTPIiIHOCT
KOHYyCa, SIKUil 3a/a€ 4acTKOBUI MOpPsA0K B F. Y 3B'd3Ky 3 UM HaBEJIEMO Pl
[I0JIOZKEHD, K1 Oy/1yTh BUKOPUCTAHI JaJi Ta, MOKJIMBO, CTAHOBJIATH CAaMOCTIHMIT
IHTEpec.

O3znauenns 11. Hexait S — memycra miaMHOKIHA, THCHOTO JIHIHHOTO TPOCTOPY

E.
1. Muoxuny
cor(S):={zeSVee Fda>0:z+ax e SVacl0al}
HA3UBAKOTh aJire0paldHO0 BHYTPIIIHICTIO S.

2. Muoxuny S i3 Biacrusicrio S = cor (S) HazuBaoTh aaredpaidHo BiAKpH-
TOIO.

3. MHOXKHHY eJIeMEHTIB, siKa He HaJaeKuTh aHi cor (S), aui cor (E\S), Hasusa-
0Th aJre0palaHOI0 I'PAHUIIEIO S.

4. Esevenr T € F Ha3uBaioTh JIHIAHO JONYCTUMUM €/IEMEHTOM MHOXKUHU S,
SIKIIO iCHYE T € S, x # %, 3 BIACTUBICTIO

ar+ (1 —a)z € S, Va e (0,1].

O6’eqnannsg MHOKUHA S Ta BCIX 11 ZOMYCTUMUX €/IEMEHTIB HA3UBAIOTH AJITe-
OpaitanM 3aMUKaHHAM S 1 03HAYAIOTH

lin (S) ;= SU{x € F|x niuiitno ponycrumuii eqement i3 S} .
Axmo S = lin (), To MHOXKuHY S HA3UBAIOTH AAreOPATIHO 3AMKHEHOIO.

5. Muoxkuny S Ha3uBalOThH aaredpaidHo OOMEKEHOI0, FKINO Jist 0y b-sKOTO
x € F i bynb-sikoro x € E icaye a > 0 Take, 1o

T+axr#£S, YVa> a.

Pozruisinemo renep jiesiki BJacTuBOCTI KOHYCIB 13 HEIycToro ajiredpaldHoio BHY T-
PIITHICTTO.
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JIema 1. [3] laa nenycmoi sunyxaoi mnooicunu S 0ilicnozo ainitinozo npocmopy
BUKOHYIOMBCA HACTYNHE MEEPONCEHHA:

1. zecor(S),z€lin(S) = {az+ (1 —a)Z|ac[0,1)} Ccor(S);
2. cor (cor (S)) = cor (S);

3. cor (S) ma lin (S) € onykaumu mmoocunamu;

4. cor (S) # 0 = lin (cor (S)) = lin (S) ma cor (lin (S)) = cor (S).

Oznauenns 12. dxmpo koryc A € F' mae memycTy aiarebpaidny BHYTPIIHICTD, TO
OyzemMo kazaru, 10 eaeMeHT ¢ € F' € crporo MeHmmM 33 KOHYCOM, HiXK €JIeMEHT
b € F, i no3unadaru 1e K a < b, gKINO Mae Miclie HACTYIIHA HEPIBHICTD

b€ a+cor(A)U{+o0}. (2.3)

Jlema 2. [3] Hexati A — onykaut xonyc y diticnomy ainitinomy npocmopi F 3
HeNnYcmoro anzebpaiwnot euympiwmnicmio. Todi:

1. cor (A)U{0p} — sunykauti xonyc;
2. cor (A) = A+ cor (A).

Saysaoicenns 2. Axmo konyc A C F € 3arocrpeHum Ta BHUIyKJIMM, &, OTKE,
BIH MOPOJKYE YACTKOBUI MOpA0K Ha rpocTopi F', i Mae Hemycry ajrebpaidmny
BHyTpimHiCTh, TO KOHYyC cor (A)U{0p}, 3a 1eM0I0 2, TAKOK MOPOJIZKYE IaCTKOBUI
mopsiJiok Ha F.

Hagesemo renep weobxijani BJIaCTUBOCTI KOHYCIB 3 HEIyCTOIO ajredpaldHoio

puyTpimHicTio. Hexait A — 3amkmenwnit, Bumyknnit ta 3arocrpennii xkomyc. Tomi
MalOTh MICIle HACTyIHI Pe3yJIbTaTH.

JIema 3. dxwo cor (A) # 0, mo snatidemvcs s6ioicra do O nocaidosnicmov {y, }
maxa, wo Yy > O0F.

Josedenns. Buacuigok semu 2, muoxuna cor (A)U{0r} € onykaum konycom. 3a
O3HAYEHHSM OIyKJocTi MHOKUHU. Lle o3nauae, 1o jyist 6y 1b-SKUX JBOX €JI€MEHTIB
a, b Bipi3oK, 1m0 ix 3’¢jHye:

[a,b] ={a-a+(1—a) -b,0<a<l1}.

3 1poro BuIIMBAE, 110, 0OpaBLIM JOBLIbHEI eeMeHT y 3 cor (A), MoxHA CTBED-
JeKyBaTu, mo Biapizok [0p,y] nanexwurs komycy cor (A) U {Ox}. Biabme roro,
(0, y] € cor (A). A Tomy, nobyyBaBIM MOC/IITOBHICTD

1
yn:_'y7n€N7
n

Jierko GaunTu, o BoHa 36iracrbesa 10 Op Ta He HasexkuThb 110 cor (A), mo i 10Bo-
JIUTH JIEMY. O

Hacninok 1. Jlaa dosiavnozo y € A, snatdemuvcea nocaidosnicmo {yy}, maxa,
wo
Yn — Y, Yn =A Y-
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Hacaninok 2. /laa dosiavrozo y € —A, snatidemvca nocaidoswicmo {yy, }, maxa,
wo
Yn — Y, Yn <A Y.

Hacimiggu 1 1 2 10BOAATHCS 3a JOMOMOIOI0 [MAPAJIEJIBHOIO EPEHOCY TOYKHU
y € F' B Op, micasa 90ro 3aCTOCOBYETHCI PE3YAbTAT JIEMH J.

Jlema 4. Sxwo cor (A) # 0, mo

A Ccl(cor(A)). (2.4)

B pasi oic samrnymocmi xonyca A
A =cl(cor(A)). (2.5)

osedenns. oBenenns tiel jemu BurmiuBae 3 jiemu 3. llpunycrumo, o teep-
kenns (2.4) € xubuum. Tonl 3uaiigersesa enement X\ € A rakwuii, 1m0

A ¢ cl(cor (A)).

[Tpore, e cynepednts TOMY, IO i JIOBLILHONO A € A 3Haiijgersca 30ixKkHa J10
HBOTO MOCTAOBHICTE {\,, }, , Taka, mo A\, >A A. Imakure, 3a Bractusicrio cor (A) =
A + cor (A) (aus. nemy 2), orpumaemo {A,}, € cor(A), a, orxke, ii rpanurs
[IOBUHHA HAJIEXKATH 3aMUKAHHIO aJreOpaidHol BHYTPIIIHOCTI KOHYCA.

3 inmoro 60Ky, 3po3ymifo, 1m0 y pasi, KoJaum KOHyC A € 3aMKHEHUM, TO 3aMu-
KaHHsI Oro ajreOpaidHol BHYTPIIIHOCTI Oy/le HajieKaTh CaMOMY KOHYCY, 3 90ro
BuuBae (2.5). O

3a3Ha4nMO, 110 Yy BUIA/IKY CKIHYEHHOBUMIPHOCTI poCcTOpy F, MOHATTI BHYT-
Y Y
pimuoCcTi TA asredpaianol BHyTpimHOCTI criBHaal0Th. [Ipore y HeckinvennoBu-
MIpHUX IIPOCTOpPaxX TaKol pIBHOCTI, K IPABUJIO, HE iCHYE.

3. IloHATTd MHO>KWHI HU>KHBOT'O PiBHA Ta i1 BJAaCTHUBOCTI

Y npomy maparpadi HarajgaeMo HOHATTA MHOXKUHU HUKHBOI'O DiBH:A, BBejIe-
HOro B pobori [4], Ta TT 3B’130K i3 BIACTUBICTIO HAlLIBHEIEPEPBHOCTI 3HU3Y /st
BEKTOPHO3HAYHUX BiI0OparKeHb.

Ozuavenns 13. Hexait f BekropHosnaune BijoOpaxkenss i xg € Dom f. He-
pe3 ¥ (zp) mo3HaumMo cimM’'i0 OKOJIB TOYKU Tg. 1ol MHOXKHMHA HUZKHBOIO PIBHS
BUBHAYAECETHCA TaKMUM YMHOM:

Al ={ye FIVV ed(y),U e (x), f(U) CV+AU{+oc}}  (3.1)
ab0, B CEKBEHIIINHOMY BapiaHTi:
s—AiO ={ye FIV{z,}, = zo, 3{bn}, =y, bn 2a f(zn) VR EN} (3.2)

Harataemo 38’5130k MHOKMHYU HUZKHBOI'O PIBHS 3 MOHSATTAM HH. 3H., 9Kl Oys10
MOKa3aHO B poboTi [4].
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TBepmxkenns 1. Hexait f — BekTopmozuadme Bimobpazkents i zg € Dom f. Toi,

1. Bimobpakenns f € CK.—HH. 3H. B TOUIll T( TOAL 1 TiabKu TOml, KO f (20) €
S Ago?

2. BimobGpazkeHHs f € HH. 3H. B TOUI T( TOJL 1 TLibKu Toxi, Kou f (xg) € A!;O.

TBepmxkennsa 2. dxkmo mpocropu F ta I merpmsosami, f : E — F*® xg €
Dom f. To
Al =s—Al .

Hayauti Oyjemo posriisijlatu BUIIQJI0K, KOJIU BijjoOpaxkeHHs f 3ajlaHe B mapi
METPU30BAHUX ITPOCTOPIB, TOMY IO3HAYATUMEMO MHOKWHY HUKHBOI'O DIBHHA B Ce-
KBeHIIiHOMY Bapianti sik Ag,.

Hapememo temep BIacTWBOCTI MHOXKWHW HUKHBOTO piBHsi. Hexait 3ajano Bi-
mobpaxenuda f: E — F°® xg € Dom f. Toni MHOX)WHA HUZKHBLOTO PIBHI MaE TaKi
BJIACTUBOCTI:

1. Al = AL, — A
2. Bigobpaxkenus f € HH. 3H. B TOUL T( < A£0 = f(xz9) — A;

3. gxmo npocrip F' € 6aHaxoBOIO PEIITKOIO, TO MHOYKUHA, HUZKHBOI'O PIBHS A?ﬁo
HaIpsgM/IeHa BrOpY.

4. HaniBHenepepBHa 3HM3Y peryJigpu3aliig BigoOpa>keHHb

Y npomy naparpadi BUBYAETHCA MUTAHHA HH. 3H. PEryjidpu3salii BEKTOPHO-
3HAUHUX BijoOpaxens f 1 FF — F°® e F' — noBHA BEKTOPHA PeIIiTKa, sSKa HAIBY-
[IOP$I/IKOBAHA KOHYCOM i3 HEIyCTOI0 a/redpaidHoro BHYTPIIIHICTIO. 3ayBaykKuMo,
10 IPU I[BOMY HE POOUTHCH KOJHUX IPHUILYIIEHD 1100 HEIYCTOTH BHYTPIIIHOCTI
KOHYycCa.

Hexaii mys 6ynb-sikoro xg € Dom f mae wmicre ymosa A!;O # (). Beeznemo 10
po3IIsiy Take BioOparkeHHs:

It (x0) :=sup A:{;O. (4.1)

BayBaxkumMo: 3 TOro, 10 F' € IOBHOI BEKTOPHOIO PEINTKOI, & Al — obumesxena
3BEePXY MHOKMHA, BUILIUBAE, 1110 BijoOpazkenHd [ € O3HaUeHUM J1/18 KOXKHOT TOUKH
x € Dom f.

Teopema 1. Hexati F' — nosua sexmopna pewimika, AKe HANIGYNOPAIKOSANHG
KOHYCOM 13 Henycmoro aszebpaiunoto snympiwnricmio. Todi sidobpasicenna Iy e
HH. 3H. Oaa Kooicnozo x 3 Dom f. Biavwe moeo, Iy ¢ natbisvwum 3 wi. 3n.
sidobpasicennv, Akt ne nepesuwyroms f, a, omoice, Iy € nH. 3H. pPe2yrApU3AUIEIO
sidobpasicenna f.

Hoseenns: Teopemu po3ib’emo na Jekijibka KpokiB. Koxken wacrynnuii pe-
3yJbTAT OyIeMO 3AIUCYBATH Y BULVISII OKPEMOI JIEMM.
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Jlema 5. /laa 6ydv-axozo onyxaozo xouyca A € F
(F\A) — A = F\A. (4.2)

Jlema 6. [4] Bnauenns sidobpaoicenmna Iy 6 mowui To HAAEHCUMD 3AMUKAHHIO
cl A£0

Jlosedenns. Buacainok jemu 4, 10CTaTHbo goBeCTH, MO s ycix p € cor (A) mae
MICIIe IIOTAHHS
It (xg) —p=cl Ago. (4.3)

O

Jlema 7. [4] Jlaa 6ydv-axozo eaemenma yo € Aio, maxozo, wo Yo <A Ly, icnye

nocaidoswicmo { B}, C cl Ago, OnA AKOL BUKOHYEMBCA MAKAE YMOBA:

Br — Iy (x0), yo <A B, VE. (4.4)

osedenns. s nosinsuoro k > 0, nexait

1
B = Iy (wo) = = Iy (20) — wo) - (4.5)
Bracninok TBepakeHHS 2 B JieMi 2, MaEMO:

B =0 = " (I (o) — o) € cor (A)

3 9010 BI/IHHI/IBa.e, jante]
Yo <A Bk, VE.

3 iumoro 60Ky, jema 6 rapaHTye, 1o
If (1‘0) ccl Ago‘

Tomy, 3a mobymosoto mocmigosaoCTi {f)}, 3pO3yMino, 0 BOHA HAIEKHUTL [0
cl Ago Ta 30iraeThes 10 esementa If (), Mo i JOBOIUTE JIeMy. O

BayBaxkumo, 110 Jist JoBlabHOrO o € Dom f mMatoTh Micie CriBBiIHOIIEHHS
ClEf (xo) :Hf (xo), Ago CClEf (xo) :Hf (xo) :ClA:{;O,

J1e BIJIIIOBIIHI MHOXKMHM O3HAYEHI SIK

E¢ (x0) := {y € Aggo

y<a (@0}, Hy(ao) = {y €1,

y =alf (SEO)} :
Jlema 8. [/] Mae micuye momooicricmo cl Ef (xg) = Hy (o).

Ax BunsnBae 3 1eMu 8, BUKOHYETHCS CITiBBlTHOIIEHHS:
Ago Cecl Ef (xo) = Hf (xo) =cl Ago’ (46)

Temnep j10Bes1eMO JieMy, siKa Biirpa€ OCHOBHY POJib y JOBEECHHI HalliBHEIEepe-
pBHOCTI 3HU3Y Binobpaxenns If (xg).
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Jlema 9. [as 6ydo-axoi 36iocnoi do xo nocaidosnocmi {xy}, 6idnosiona nocai-
dosHicmb Aik MAE C8OEI0 HUINCHYLONW 2panuyeto 3a [lenesre—Kypamoscokum mro-
AHCUHY A;O.

Josedenns. HeobxinHo 1oBECTH, 110 38 YMOB JIeMU A£0 C limkinf Agk. st nporo

JOCTaTHLO JOBECTH, IO
Ej (wo) C lim inf AL . (4.7)

Hexait yo € Ey (x0). [Tokazkemo, 1mo
Yo € hmklnf Az, -
Bposymino, mo yo <A Iy (x0). Hexait mocaigosuicts {f}, C cl A£O 33JI0BOJILHAE
ymoBam stemu 7, a came B — If () i
Yo <A If(x0), VE > 0. (4.8)

Bubepemo moBibHY MOCTITOBHICTE Y — Yo TaK, m00m 4y <A Yo, Vk > 0. Iloxka-
KeMO HaCTyHHe:

dog : Vk > 0, yr =A f(a;) Vx € B (xo,éo) . (49)

[Ipumyctumo, mo 1me #He Tak. OTKe, qaa Oymb-axoro 6 > 0, icaye k > 0 i
x5 € B (x95) rake, mo

fxs) =y & A

[makire KaXXydnm, Mae€MO CIiBBITHOIIIEHHS

[ (z5) —vyo € yp —yo + F\A
€ —A+ F\A = F\A.

Orxke, MOXKHA 1100y 1yBaTH TOCIIIOBHICTD Wy, — X TaKy, 110
f(wn) —yo € F\A, Vn. (4.10)

Badikcyemo nosinbre uncio kg > 0. Yepes re, mo [y, € cl Ago, icuye mocyii-
AOBICTE (b, = {7 (ko) by TR, 110

Ym — ﬁko)

5 Ym € AL, Toni 3 03HAMEHHS MHOKMHM HIKHBOIO PiBHS BHILUIMBAE, 10 ICHYE
nociigosuicts {pn},, 1= {Pn (kom)},,, 9Ka 306iraerncs 10 Yo, 1 g Oyap-gKoro n
32/I0BOJIbHSIE BKJIIOUEHHIO:

—f(wn) +pn € —A (4.11)
3 (4.10), (4.11) Ta jsemu 5 BuILIHBAE
Pn— Yo € (F\A) — A = F\A. (4.12)

Toi,
Pn — Yo & cor A. (4.13)
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[lepexomsan o rpanumni y (4.13), Mu oTpuMaemo

Ym — Yo & cor A. (4.14)

VY Toii xke wac, rpanngHuii mepexin B (4.14) mae

By — Yo & cor A, (4.15)

o cynepeunts (4.8). A ne osnauae, mo (4.9) € npaBuibHUM.
Tenep, BuxopucroByoun (4.9) moKaxkemo, 1o Yy € Agk. s koxuOTO kK T10-
Oysyemo nociigosnocri {z} } — . Toxi suaitierses ng € N Take, 1o

xZeB(xk,%O> Vn>ng i Vk > nyg.

Hexait (z};”}n — JIOBLIbHA MOC/II/IOBHICTD, fKa 30iracThbCs /10 Yk, 1 IPKU ILOMY 2) =S¢

Y. Hexail Takox
z7, n>n
yr = { g 0 (4.16)

fzy), n<ng.

Bsazkarouu, mo z € B (:170,%0) Vk > ng, maemo z} € B (x0,00) Vk,n > ny.

BBinku, B cuny (4.9), orpumyemo y ¢ f(x}) Vk,n > ng. Orxe, y, € Agk

Vk > ng. Takum uunoMm, y € limkinf Aék, 3 9Or0 BUILIUBAE
Ef (1‘0) - liH?;cinf Agk

Ockinpkn limkinf Agk € 3aMKHYTOI0 MHOXKHHOI0, TO cl Ey (xg) C limkinf Agk. B

pesyJibrari A£O C limkinf A;{;k, 0 1 MOTPIOHO OYJIO0 BCTAHOBUTH. O

BpaxoBytouu pe3ysibraTi, OTpUMaHi B HABEJIEHUX JIEMAX, JIOBEJEMO Telep Teo-
pemy 1. Pozif’emo joBejienns na jasa eramnu. Ha neprnomy mokazxkemo, o Bijiobpa-
xenns Iy (x) e vu. 38. Ha Dom f. Ha apyromy erami — mio [f (x) € Haiibiabmmm
cepejl ycix HH. 3H. BiJIoOpazKeHb, siKi € MEHIIUMU 33, f.

Hosedenna. 1) Hexait g € Dom f ra nocmigosuicts {x,}, 36iractbes 10 xo. Baa-
ci1i0K slemu 6 icnye raka nocaisossicrs {y} € AL, sxa s6iractbest 10 1 £ (20)-

3 nemn 9 BumamBae, Mo Yr € liminf A!zn. B koxwiit Muoxumi A;’zn BuOEpPEMO
n

nociigosnicts {y}'}, , 9Ka 36iraerbed 10 Yn, Komu n — +-o0. Toxi, 3a jemoro 9
maemo: {yg }, 36iraerses 210 Yy, piBHOMIpHO. Bijbiie TOro, BpaxoByoun BIacuBocTi
BHYTPIIIHOCTI KOHYyCa, 9K BUKJa/leHO B naparpadi 1.2, ejeMenTH moc/ii/I0BHOCTI
{y,?}n MO?KHQ, ITOJATU TAKUM YHHOM:

Yi =Yk — Un, Up € cor A, lim v, =0p. (4.17)

n—-4oo

Bpo3ymiio, 1o
yi Sasup AL =Ty (). (4.18)
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dcno, mo (4.18) mae micre s gosiibaux k. Tomy BisbMeMmo BioOparkeHHs
k(n) rakum, mo k(n) — 4o0o. Toal nobyyemo 1mociimoBHICTD

b = fin)- (4.19)

s mocsioBHicTs 36iraernes 10 15 (x0), 3aagku piBHOMIpHIi 30iKHOCTI Y] 10 Yj
1 3a/10BLIbHSE HEPIBHOCTI
by 2a If (2n). (4.20)

A, orke, s Oyab-gKOI 301:KHOI 10 X MOC/IOBHOCTI Xy, 3HAMIEHO BiIIOBIIHY
nocigosnicts by, € F raky, mo by, <A If(g,) 1 bp — Iy (20). Orxe, Bijobpaents
It (x) € vH. 3H. B TOUIi Z(.

2) Hexait g : F — F'® — j0BlIbHE HH. 3H. BiI0OOPAKEHHS, SIKEe € MEHIIUM 33, f.
3a 1oby0BOI0 MHOYKUHU HUYKHBOI'O PIBHSA 3PO3YMLJIO, 1110 3 HEPIBHOCTI

g(z) 2p f(x), Ve e E

MaEMO
Af(x) D Ag(x) = sup Agp(x) =a sup Ag(x). (4.21)

Binowmo, mo I (x) = sup Ag(x), i npu mpomy g (x) = sup Ay(x), ockimbkn Bigo-
OparKeHHsl ¢ € HH. 3H. 3 [[bOI0 BUILJIUBAE, 110

I (z) =p g (2).

YHacaiok JoBlabHOCTI BUbOpy BinobparkeHus ¢, no0yoBaHe Bi10OpazkKeHHs
I+ (x) € maiibinbimum cepes ycix HH. 3H. BioOpazKkeHs, siki € mentumu 3a f. Takum
IUHOM, TIe BiTOOpaKeHHs € HH. 3H. peryasapu3ariero misd f. O

5. IlpukJjiaa HamiBHEnEpPEepPBHOI 3HU3Y peryJadpu3arliii

g imocTparliil HaBeeHOro B pobOTI METOy PO3IVIAHEMO Bi0OparkKeHHsd, dKe
HE € HH. 3H. B 00J1aCTI CBOIO0 BU3HAYEHHSI, T 34y YUMO JI0 HbOI'O 3alPOIIOHOBAHY
BHINE perynspusaniio. Posrigmemo Bimobpazkenns f : R?2 — Iy, 1e mpocrip lo
Ha/ Mo *-ciaabkoro Tonoiorieo. Hexait mpoctip lo HABYTOPSIIKOBAHO KOHYCOM
HEBiT'€MHIX eJeMeHTIB

l;:{(l‘l,:lﬁg,...,fbn,...) €l2|$iZO,ViEN}.

Hexait
(x,2+1,0,...) x#1,

J(@) = (0,3,0,...,0) ax=1.

Bimobpazkenns: f € HemepepBHHM, a TOMY 1 HH. 3H., BCIOJM OKpIM TOYKH Tg = 1.
Y rouni g = 1, f He € HH. 3H., OCKLJIbKU JijIs [TOCJIIOBHOCTI {”T_l}n He icHye
BisnosiuoI nocsigoBroCTI {by, }, gKa 6 36iramaca 1o erxementa f(1) = (0,3,0,...)

1 0JIHOYACHO
n—1 2n—1
by jl;( — ,0,...).
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VY 3B’s3Ky 3 muM I0OYIyeMO MHOXKHHY HHXKHBOIO PIBHS /I BigoOpazkeHHs f B
Touni xg = 1.

Al = {ye FIV {z,}, —1,3{bn}, — v, bp =a [ (xn) Vn € N}
XapaKTepHUMHU JJIsT ITHOTO BULAJIKY 6y,£LyTb JIBa, TUIIM 11OC/I1JIOBHOCTE:

1. &, = 1. B upomy Bumazky f (z,) = (0,3,0,...). 3 goro Bumimusae, 1o A{
He MOXKe MicTuTH ejaeMeHTiB, gki ne € menmmmu 3a (0,3,0,...).

2. Jlosr BCiX IHIMAX TOC/IIOBHOCTER, 110 30irafoThbcs 10 xrg = 1, BigmoBimHa
rpanuig nociaigosuocreit {f,, } 6yae nopisutosaru (1,2,0,...). Bpaxosyio-
4qM, M0 B yCiX TOYKAX, OKpiM Touku 1, BijoOpazkeHnnsi HerepepBHE, JIETKO
GaauTu, 1o A{ HE MICTUTH eJIeMeHTiB, aKi He € Menmumu 3a (1,2,0,...).

Bpaxosyiouu 1ie ta cxemy mo0y/10BU MHOKUHU HU2KHBOI'O PIBHS, JIEIKO Oa4uTH,
mo Aj BK/IIOUaE juie Ti eleMeHTH, #AKi ogHovacHo Menmmi mHixk (1,2,0,...) Ta

(0,3,0,...). Orxe, A{ MICTB JIMIIIE Ti €IEMEHTH, 9Ki € MCHIINME 3
inf {(1,2,0,...),(0,3,0,...)} = (0,2,0,...).
TakuM 9MHOM, MHOKUHA A{ MAg€ BULJISIL;
Al =(0,2,0,...)— 1.
Tobro, peryisipuzaliisi BijjoOpaxkenast f B Todni 1 Mae BULJIsiI:
I;(1) = sup A] =sup ((0,2,0,...) — 1) = (0,2,0,...),

B TOIf Yac, 9K Ha YCbOMY IPOCTOPL JIHICHUX 4uCes1 11 MOXKHa, TTOJAATH Y BUTJISIL:

) (@x+1,0,...) x#1,
f(x)_{(o,zo,...) z=1.

6. Bucuosku

Taxmm TrHOM, METOJ, HAIIlBHETIEPEPBHOI 3HN3Y PETYASIPU3aIlii, 3aIIPOTOHOBAHN]
y pobori [4], MOKHa HOIMPUTH HA KJ1aC BII0OPaKeHb, Kl JII0Th y IPOCTOPHU, 110 €
HaMIBYTIOPIAKOBAHUME 33 KOHYCaMU 3 MOXKJIMBO IIYCTOIO TOMOJ/IOTITHOIO BHY TPIII-
HICTIO.
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Posrisinaerbes 3aa4a npo Hanpy»keHo-gaedopmosanuii crad (HC) B’sskonpy»x-
HOr'0 MYCTOTLIOro IWIHApAa, KWl HAPOIIYETHCH IIiJ] i€l0 BHYTPIINIHBOIO THCKY.
IIpumycka€eTrbcsi, M0 NPOIeC HelNepepBHOrO HAapPOILyBaHHsI Ma€ Micle 3i CToOpoHU
BHYTPIIHbOro pajiyca. Po3riissHyTO 4acTUHHUI BUIIAJOK JIIHIMHOIO 3aKOHY IIOB3Y-
YOCTi, & TAKOXX HABEJIEHO PEe3YJIbTATH PO3PaxyHKIB, sKi MOKa3yIOTh JUHAMIKY Ha-

npy2keHp Ta gedopmaliii, 10 OPU [bOMY BUHUKAIOTH.

Kimrouosi cioBa. B’askoupy:xuuil nusisap, BHY TPILIHE HAPOILY BAHH, MO/IEJIb IIPOLECY HAPO-
LIy BAHHS.

1. Bctyn

[Iporec po3BUTKY HOBUX TEXHOJIOTiHT y BUPOOHUIITBI 000/I0HOK, TPYO Ta iHInx
Jlerajieil obepTraHHsd IMIIAXOM HAPOILyBaAHHS BUMAra€ PO3BUTKY BLIIIOBIIHUX METO-
JIiB pO3paxyHKYy, AKi 6 BpaxoByBa/id MeXaHIYHI BJIACTUBOCTI MaTepiajy, 3 gKOrO
roTyeTbCs Ta abo iHma jerasb. Bimomo, Hanpukiaj, mo mojiMepu, a OCTaHHIM
4acoM 1 JiedKi MeTaJin, siKi 9acTo 3a/1y4aloThCd [IIsi BUTOTOB/IEHHS TPYDO MeTo/10M
BLLIEHTPOBOIO JInTTs [5], MAOTh 4iTKO BUpazkeHi BJacTuBocTi HoB3ydocri. 3a3Bu-
Jail g 00CTaBUHA MPU3BOAUTDL 0 MEPEPO3IO/ITy HANPYXKeHb y gerai (Tpybi)
upu i1 mapoiryBanni, 3miai ¢popmu 1 po3MipiB, a TaKOXK 1pu i1 MOJAJIBIIOMY HAa-
BaHTaxKyBaHHI. B 11bOMy BUIIQJIKy 3a/iydeHHs TeOpil B'd3KONPYKHOCTL JI03BOJISIE
3/IMCHUTH TEOPETUYHY OIIHKY ITUX YMHHUKIB 1 IPONOHYBATU TaKl TeXHOJOrl Ha-
POIIYBaHHS, SIKi O BIIIOBIa/ M OCHOBHIM BHUMOTAM 10 TOTOBOI IIPOIYKIIil.

VY 3B’s13Ky 3 UM JIOPEYHO 3ayBazKuUTH, 110 B pobori [4], upu jgociipkenni 3a1a-
9l TpO HAPONTYBAaHHS NWIIHIAPA, OCHOBHA yBara IPUILIAETHCI OIHI peTaKcartii
3a/IMIIKOBUX HAIPYyzKeHb. Pa3oM i3 Tum, MeToi0 jgaHol pobOTH € JOC/I/KEeHHS
BILIMBY Yacy HapOIYBaHH: HA PO3IOJILI HAIPYZKEHDb Y B’I3KOIPYKHOMY TOPOZK-
HUCTOMY HUJIHJPI.

2. PizpuyHa IOCTAHOBKA 3aaadvi
[Ipu mobyoBi MaTEMATHIHOI MO/ HAPOILYBAHHS B’ I3KOIPYZKHOT'O IIyCTOTi-

JIONO HUJIHJPA, SKUU HAPOILYETHCH II1J1 JI€I0 BHYTPIITHBOIO TUCKY, CKOPUCTAEMO-
s miaxomoM, gkuit HaBeneHo B [4|. Hexail € 3amanuM mopoKHUCTHI OHODIAHMIIT

© A. B. Csces, 1. B. Illep6una, 2009
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Puc. 1. Cxema BHYTPILIHBOrO HAPOLLYBAHHSA

B’3KOLPYKHIUI KPYTrOBUN HUIHID, /id 9KOro na MomeHt dacy t = 0 € Bijgomu-
MU f0ro BHYTpIimIHii ag Ta 30BHimHIA by pasgiycu (mus. puc. 1). IIpomec mapo-
[IYBAHHS JIAHOTO IUJIHJPA MOJIArA€ B HOr0 MOTOBIINEHH]L 3 CepeuHNA OJHOPLTHUM
B’9I3KONPYKHUM MaTepiajoM MiJ i€l BHYTpimHboro tucky P (t). Bygemo pos-
rasary ueit npouec Ha inrepsasi uacy [0, 7] i 1orpuMyBaTUCS TAKUX IPUILY IHEHD:

1. wa moment vacy ¢t = 0 € 3ajaaum novarkose 3uadennsi Tucky P (0) = Pp;

2. € Bizomum 3ak0H a = a(t), 3a AKUM MIHAETHCS B 4acl BHyTpimHiil pajiyc
ITIHPA;

3. dynkuis a = a(t) € mornoroHHO cnaaHOI 1 Takoio, mo a(0) = ap;
4. dyukuii a(t) i P(t) nenepepsno audepenuiiiopani na inrepsani 0 < ¢t < T,

5. mporec HapOIyBaHHS MPUIUHAETHCA npu ¢ = T, mo o3Hadae a(t) = a; =
const npu t > T'.

Bajaua nosgrae B igentudikaiii HapyKeHo-1eOpMOBAHOIO CTAHY IUJIIH/IPA
npu KoxkHOMy 3Hadventi t € [0, 7.

3. MaremaTudHa MOaeJib Ta i1 aHaJi3

YBeneMo moJsipai KoopauHaTu 7, 6, z 1 pO3IIgHeMO II0CKY J1eOPMAIio 11-
mugpa (tobro u, = 0). Hamani OGymemMo KOpPHUCTYBATHUCS 3arajbHONPHAHATAMIE
[TO3HAYEHHSIMY [IJIsi IEPEMIIEeHb, KOMIIOHEHT TEH30Pa HAIPY2KeHb 1 Jedopmaliiii.
3amnuiiemMo OCHOBHI CITiBBI/IHOIIIEHHS, sIKi XapaKTepU3yIoTh IPOIEC HAPOIIyBAHHS
B IIOCTABJICHIN 3a/1a4i:

® yMOBa CHLIbHOCTI jtedopMmariiii:

er +e9 =0; (3.1)

® DIBHAHHSA PIBHOBAIH:
do, oy — 0g

or =T (32)
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e criBBinnomenus Ko s mBuakocTeit medopmariiii i mepeMimieHb:

. Oy .
Er ; (33)

= 5‘0:
or’

Tyt TouKOIO TTO3HAYEHA YACTUHHA MMOXiTHA 3a JACOM.

Ockiibky BCI KOMIIOHEHTH TeH30pa jedopMaliil, OKpiM &, 1 €y, JOPIBHIOIOTH
HYJIIO, TO 3 ypaxyBaHHaM criBBigHomenHs (3.1), Mmaemo:

eu = (2ei58:j)"% = 2|er| = 2]eq] -

Topi, BpaxoByioun Bu3HAYAJIbHI PIBHAHHS HEHITHOI TEOPil MOB3ydOCTI [1si HE-
onHOpinHO-CcTapifounx Tin (aus., mamp., [2|) Ta ymoBy €9 > 0, piBHAHHS CTaHy
MOXKHA I[TOJATH Y BUIJISJI:

or(t,r) = 0g(t,7) = 2G1(t = 77) (er(t,7) — eo(t,7))ey ™" (t,7)—

—/ Ri(t—7"7—71") (€T(T,T‘)—69(7’,7‘))631_1(7',7') dr. (3.4)

Tyr mosmageno Gy = G- 2™ 1 Ry = R-2™"! a dysknig 7 = 7%(r) nopismioe
Hys110 1pu ag < 17 < by 1 36iraerbes 3 dynkuiero, sxa obepuena 10 Gyuxuii a(t),

npu a; < r < ag.
['panwani ymoBU 1py bOMY MAIOTh BHUIVISI/L:

Oy |r:b0 =0, or |r:a(t), 0<t<T — —P (t) )

Oa |r:a1,t2T =0, a=r0.

Hudepennitoroun cruissiguomenns (3.1) 3a yacom i nigcraBuBmM B OTPUMAHMI
pesynbrar mogaHHs (3.3), IpuUiieMo 0 HACTYIHOTO PIBHSHHS:
oty Uy
+—=0.
or r

3Bigcu
Up = ——, & = —€g = _ig)’
r r
ne ¢(t) — neska GyHKIIis, M0 TISrae BUSHAYEHHIO.
3 piBagub (3.7) 3 ypaxyBaHHSM II0YATKOBOI yMOBHU u,(T % (r),r) = (T *
(r),7) = 0 OrpuMyeMO HACTYIHY CyKYyIIHICTH CIIBBIJHOIIEHD:

A(t) = A(r * (1))

up(t,r) = " ; (3.8)

—er(t,r) =ep(t,r) = Al®) = 1;12(7— * () npu a(t) <r < ap, (3.9)
up(t,r) = A(t)/r, (3.10)

—e,(t,7) = ep(t,r) = A(t)/r* mpu ag <7 < by, (3.11)

At) = — /0 o(7) dr. (3.12)
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Ockinbku obsacth inTerpyBanus B (3.12) Briodae Touky t = 0, mO3HAYIMB-
M CUHrYApHY CKaag0By dynkuii ¢(t) uepes cpd(t), 3’acoByemo, mo rpanuis
dbyuxiii A(t) y Touni ¢t = 0 cupasa JIOpIBHIOE Cp.

Tenep nos’sizkemo Hanpyzxkenns o, ta GyHKio A(t) ajist BuxigHOro nuiingpa
B fioro objracti pocry. 3pobuMo 1e MoeTarHo.

(a) Posrisnemo migobaacrs ag < r < by. [igcrasasitoun B (3.4) 3Hauenns KoM-
nouerT gedopmarii (3.11), ogepxumo

oot 1) — oot 1) = —Tzim [26’1( JA™ () / Ru(t, 7)A™ (r )dT} (3.13)

Toni, micig imrerpyBanns piBHaHHA (3.2) B Mexkax Bifg r 10 by, 3 ypaxy-
BaHHSIM I'PaHr4dHOl ymoBu (3.6)) 1 nijcranosku B pesyibrar nojanss (3.13),
OTPHMYEMO:

or(t,r) = —/ 7‘2Tf:1 [2G1 / Ri(t,7)A )dT] . (3.14)

(6) Posrigremo minobaacts a(t) < r < ag. Ilixcrasnaroun B (3.4) Bupas mis
komnonenT jedopmanii (3.9), maemo:

70(ts7) = 0ult, ) =~ 261 (¢ = 7)) (A(t) = Ar* ()"~

— /*( ) Ry (t —7%(r), 7 —7°(r)) (A(7) — A(T*(r)))"d 7] . (3.15)

Toni, 3a pe3ysibraTaMu iHTErpyBaHHS CHiBBiIHOIIEHHS (3.2) B MeyKax Bij
a(t) 1o r 3 ypaxyBanusam rpaanaaoi ymosu (3.6), 1 i cTaHOBKY OTPUMAHOTO
pesynbraty B (3.15), omepxumo:

" 2dr

or(t,r) = =P (t) +/ 1 12G1(t = 77(r)) (A1) = AT (r))" —

a(t)
— /*( )Rl (t—7"(r), 7 —7%(r)) (A(T) — A(7*(r)))™" d 7] . (3.16)

Micaa saminn 3minaol 7 = a(s) (s = 7 % (r)) y piBusuui (3.16) i 3Mibn
HOPSAIKY 1HTErPYyBaHHS, MAEMO:

or(t,r) = —P(t) — [/Ti(r) (122%(17—()7_)26’1@ —7)(A(t) — A(r))™ dr—
2a(s
/ - dT/ dsRy(t — s, 7 — s) 2771-512 )(A(T) —A(s)™| . (3.17)

B pesysbrari piBHsaHHS Jjisa Bu3HadeHHs A(t) BUILIMBAE 3 yMOBU HENEpepBHOCTI
Hanpyzxkenns o, (t, ) Ha MexKi nojiLy JBOX PO3IIAHYTHX 001acTeil, TOOTO npu r =
ag. Tobro, mixcrasmsoun B (3.14) i (3.17) 3uavenns r = ag i IpupiBHIOOYN IpaBi
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YACTHHYU, IPHIIEMO 0 HACTYIIHOIO HEJIHIAHOrO IHTErpaJbHOr0 BH3HAYAILHOIO
crisBignomenus s gynkuii A(t)

Hy <2G1(’5)Am(t) - /Ot Ry (t,7)A™(7) d7'> +
+ [ W) (A0 - A@)" dr-

0
-/ /O " Hy(t, 7, ) (A(7) — A())™ ds dr = P(t). (3.18)

Tyt
b 2dr 2a(T)
Hy = /ao FOTEEE Ho(t, 1) = GQTl(T)QGl(t_T)y
2a(s
Hs(t,7,s) = cﬂT(l()s)Rl(t — 8,7 —5).

Takum uunoM, Busnadupmu bynkuito A(t) 3 pisusuuas (3.18), 3a dopmymamn
(3.8)—(3.11) 3maxommMo mepeMiIeHHs U, i KOMIOHEHTH gedopMariii €, Ta £¢, a
HAIIDYKEeHHs 0y 1 09 MOxKHa orpumary 3a hopmysamu (3.13), (3.14), (3.15), (3.17).
g mampyxenns o, 3 ymoBu €, = 0 i piBHAHHA cTany, 3a anajorieio 3 1], [2],

MaEMO:
1
0, = 5(07,4—09).

Tenep po3riisinemMo BUIa0K, KOJIU IPOIEC HAPOIILYBAHHS MA€ MICIIe IIPU JIiHili-
HOMY 3aKOHI MOB3yv0CTi. /Ij1g 1ThOro TOCUTH MOKJIACTHA Y HABEIEHUX BUITE CITIBBi/I-
momennax m = 1. Toxi, Buxoggaam 3 dhopwmys (3.10), (3.11), (3.13), Ta (3.4), 3una-
XO/IMMO:

up(t,7) = A(t)/r, —e.(t, 1) = eq(t, ) = A(t) /7, (3.19)

=—= <2G(t)A(t) - /Ot R(t, 7)A(T) d7'> , mpu ap <r <by. (3.20)

Tenep, Gepyun 10 yBaru (3.8), (3.9), (3.15), ra (3.17), omepxumo:
A(t) — A(T*(r))

r

up(t,r) = ,—er(t, ) = eq(t,r) = (A(t) — A(T*(r))) /v, (3.21)

or(t,r) —og(t,r) = —7% 2G(t —77(r))(A(t) — A(T"(r)))—

- / o )R<t— TH(r), T — T () (A(T) — A(T*(r))) dr |

npu a(t) <r <ap, (3.22)
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=2 5 +09), (3.23)
/ Dy(t, 7)A(T) dT = P(t), (3.24)
Dit) = / e ))2|71§”, (3.25)
bo p
Dy(t, ) = /( )R(t—T*(T),T—T*(T))zrig—F (3.26)
24(7) —7T)— t — 7,5 —1T)ds
o (2 Gt —7) / Rit—7,5—7)d > . (3.27)

BayBazkumo, 1o piBugHHs (3.24) orpumano 3 pisagnug (3.18). OTxe, iforo po3s’s-
30K MOXKHA OJlepzKaru y Kpajparypax [2, 4].
[Ipunycrumo, mwo s1po pesakcauii mae ¢opmy sk y pobori [2], To6ro:

R(t, 1) = w, p(t,7) =2G(r) — o(r)(1 — e 7)), (3.28)

Toni piBugnns (3.24), BUKOPUCTOBYOUHN CHiBBiHOMIEHHS (3.28), MOXKHA TOJATH Y
BULJISI/IL:

A0~ [ 2D 4y ar = e, (3.29)
Jle TO3HAYEeHO:
bo 2dr
,T) = — 7% (r), T — 7% (r)—. 3.30
mn) = [ e @) r—re )7 (3.30)

[Tijcrasisitoun (3.28) y (3.30), oueprumo:
i (t,7) = 2Gao (1) — a(7) (1 — e 77T, (3.31)

bo N 2dr bo w, \2dr
Go(1) = " G(r =17 (r)) =5 #2(1) = /G(t) p(r = 7(r)) =5 (3.32)

Pigusnns (3.29) moxna 38ectu 10 audepenniagisHoro piBHAHHS JIPYTrOro 11o-
psinky Bigaocuo dyukuil A(t) [1], [3]. Hiiicho, inrerpytoun pisusinus (3.29) ua-
cruaaMu 3 ypaxysanuam (3.30) ta (3.32), smaxoaumo:

/OtA(T) 262 (1) =2 (r) (1= )] ar =P (1),

Hudepentiitoemo ocranHe piBHAHHS IMOC/IIJIOBHO JIBidl 10 ¢, IPUXOJUMO 0
CIIIBBIJIHOIIEHD

2Gy (t) A (t) — /0 t A(T) @a (1) ve 7T dr = P (1), (3.33)

2Ga () A () +2C (1) A(t) — 7o () At

+ 72/0 A (1) o (1) eV gr = P (t).
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BunyunBmm i3 1uX CHiBBIIHOIIEHD IHTETPaJT

[ a@) o2 e,
OZIepKUMO HacTymHe Judepentianbie piBasgans qisa A (t):
2G5 (AWM +A () [202 () =02 (0 +72G2 ()] = PO+ (1), (3.34)
3 MOYATKOBUMH yMOBAaMH, sKi BUIIHBAOTEH 3 (3.29)-(3.33)

P (0) P (0)

AO=5z07 A0=360

(3.35)

VY pesysbrari, po3s’a3youn piBasgaasd (3.34) 3 mouarkoBuMu ymoBamu (3.35), mpu-
XOJIMMO JI0 HACTYITHOI'O CIIBBIJIHOIIIEHHSI:

At) = M + P(O))/te_”(T)dT+

2G5 (0) ' 2G5 (0
n(t n(x
/e dT/ 2G2 T e g, (3.36)

e

1) = [ [+ (266 -1 () 265" ()] d= (3.37)

Busnauusmm dynkmito A (t) 3 piBagang (3.36), 3HaX0AUMO TEPEMINEHHS Uy,
KOMIIOHEeHTH JedbopMariii €, ¢, a TAKOXK HapyKeHHs 3a dhopmymamu (3.20), (3.23).
Posrsinemo renep Bunaiok, ko dbyukiis (u(t, 7) Mae puragn (3.28), 3a ymo-

BH, 110
G = const, (1) = 2G(Cy + Age 7). (3.38)

Hexait BuyTpimmiii pajiyc numiagpa a(t) MiHIETbCS 3a 3aKOHOM

1 1 1 1 t
- = — — =) = 0<t<T. 3.39
co-wt (@ a)r st (339

Bepyuu no ysaru croisinmomenns (3.34) i (3.35), aapo piBuguug (3.29), a
TAKOXK siipa iHTerpasbaux oneparopis y (3.20), (3.23) moxkua BupasuTu vepes
enemenTapui ¢yuknii. Hexait BHyTpimHiii THCK pIBHOMIpHO criajae Ha BLIPI3KY
[0,T] no 3navenns, sgke MeHine yjBiul Biji M0YATKOBOTO, i B MOMEHT 3aKiHYEHHS
HapoOIyBaHHA ¢t = T', TUCK TaJIae 0 HYJId.

Ha pucynkax 2-4 naBejieHo 3a/1€2KHOCTI JIMHAMIKY MaKCUMAJIBHOI'O JOTHIHOTO
HAIpYyKeHHS 1 MePEeMIIeHHHs U, /I HACTYIHUX TOYOK Iuaagapa 1 —r = by; 2 —
r=ay—0=0,99—0; 3 —r =0,79. lIpu pospaxymkax mapamerpu Cy ,Aq,
B, v i posmipu ag, a; Bubupamucs rakuvu: Cy = 0.05, Ag = 0.75, 3 = 0.0271,
v =0,171, ay = 0,9bg, a; = 0,5by. Uepes Te, U0 HAIPYKEHHA He 3a/I€KATH BiJ
BEJIMYUHU [IPYKHOMUTTEBOrO Moy G, a nepemiiientsi i jgedopmaliii 0bepHeHo
MPOTIOPTIiiHI oMy, ¥ po3paxyHKax mpuiiMaocs, mo G = 1.

Ax BuHO 3 pucyskis 3—4, TpuBaJiCTh IPOIECY HAPOIILYBAHHS BILJINBAE 9K HA,
HaIpyKeHN CTaH, TaK 1 Ha IMepeMileHHs TOYoK Muaiaapa. Ilpn mpomy xapakTep
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(o,-6)2P,
8,0 -
7.5
7,0 3
6,5
6,0
5,5

T=50 P=1-t/2T

Puc. 2.

7 T=10  p=t1y2T
2,4 -

2,24
2,0 -
1,8
1,6
1,4
1,2
1,0
0,8 -
0,6 -
0,4 1
0,2 - 2

0,0 t=—r—Fmr+r—-F-"+-—-"+"—TTT"TTT]

Puc. 3.
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(6,-6.)/2P,

Puc. 4.

P=1-t/2t T=10

Puc. 5.
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KPUBUX 3MIHIOETHCI HE3HATHNM UMHOM, IIPOTE MAIOTh MICIle 3HATHI 3MIiHU Y BeJIH-
YUHAX CAMUX HAIPYyKeHb 1 nepeminienb. Tak, HAIPUKJ/Ia, i3 PUCYHKIB 2—3 BU/HO,
10 HA JIecATy 100y HapOIyBaHHA HAIPYZKEHHS B TOUIl I MOHOTOHHO CIAJ/IA0Th,
a B Toull 2 Mae Mmicue He3HadHe 3pocranHsd. Ha m’sruecary q00y HapOIlyBaHHS
KapTHUHA € 30BCIM IHIIIOI0 — HAIPY2KEHHS B JAPYTiil TOYI] MOYMHAIOTH 3HAYHO 301/1b-
[IyBATHUC 3IOJ0M 1 33 CBOIMHU 3HAYEHHSIMU HADIUKAIOTHCS [0 3HAYEHb y TOYII
1. HampyzkeHHS B TOUI $ 3pOCTAIOTH HACTLIBKH, IO MOUYNHAIOTH IEPEBUITYBATH
Hanpyzkenis B Toukax I 1 2 yasidi. eit po3mnoisi HAPYyKEeHb MOXKHA MOICHUTH
TaKUM YUHOM: IO-TIepIie, TOYKN 21 § yBeCh 4ac 3HaXO/AThCA OJiuzKde j10 JiHil il
HaBAaHTAXKEHHs, HI2K TOYKa [, HO-Jpyre, Hpu OLIBII MIBUIKOMY IIPOIECI HAPOIILY-
BaHHY MaTepiaj He BCTUIAE /IO KiHIls IPOABUTH CBOI B'sI3KOIPY2KHI BJIACTUBOCTI,
110 MiATBEPIKYIOTH 1 KPUBL /IS MTepeMilTeHb, MOKa3aHl Ha PUCYHKax 3—4.

Takum amHOM, HABEJEHUN METO PO3PAXYHKY J03BOJIAE OIIHUTU BILJIUB YACY
HAPOIIYBaHH HA PO3IOILT HAIPYZKEHD 1 IepeMilienb y B a3KOIPYKHOMY TOPOZK-
HUCTOMY KPYI'OBOMY [HJIIHJIPI, BUTOTOBJIEHOMY 3 OJHODPIIHOIO B’I3KOIPYZKHOI'O
MaTepiay.
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PaccmarpuBaroTcsi ajiropuTMbl IIOCTPOEHUSI MAaTEMAaTUYECKUX OIMCAHUIN peasib-
HBIX IIPOIIECCOB, KOTOPbIE OIIMCHIBAIOTCS CHUCTEMOI OOBIKHOBEHHBIX IauddepeHIu-
aJIbHBIX YPABHEHUI U KOTOPBIE MO3BOJISIOT IIOJIyYaTh aJIeKBAaTHbIE PEe3yJIbTaTbl Ma-
TEMATUYECKOro MOJEJINPOBaHUsA. BhIIeJISIIOTCs /IBa OCHOBHBIX MOAXOZAa K mpobiieme
IOCTPOEHNs TaKuxX omnucaHuii. B pamMKax omHOro U3 3THUX IIOAXOJOB IIPEJIOXKEHO
HECKOJIBKO ajropurmoB. Ijis mosiy9yeHusi yCTOMYUBBIX PE3yJIbTATOB HCIIOJIb3YOTCSI
meroapl perynapusanuu A. H. TuxoHoBa aisi ypaBHEHUII ¢ HETOYHO 3a/JaHHBIM OIle-
paropomM. IIpensioxkeHbl HOBbIE 3a/IaYM U AJIFTOPUTMBbI IIOCTPOEHUsI al€KBATHBIX Ma-

TeMaTUYeCKUX OIMCAHUMA.

KimroueBble ciioBa. AjieKBarHOe OLUMCAHUE, HEKOPPEKTHDIE 33191, Pery/isipu3alius, HeTOYHbIe
OIIePATOPHL.

1. Beegenue

OrpaHu9nMCcs pacCMOTPEHHEM TOJIBKO JUHAMUYIECKUX CHCTeM (IIPOIECCOB),
KOTODBIE OHUCHIBAIOTCH OOBIKHOBEHHBIMU JuDDEepeHIMaibHbIMI Yy DABHEHUSIMU.
OTMernM, ITO B JAHHONW paboTe WCIOMB3YETCI TEePMUHOJIOTHSI, KOTOPask HEMHOTO
orsimyaercy ot obmenpuHaToit. Mbr Oy/eM 1o MaTreMaTuieCKuM OMUCAHUEM JTH-
HAMUYECKHUX CHCTeM MOHUMATh udepeHiuaibHble ypaBHEHNs, KOTOPbIE yCTa-
HAB/IMBAIOT CBA3b MEXK/y II€PEMEHHBbIMU COCTOsiHust T = (T1,Z2,... ,:fnl)T, Jia-
HAMHUYIECKOW CHCTeMbI (BBIXOJAMU) ¥ BHEIIHUM BO3JEHCTBHEM Z (BXOIOM), Z =
(21,22, .+, Zm, )T, ()7 — onepanus rpancnonuposanus. Hanpumep, B ciayuae jiu-
HEHHOi JMHAMIIECKO CHCTEMBbI 9Ta CBA3b MOYKET UMeTh BuJ [4]:

T =C%+ Dz, (1.1)

e C, D1 ecrb MarTpuiipl ¢ HoCTogHEBIMY KO3MunmenTamu. [Ipeamnomokum, 1ro
BHEIIIHEee BO3/IEHCTBIE Z U 9aCTh I€PEMEHHBIX COCTOAHUST LTyy41,- -, Lny, 1+ 1 <
Ny HeusBeCTHbI. JIpyras 4acrb IIE€PEMEHHBIX COCTOsHMS B ypashnenuu (1.1) m3-
MEepeHa SKCIEePUMEHTAIbHBIM IIyTeM, TO €CTb Oy/eM I[0JiaraTh, UTO ypPaBHEHUE
HAOJIIO/IEHUST UMEET B/

y=huz,

S T =11 k=
vae ¥ = (Y1,92,.-.,u1,) , F1 = {f,k}zzf’ | — MaTpula C HOCTOSHHBIME KO-

dunmentamu pazmepom 1 X ly. lonosauTreibHO Oy/eM MOJIaraTh Jjisd MPOCTOTHI,
410 Marpuia F] dBisiercs KBaJparudHON M jAuaroHajbHOi, T. e. fir = 0 as

k#i,n:ll.

© KO. JI. Mensmkos, 2009
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Onpegenenue 1. Maremaruydeckoe olucanue peajbHOIO IPOIECCa, JJid CJIyYdas
cucrembr (1.1) Gynem HasbIBATL AJEKEAMHBIM 110 BBIODAHHBIM IIEPEMEHHBIM COCTO-
SHAA T (t),1 < j < nq, ecu 1pyu BLIOPAHHBIX OrPAHUYEHUSAX HA BHEIIHUE BO3Ieii-
crBusi z(t) U OrpaHMYEHMs HA 3HAYEHUSI IEPEMEHHbBIX COCTOSHUS IPU HEKOTOPBIX
JIOTIOJTHUTE/IbHBIX PABHBIX YCIOBUAX (HAYAJBHBIX U IPAHUIHBIX ), BEIODAHHBIE I1€-
PEMeHHbIE COCTOAHUS MATEMATUYECKOTrO OIMUCAHULA OY/IyT COBIAJIATh C IKCIIEPU-
MEHTAJIbHBIMU U3MEPEHUsIMUA COOTBETCTBYIONINX (DUBUYECKUX XAPAKTEPUCTUK pe-
asprOro nporecca 5(t),1 < j < ny B JaHHOI METPUKE C TOYHOCTBIO KCIEPUMEH-
TaJIbHBIX U3MEPEHU#l U TOYHOCTHIO ONPEJIEICHUs MapaMeTPOB MaTeMaTHIeCKOn
mozenn mporecca Z5(t), C, D.

Bynem paccMarpuBarh N3BECTHYIO [EPEMEHHYIO COCTOsiHUS T;(t) Kak JBa mn3-
BECTHBIX BHYTpeHHuX Bozfeiicrsus d;z;(t) u —[d;z;(t)],1 < j < ri,d; — no-
CTOAdHHBIEC. TaKaﬂ nHTEepIpeTrannd HepeMeHHOﬁ COCTOAHUYA 1103BOJIAET prOCTI/ITb
HCXOMHYIO CHCTeMy. ByjeM Has3plBaThb Takoe IpeoOpa3’OBaHMe «j-CeIeHHEeM» HC-
xoyHO#t cucrembl [1]. Bo MuOrux ciydasix mocse psijla «CedeHuiiy MCXOJHast CH-
crema (1.1) npeoGpasyercs B HEKOTOPYIO MOJICUCTEMY, Y KOTOPOi H3BECTHA O/HA
nepeMeHHasi COCTOgIHYsI, HarnpuMep, Z1(t), 1 U3BECTHBI BCE BHEIIHUE BO3/eHCTBUS
Zk(t),k = 2,...,mg, kpome, Hanpumep, z1(t). ror ciaydail CBOAUTCH K CJIydalo,
KOIJIa HEM3BECTHO TOJIBKO OJHO BHeIHee BozuelicrBue z1(t) = z(t), Giaaromaps
JIMHENHOCTHU II0ACHUCTEMDI. TaKHM O6paBOM7 HO.Hy(IeHHaH IoJICuCTEMA MMeEeeT BU/L.

=07+ Dz, (1.2)

.. T T
rie r = <:17,:1:,:E,...,:17(”_1)) , 2 = (z,é,é,...,z(m_l)) ,C, D — marpuupl
nocrostHHbIME KO3 dunmenramu. C UCHOJIb30BAHUEM WMITYJIbCHOW [E€PEXOIHOM
GYHKINKT MOKHO 3alllICaTh PaBEHCTBO:

Apz = /t K(t—71)z(t)dr =u(t) = Bz, 7¢€X, (1.3)
0

rae K(t —7) — wusBecrmoe si1po, A, — omeparop OIpeJeNeHHOl CTPYKTYpbI
Ay Z - U; By : X = U; X,U,Z — nexoropsle QyHKIUOHAIBHBIE IPOCTPAH-
crBa. Ecim BepHYTBhCS K CTapbiM MEPEMEHHBIM COCTOsiHUSI, TO ypaBHerue (1.3)
peobpaszyercs K BUILY
Apz = By, (14)

riae B, — oneparop, nepesoasiuii snementsl £ € X B U.

Eciu ¢ momormpio psifia «cedenuiiy He ymaercs BblAeauTh mozgcucremy (1.2) ¢
OJHUM BHEILIHUM BO3JEWCTBUEM, TOIJIa IPUBEJICHHBIC PACCYZK/ICHUS TEPAIOT CUJLY.

Ecmm ke ucxognas munamvmdeckas cucrema (1.1) nMeer HECKOILKO HEM3BECT-
HbIX BHEIITHUX BOSrZLeI‘;ICTBI/II‘;I 1 1A KazKJ10T'0 U3 HUX Y/1a€TCd ITOJIYIUTh ITOACUCTEMbI
tuna (1.2) ¢ ofHIM HEen3BECTHBIM BHENTHUM BO3/EHCTBHEM, TO [IPUBECHHbBIE BbI-
111€ PACCyK/IeHUsT COXPAHAIOT CUJIY, OJIHAKO Ja/IbHENIIne aJIrOPUTMbI IIOCTPOEHUS
aJIEKBATHOI'0 MATEMATHYECKOI'0 OIUCAHUS CYIIECTBEHHO YCIOKHIIOTCH.
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2. IlocranoBka 3aga4n

JlJ1s1 yCIenHoro mpuMeHeHnsT MeTOI0B MaTeMaTHIeCKOr0 MOJIe/TUPOBAHUS IPU
MCCJIEJIOBAHUM JIMHAMUYECKUX CUCTEM HEOOXOJMMO BBINOJIHUTH MOCTPOEHNE MaTe-
MAaTHYECKOTO OMUCAHUSI PEATBLHOrO IMPOIECCa, KOTOPOe IMO3BOJIAET IOJIydaTh pe-
BYJILTATHl MATEMATHIECKOTO MOJIEIUPOBAHUS, COBIAIAIONIME C IKCIEPUMEHTA/Ib-
HbIMK JlaHHbiMu (u3mepenusimu) [1, 2, 5, 6]. Takoro cosuajenusi o6uBaOTCs
[IyTeM CHHTe3a <IIPAaBUJIbHOW» MaTeMaTHYeCKOil MOJeIN JIBUKEHUs JUHAMUAYe-
CKOH CHCTEeMBbI M BBIOOPOM <«XOPONIE» MOJEIM BHEIIHEro BO3JAEHCTBUSA Ha 3Ty
CHCTEMY, eCJI CHCTeMa OTKpBITas. IIpOM/IIIOCTpUpYeM CKa3aHHOE Ha [PUMepe
JIMHAMUYECKOH CHCTeMbI ¢ COCPEJOTOYeHHBbIMU napamerpamu. Y pasnenue (1.4)
OyJeM paccMaTpUBaTh KakK OCHOBHOE. ByjeMm mpejmo/araTh, 9T0 MCXOJHbIE JIaH-
uble T = (Z1,Z2,... ,Enl)T [IOJIY Y€HbI IKCIIEPUMEHTAIbHBIM IIyTeM ¢ HEKOTOPOI
U3BECTHOI aIllpUOPH MTOTPENTHOCTHIO:

e — ||y <0, (2.1)

IJie 7 — TOYHBIE HUCXOJIHBIE JaHHble. IIpoBepka ajeKBaTHOCTH MAaTeMaTUIECKOrO
onucanusi (MOJE/IM JIMHAMUYECKON CUCTEMbBI M MOJIEJN BHEIIHErO BO3AEHCTBU) B
JTAHHOM CJIydae CBOJUTCS K IMPOBEPKE BBITIOJTHEHUST HEPABEHCTBA

pu(Apz, By T) <, (22)

rie py(.) ecTh paccTosHue MexKy d/eMeHTaMu (hyHKIMOHAIBLHOTO IPOCTPAHCTBA
U, e — const, € > 0, ¢ — rpebyemasi TOYHOCTHb COBIIA/EHUsI C DKCIEPUMEHTOM.
Ecnu dyHKImOHaIbHBIE IPOCTPAHCTBA ABJISIOTCA HOPMUPOBAHHBIMUI, TOT1a HEPA-
BEHCTBO (2.2) MOXKeT umMerb BU;

|Apz — Bpasll, <e. (2.3)

EcrecTBeHHO, 9TO € HE MOXKeT OBITH MEHbIIE BeJUIHHBI §. XapaKTepHOil 4epToii
JUIsl PACCMATPUBAEMbIX 33/1a4 SIBJIAETCS TO, YTO ONEPATOP SABJISIETCH KOMIIAKTHBIM
[1]. OueBuno, 4ro npu BbLIOAHEHUN HepaBeHCTBA (2.2) oneparop Ay, 1 GynKIms
2 CB3aHBI MeXKy coboii. Herpymno mokasars, 9r0 npu (GUKCHPOBAHHOM ONEpa-
rope Ap B (2.2) cymecrByer 6ECKOHEYHO MHOIO Pa3/indHbIX (YHKIMI 2, KOTOPbIe
OyayT ymoBieTBopaTh HepaBeHcTBY (2.2) [1, 3]. U HAobopoT, mpu HEKOTOPOIt (hUK-
CUPOBAHHON (DYyHKIMU 2z CyIIECTBYeT OECKOHEUHO MHOIO Pa3/IMYHBIX OIEPATOPOB
A,, 1 KOTOpbIX BblmosHseTcs (2.2) [3].

CymecrByer 1Ba OCHOBHBIX I10JX0/Ia K IPOOJIEME MOCTPOeHus mapbl (Marema-
THYeCKas MOJENb MMOBEJEHHs MIPOIEcCa W MOJETb BHEIIHero Bo3jeicrsus) |1, 2,

4,5, 6]

1) mo MareMaTHIecKoil MOJeHN JBHKEHUS AUHAMUTIECKON CHCTEeMBI BBIODAI-
HOI allpUoOPU CTPYKTYPOI U HETOYHBIMU [TapAMETPAMK OIIPeIeIdeTcs TaKast
MO/Ie/Tb BHEIIIHETO BO3/IEHCTBUS, [IPU UCIIOIB30BAHIN KOTOPOil BBIITOTHSIETCS
HepaBeHCTBO (2.2);

2) 10 anpuopu 3aJAHHON MOJE/IM BHEIIHErO BO3JIEHCTBUS NMOJAOUPAETCA MATe-
MaTU9IecKass MOJIeb TTOBeJIeHNs TTPOIlecca 3a/TaHHON CTPYKTYPBI, /IS KOTO-
poil pe3yJibTaThl MaTEeMATHYEeCKOI'0 MOJEJINPOBAHNS COBIAJAIOT C IKCIIEPHU-
MEHTOM C TOYHOCTBIO €.



CHHTE3 AJIEKBATHBIX MATEMATUYECKHX OIIMCAHUH 129

B cuty sToro merosbl ujieHTU(UKAIMN CTPYKTYPbl MATEMATHIECKON MOJE/IH
MMEIOT BeCbMa, OIPDAHMYEHHYIO 00/1acThb npuMmenenus. [Ipu BoinosiHennn KOHKpeT-
HBIX PacueToB CIeAyeT yUUTBIBaTh, 9TO omepaTopbl Ay, B, 3aBHCAT OT BEKTOPA
[IapaMeTpoB P MATEMATUIECKON MOJIE/N JBUKEHUS JUHAMUYECKONW CUCTEMbI, KO-
TOPBIE OIIPEJIE/IAI0TC IPUOJINKEHHO C HEKOTOPOil morpemnocTbio. Takum obpa-
30M, Oy/ieM MoJiaraTh, 4To Jijig HOpMupoBaHHbIX npoctpancts X, U, Z BbIoHS-
I0TCsl HEPABEHCTBA!

HAp - ATHZ_>U <h, HAp - AT”X_>U <d. (2.4)
rje Ar, By — rounbie oneparopsl B ypasaenuu (1.4), h, d — uzsecrHble BeJIMYnHBbI.

3. O0beKTUBHBIE OIMEHKN BEJIUYUHBI £

Eciu Besmunny € B HepaeHcrse (2.2) BbiOuparh BOJIEBBIM CLOCOOOM, TO pe-
3yJIbTAThl MIPOBEPKU aJIEKBATHOCTU He OyayT cyObekTuBHbIMU. llodTomy mpe-
CTaBJ/IET CMBIC] KOHCTPYUPOBATH AJITOPUTMbI IIPOBEPKU a/IEKBATHOCTH, B KOTO-
PbIX BeJIMYUHAa £ OIIpe/ie/ideTrcd O61)€KTI/IBHBIMI/I (baKTOpaMH. O“IeBI/IrZI;HO7 qTO ec/in
omepaTopkel A,, B, He OyayT H3MEHATHCA B Oy/IyIeM IPH MAaTEeMATHICeCKOM MOJIe-
JIMPOBAHMK IIPOLECCA, TO B KAYECTBE € MOXKHO B3sTh Besmuauny || Byl y_ 0. Dror
BBIBOJI, CJI€/IyeT U3 OIeHKU

||ApZT - Bp‘fé”U = ||Bp33T - Bp‘fé”U < lwr — 356”)( < ||Bp||X_>U5 (3.1)

riae Apzr = Bpxp . Ecan yaursiBars norpemtsocTs oneparopos Ay, By, Torga B
HepaBeHCTBe (2.2) BemvmHy € Caeayer BeIOUpATh [0 WHOMY ajropurmy. Bymem
nperoIaraTh, 9To CylleCTBYIOT TOYHbIE oneparopsl Ap, By, ya0BaeTBopsioniue
HepaBeHcTBaM (2.4), [7Ist KOTOPBIX BBIIOJIHSIETCS PaBeHCTBO Bror = ur = Arzr,
rje zp — tounoe pemrenne ypasuenus (1.4). Torga cupaseymsa oneHKa

|Apzr — uslly = [|Ar2r — Arzr + Apzr — sl
<|[Ap = Ar| 27| + |Ar2r — uslly < Rhllzrllz + | Bror — us|ly < llzrlly,
+ | Brer — Bpzrlly + 1Bpzr — Bpzslly < hllzrllz +dllzrl x + (| Bpll 6.

Taxum 00pa3oM, MOXKHO IIPUHATH
e =hllzrlly + dlzrlly + Byl 0. (3.2)

Omenka (3.2) aBisercss 00bEKTUBHOI, HO CIUIIKOM TPY0Oii, €C/In y9eCcTh, IT0
BEJIMYUHBI h, d MoryT 6])IT]) BbIYUCJICHBI TOJIBKO €CJIn U3BECTHbBI TOYHbIE OIlepaTO-
pot A1, Br. Kpowme toro, Beqmauna ||z7||, #e aBigerca anpuopu ussectHoil. Ta-
KuM 00pa3oM, oreHKa (3.2) He sABJIseTCH KOHCTPYKTUBHOM. X0Ts Beamanna |27 5
JIETKO OIEHUBAETCS Yepe3 M3BECTHBIE BEIUIHHLI ||Z5|| y 1 O:

lzrllx < llzr — 25l x + [losll x <0+ |lzsllx -
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4. AgekBaTHOCTh B HETPAAUINOHHBIX IIOCTAHOBKAX 3324

PaccmorpuM HeKOTOpBIEe HETPAIUIIMOHHBIE 33a9N IMOCTPOSHUS aIeKBATHOTO
MaTeMaTHYeCKOr0 OIUCAHUS B paMKax mepsoro nojaxoga [1, 4]. Ilycrs z, ecrs
pelIeHne SKCTPEeMaIbHON 3aJadu:

Qlzp) = inf Qlz], 4.1
)= _inf 9l (@)
rie [z] — crabuausupyromuii KBa3uMOHOTOHHbI (yHKIoHaT |3, 4],

Qsp={2:|4pz = Byl < [|Byl| 6} -

OueBuzmo, 4ro mobas dyHKIUsS U3 MHOKeCTBA (5 ), BKIoIas [z], Gyzer ynos-
JeTBOPsTH ycsoBuio ajgeksaruocru (3.1). B paborax [1, 4] upejioxkeHo Hecko/b-
KO HETPATUIUOHHBIX MOCTAHOBOK 33J1ad CHHTE3a aIeKBATHOTO MATEMATHIECKOTO
onmucanus. Hamprumep, paccMarpuBagach CIeayonas 3a/1a9a OMpeIeeHns Moze-
JIX BHEIIHET'O BO3,EL€I>'ICTBI/I5{ B PpaMKaX IIepBOro ImoJaxo/a:

inf inf Q[z] = inf Q[z] = Q[29. 4.2
b, 28, T = a0, = -

B sTom ciiyuae onenka ajieKkBaTHOCTU OY/€T UMETh BU/L:

inf | Ap20 = By o= inf {Il Ap— A || 2 | + 1| Apzp— By |1} | B I,

p:;Dp P, Pp

e || BY ||= iélf || By ||. Ilpz sTOM HCIONB30BaTACH CBOHCTBO
P

I Apzp = B [|=[| By || 0

PEryJISIPU30BAHHOTO PEIICHUs /[ KBA3UMOHOTOHHBIX oreparopos |3|. s sxcr-
peMaJibHOI 33491

sup inf Q[z] = sup Q[z,] = Q[zll,]. (4.3)
Ap,Bp 2€Qs.p Ap,Bp

OIEHKa aJeKBATHOCTH MMeeT BUJ (2.2) ¢ BeJMUIHHON €, PABHOI

e=hllz" | +IB" |8 (4.4)

rie | Bl ||=sup || By || . Jng skcrpemanbaoit 381841
P

Aipl,lép H APZP H:H Apozpo H (4.5)
OTeHKa aJIeKBATHOCTH mMeeT BEj (2.2) ¢ BemammOl ¢ pasmoit € =|| BO || 6. s
3KCTPEMaJIbHONA 3aa4n

sup || Apzp [|= Ap1zp | (4.6)

PP

OLIEHKA A/JIeKBATHOCTH uMeeT BuJ| (2.2) ¢ BeJMYUHON € paBHOI

e=|| B' || 6. (4.7)
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Taxum 06pazom, s PA3/JUYHBIX a/ITOPUTMOB CHHTE3a MO/Ie/Ieil BHEIITHIX BO3-
JIeMCTBUI, KOTOPBIE JIAI0T 3JIeKBATHBIE PE3YJIbTAThl MATEMATUYECKOI'O MOJEIUPO-
BaHUd B paMKax [IEPBOI'O OJX0/1a, CYIIECTBYIOT PA3/InIHble 00beKTUBHDIE OIEHKH.

5. 3akJjroueHue

B pabore mpeioken aJropuTM CHHTE3a, aJIeKBATHBIX MATEMATHIECCKUX OTIHU-
CaHuil JjId JeTePMUHUPOBAHHBIX IIPOIECCOB, MOBEJIEHNE KOTOPBIX OIMCHIBAETCS
cucremoii 00bIKHOBeHHBIX Juddepeniuaibubix ypasuenuit. [Ipesoxeno ompe-
JleJIeHre a/IEKBATHOIO MaTEeMaTUYeCKOTo OmucaHusd Jijisd Januoro ciydasd. Cdop-
MYJIUPOBAHO HECKOJIBKO PA3JIMYHBIX TOCTAHOBOK 33/1ad CHHTE3d, a/IEKBATHOIO Ma-
TemMarudeckoro onucanug. llojyuenbr 06bLeKTUBHbBIE OIEHKU a/IEKBATHOCTH MaTe-
MaTUYECKOT'O OIUCAHUS B PACCMATPUBAEMBIX BapUAHTAX 3a/1a4.
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IIPO ICHYBAHHA EQEKTNBHNX PO3B’A3KIB 3AJIAYI
BEKTOPHOI OIITUMI3AIIII TPAHCIIOPTHOTIO IIOTOKY
HA MEPEXKI

T. A. Boxkanosa

Zninponemposcokuli nayionasoruts yrisepcumem im. Oaeca Tonuapa,
Jninponemposcok, 49050.E-mail: tamara-bozhanova@Qukr.net

Posrusijaerbes rijpoauHaMivyaa Mo/IeJ1b JIJIsi TPAHCIOPTHOI'O IIOTOKY Ha MepeXKi.
Y upunyieHHi, o TakKuii IIOTIK € KEPOBAHUM IIPOILIECOM, CTABUTHCS 3aada Horo om-
Tumizanii y BeKTopHili ¢popmi. PosriissHyTo BUaziok, Kojm IijiboBe BifoOparkeHHsT
aie B JieberiB HMpoCTIip 1 € HaliBHEIepEepBHUM 3Bepxy Ha obJiacTti BusHadeHHsi. Iloka-
3aHO, 110 MHOX>KUMHA JIOIIyCTUMUX PO3B’dA3KiB Takol 3a/ia4l € KOMIIAKTHOIO BiJJHOCHO
ci1abkoi Tomoutorii mpocropy R* x L?(0,T; BV (), ta moBeaeHo icHyBauHs edbeKTHB-

HUX PO3B’SI3KIB PO3IVISHYTOI 3a/1a4l BEKTOPHOI onruMiszarii Ha Mepexi.

Kinrouosi cioBa. Tpancnoprruit moTik Ha Meperki, riIpoauHaMivHa MOJE/Ib, BEeKTOPHA OITH-
Mizamis Ha Mepexi, icHyBaHHs epeKTUBHIX PO3B’aA3KiB.

1. Bcryn

Ha croorosni npobsiema kepyBaHHs TPAHCIOPTHUMM I[IOTOKAMU HA MEPeXKax,
0CODJINBO Yy BEJIMKHUX MICTax, CTa€ BCe OLbII aKTya/ bHOI. 301/IbIIeHHS KiTbKOCTI
TPAHCIIOPTHUX 3aCO0IB MPU3BE/IO 0 MEPEBAHTAYXKEHHS MICHKUX J0pir, Dararoro-
JINHHUX 3aTOPIB, MEPEIIKOZKAHHS PYXY IIIIOXO0/1iB, 3a0py/HEHHA HABKOJIUIITHBOTO
cepenoBuiria Toro. ToMy JOC/IPKEHHIO Ta aHA/i3y TaKuX MIPOOJEM MPUCBAYEHA
JocuTh mupoka Jireparypa (aus. [1, 4, 5, 6, 15]). 3okpema, Giibiiicrs icHyo4nx
Pe3yIbTATIB, KOTPl TOPKAIOTHCS ONTUMIZAIMINHNX 3a7a9 Ha TPAHCIOPTHUX Mepe-
2KaX, CTOCYIOThC 3HAXO/KEHHS HEOOXITHUX YMOB ONTUMAJILHOCTI T METO/IIB 110~
Oy/10BU ONTUMAJIBHIX 3aKOHIB Pery/IfoBaHHs TPAHCIOPTHUX ITOTOKIB 31 CKaJIgPHU-
MU nokazHukamu saprocri (aus. [3, 11, 12]).

OcHoBHEM 06’€KTOM JIOC/I/IZKeHHA y JlaHiii poboTi BUCTyHae MaKpPOCKOIYHA,
MOJIe/Ib TPAHCIIOPTHOIO ITOTOKY Ha Meperi. BBaXkaeTnes, 110 MepexKa, CKIa/[a€ThCs
i3 ckinvueHHOI KiIBKOCTI JOpir, fKi 3’'e¢aHani MixK cODOMO MEeBHUME By31aMu (TOU-
KaMu cnosydenss). Ha koxuiil OKpemo B3daTiit 0pO3i IPUIYCKAETHCH, 110 PyX
TPAHCIIOPTHHUX 3aCO0IB MiIKOPSIETHCA TaK 3BAHOMY TiIPOANHAMITHOMY 3aKOHY 30e-
peXKeHHsd, AKUil TPU3BOAUTL 0 PO3TIAAY HemiHiitHol 3amadi Komri aaa piBHAHHS
y YaCTUHHUX [MOXIJHUX HEPHIIoro nopaiky. 1lpu mpomy dakropaMu KepyBaHHS
BUCTYIAIOTh HapaMeTpH, fKi peryJioloTh TPAHCHOPTHUU MOTIK y BY3/J1aX TaKOL
MeperKi.

Ha Binminy Bif Huni icHyounx pe3ynbraris (nus., mamp., [3, 11, 12]), 6yzemo
BBaXKaTH, 110 AKICTb KEPYBaHHS TPAHCIOPTHUM IIOTOKOM HA, MEPEXKi BU3HAYAETH-
csl HeCKaTAPHEM BiobpaskeHHaM y mpocTip L2(€2), ymopsakosammii 3a Komycom A

© T. A. Boxarosa, 2009
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JIOJATHUX €JIEMEHTIB. 3a IUX [PUILYIIEeHb TOKAKEeMO, [0 IIOCTABICHA 33/1a9a BEK-
TOPHOI ONTUMIi3allll TPAHCIOPTHUX ITOTOKIB Ha MEPEXKI JIOIMYCKA€ 1ICHYBaHHS TaK
3BaHUX eEKTUBHUX PO3B’d3KIB IIOCTAB/IEHOI 3a/1adi.

2. OCHOBHI HOHATTY Ta IIO3HAYEHHS

Y mpomy maparpadi HaBeeMo JedKi Bijomi pakTH, dKi CTOCYIOThCHA (DYHKITIT
3 00MEKEHOIO Bapialli€io, TPAHCIOPTHUX MepPerkK, BEeKTOPHO3ZHATHUX BiT0OpaKeHb
Ta YaCTKOBO BIIOPS/IKOBAHUX HOPMOBAHUX ITPOCTOPIB.

Hexait J = (a,b) (a < b) 3amanuii invepsasn B R. Posriugaemo dyukiio f :
J — R raxy, mo f € L'(J). Toai nosroio sapiamieio dbyuknii f nasuparors

Tot. V;(f) = sup Z\f(xj)—f(xj_l)] meN,a<zg<w < - <Tym<by,
j=1

ne xj € J, je{0,...,m}.

Osnauenns 1. Byaemo xasaru, mo dyuxuis f € L'(J) e dynxmieo 3 obmene-
HOIO IIOBHOIO Bapiamiero Ha J, akmio icHye KoncranTa K Taka, mo Tot. V; < K.
Hozuaunmo uepes BV (J) muoxkumny seix aificanx dbynxuiit f € L'(J) 3 obmexne-
HOIO [TOBHOIO Bapiariero Ha J.

BayBaxnMo, M0 MOBHA Bapiarmig (yHKl f € HeBim eMHHM dnucaoM. Ko
feBV(Q), roni f:J — R obmexena maiixke ckpiszb Ha J. Obephene ne BipHO.

€ exsiBasenTHIME Taki TBepKeHHs (aus. [9]):
0): f € BV(9);
(i): f € L'(J) 1a Df] () = sup{ [ s s e chlol < 1} < +oo;

J
(iii): icaye mocaigosricTs raaakux dyukuii {fi}re; C C5°(R) Takux, mo
fe— f B LYJ) i limsup/ |frldx < +o0,
k—oo JJ

Je ysarasibHena noxigaa Df — ue mipa Pajona, i |Df| (J) cuiBuagae 3 nos-
Hoto Bapiamiero dyukiil f #a J. Biabme toro, mig dyuxiii f € BV(J) icayors
[IPABOCTOPOHHI Ta JIBOCTOPOHHI I'DAHUII:

sty = i [ s, )= i [ gas

g Voo € [a,b) ra V x € (a,b], sianosiano. I upu usomy, f(x®) = f(x7), axuio

[Df|({x}) = 0.

Mage micre macTymnauil pesy/ibrar.
Teopema 1. a) IIpocmip BV (J) e npocmopom Banazxa 6idnocho mopmu
1flBviy = £l + DI ()

6) eidobpasicenna f — |Df| (J) e nanienenepepenum snusy eionocno L(J)-
s6ioicocmi, mobmo, sxwo fr — f y LY(J), mo

Df| () < limint [Dfi] ()
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6) awwo {fr}rey C BV (J) i

sup || fellpv sy < +oo,
kEN

mo icnye nidnocaidosnicmv nocaidosnocmi { fr}p—,, aka cusvho 3biecaemoca 0o
deaxoi dynwuii f € BV (J).

Kaxyrb, mo nocaigosricrs dynkuiit {fi}y, C BV (J) crabko 36iraerses B
BV(J) no f (mosmagaiors f — f), gKiio

fio— fs LYJ) i sup |Dfy| (J) < +oo.
keN

[Tpu upomy, sxumo fr, — fy BV (J), 1o f € BV(J)i Dfr — Df sax mipu Pajona.
Hexait © — 1ie BijKpuTa BUIIYKJIA [1JIMHOXKUHA [IPOCTOPY R? i § — wiockuit
rpad ma R2.

Osnauenns 2. Byjaemo kasaru, mo muoxuna ) = O[)§ € mepexero a0pir,
obmezkeHoto 061acTio 2, AKmo 1T MoKHA nogaru y sursiyil napu (Z,.7), 1e

(a): Z — ckinvenna cyKymHiCTH pebep, sKi BIAIOBIIAOTEH JT0poraM Mepexi Ta
e Biapiskamu I; = [a;,b] B R, i =1,..., N;

(6): J — ckinueHHa KiJIbKICTH BEpUIMH, sIKi BIIIOBIIAIOTH By3J/1aM JaHOI Me-
pexi.
Koxna sepummna J € 06’eananusam asox venycrux migmuoxun Ine(J) ta Out (J)
TaKWX, I10:
(1): xoxxna Bepmuna J € 7 € BHyTPIIIHBOIO TOUKOIO (2,
(ii): gua VJ # J € J ra Inc (J) () Inc(J') = 0 maemo: Out (J) () Out(J") = 0;
(iil): skm0 @ & Yjc 7ine (g), TOAL b; Bisuosijae jgesxiit rouni na 0 (Buxigna jio-
pora 3 Mepexi), i aKmo i € Yjc 70ut (7), TOML @; BimOBiMae gedakiit Toumi ma Of)
(Bximna B Mepexy gopora). Kpim Toro, ui jsa BUNAKu B3a€MHO BUKJIIOUHI.

Hexait 2 — mepeska. Ilop’axkeMo 3 Mieto MHOKIHOIO jiiicamil mpoctip L2(£2).
Hayaui, npuitvatoun nosuadenns y € L2(Q), BBaxaemo, mo ¥y = (y1,...,YN)
ta y,, € L*(Iy) nma k = 1,..., N. Beaxxaruvewmo, mo L*((2), ax Tomosoriunmit
npocrip, Hazinenuii caabkoo romnomoriero. s migvuoxunn S C L2(Q) nozua-
quMO 4epe3s int,,S Ta cl,S BiAmOBiAHO 11 BHYTPIIIHICTE Ta 3aMUKAHHS BlIHOCHO
crabkoi Tomostorii mpocropy L2(€2). Taxox mpmmyctmvo, mo L2() € gacTroBO
BIIOPSIJIKOBAHUM 33 KOHYCOM JIOJIATHUX eJIeMeHTiB A, sikuii BUBHAYAETHCA SIK:

A={feL*Q); f(x) >0 waitke ckpizp Ha Q}. (2.1)

Toni ara enementis y, z € L?(Q) Gymemo 3amucysaTn y <, 2 YCAKHil pa3, KOMI 2 €
y+A, iy <a z,axkmo z—y € A\{0}. Byuemo kazaru, mo nocuigosuicrs {yg }re C
L?(f2) e HE3pOCTAIOYOI0 Ta BUKOPUCTOBYBATH MO3HAUEHHS Y), | YCAKHIL pas3, KOJIHI
s Beix k € N maemo: ypr1 <A Yk Takoxk Oyaemo Kazard, M0 MOCTIT0BHICTD
{yr}pe, C L*(Q2) e obmexkenoto 3uusy, aximo icuye enement y* € L*(Q) raxuii,
wo y* <p yp s V k€ N.

st Toro, mob o3nauntu "onrumasibhi"eseMenTr ISl TIMHOKUHE S 9aCT-
KOBO yIOpsAKoBaHoro mpoctopy L2(§)), cKoprcTaeMocs HACTYITHAM ITOHATTSM:
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Osnauenns 3. [13]| Exement y* € S C L?(f2) 6yaemMo Ha3UBATH MaKCHMATHHIM
eJIEMEHTOM MHOXKMHM S, sIKIIO He icHye y € S Takoro, mo y > y*, y # y*, To6To

SU(y"+A)=y"

[Tozuaunmo vepes Maxy (S) cyKymHICTH yCiX MAKCUMaJIbHUX €JeMEHTIB MHO-
xkubu S. BBegeMo jiBa J0JaTKOBI eJleMeHTn —00p 1 +00 Y LQ(Q). [Tpunycrumo,
10 11l eJIEMEeHTHU 3aJI0BOJIbHIIOTH HACTYIIHI YMOBH:

1) —oop <y < 4oop, Vy € L*(Q); 2) +o00p + (—00p) = 0.

[losEagmMo depe3 Y* WacTKOBO po3mmpeHwmii mpocTip Bamaxa: Y* = L2?(Q) U
{—o0p}, npunyckaioau, 1o

| = coallzz(@) = +00 1 y+ A(—oop) = —00, Vy € L*(Q), V A € Ry

O3nauenHst 4. Byjemo kazaru, mo MHokuHa F € edexkTuBHUM CynpemyMOM
vuoxuan S C L?(§2) BiamocHo cmabkoi Tomosorii mpoctopy L2(Q) 3a xomycom A
(abo cxopoueno (A, w)-cynpemymonm), gaximo F € CyKynHiCTIO yCiX MaKCMMaJIbHUX
eJIeMEHTIB MHOXKUHU cl,S y BUMAJKY, KOJMU IsT MHOXKWHA HEMycTa, 1 £ mopiBHioe
400 IHAKIIIE.

Hamani, (A, w)-cympemym ms muoxumn E 6ymemo mossadars sk Sup & ¢S,
Takum 9MHOM, 3 OIJIsiy HA IOIEPEHE O3HAYEHHS, MAEMO:

Sup™ s = { Mazn(cl,S), Maza(cl,5) # 0,

+ 004, Mazp(cl,S) = 0.

Hexait X — memycra i iMEOKIHa GamaxoBoro mpocropy X Ta I : Xy — L?(Q)
— jiesike BijoGpaxenns. 3aysazkumo, mo Bigobpaxenns I : Xy — L2()) moxua,
noB’a3aru 3 itoro posmupenaam I : X — Y* ma Bech mpocrip X, 1e

. I(x), e X
I:{(l’) z € Xp

—oop, ¢ & Xp. (22)

Bynemo kazaru, mo Bigobpaxenus I : Xy — Y™ ¢ obMmexkeHuMm 3Bepxy, AKIIO
icaye enement z € L%(Q) Taxmit, mo z > I(z) amna eix © € Xp.

Osnauenns 5. Iligvuoxuny A € L?(Q) 6yaemo nasusaru ebeKTHBHIM Cylpe-
MYMOM Bi00pazKeHHs

I:Xy5— LYQ)
BijHOCHO c1abKoi Tonoorii npocropy L2(€) i noznadaru Sup ;\éﬁa I(x), sikmo A
e (A, w)-cynpemymom obpasy I(Xy) i3 Xy ma L?(Q2), TobTO,

Sup 276%@ I(z) = Sup™“ {I(z): VzeXy}.

Bayeasicenna 1. Tenep 3posymio, mo akmo a € Sup ﬁ’eﬁa I(x), o
co{I(z):VaxeXgtn(a+A) ={a}

3a yMOBH, 110 Sup 276?(3 I(z) = Mazp[cl, {I(z):V z € Xp}].
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Hexait {yx}re, nociinosuicts y npocropi L?(€2). Ilozmaunmo uepes L* {yi}
MHOYKUHY BCiX 11 TOYOK 3ryIIeHHs BiJIHOCHO CJIaDKOI TOIOJIOriT HPOCTOPY L? Q)
10610 Yy € L¥ {ys}, AKII0 icHye miAmocaigoBHICTD {Yk, ooy C {Yk}pe; Taxa, mo
Yk, =y y L*(Q) upu i — oo. SIKimo 1g MHOXKMHA He OOMeXKeHa 3Bepxy, TOOTO
Sup &L {y,} = +o00n, T0 mpumyckaemo, mo {+oox} € L¥ {y;}. Badikcyemo
esement xg € Xp. Toxi st oBimbroro sijobpasenns I : Xg — L?(Q) BBegemo
JI0 PO3IIALY HACTYIIHI MHOMKUHU:

L7 (I, z0) := U I {f(:pk)} , (2.3)
{zr} 1€ Mo (zo)

L3 (I,30) »= L7 (I,z0) N Supl.s I(), (2.4)

max

1e My (z9) — 1e MHOKUHA BCIX nocsigorocTelt {2y} oo ; C X Takux, mo x, — To
BiJIHOCHO 0-TOM0,10111 pocTopy X.

Osnavenns 6. Byjevmo kasaru, mo nigmuoxuna A C L2(Q) U {Hoop} € A~
HI2KHBOIO CEKBEHIA/IbHOI0 I'pAHUIeI0 Bimobpaxenna I : Xy — L2(Q) y TOHIl
xg € Xp Bismocuo Tomosorii 106yTky o X w npocropy X x L?(2) i Buxopucrosy-
Baru mo3uadeng A = lim supi’i“;o I(x), akio

lim sup™™,“ I(x) := (2.5)

T—T0

Ly (I, o) , Ly (I o) # 0,
Sup & YL (T, 20), L35 (I,20) = 0.

max

aysaoicenna 2. Y ckansgpaomy sunajxy (I : Xy — R) MHOKUHI
Sup;\é“;(al(a:) Ta Sup N YL (I, x)

O Xw

ox9 (I,x0) # 0, To Mmaemo:

MICTATDH TiabKU OfuH ejgeMment. Tomy, axiio L

L2 (1,m) = L7 (I,30) N Supley, () =
= Sup A, chrxw(LxO) N Supi\,ec;(aj(x) = Sup A, wLUXW(Ia‘TO)’

Otxe, B pOMY BHIAJKY (2.5) Ja€ KIacHIHe 0O3HAUYEHHS] BEPXHBOI TDAHMUIIL.

3. Momesb TpaHCOOPTHOTO MOTOKY

Y npomy mnaparpadi HaBeIeMO KOPOTKHUIl OIJIs]| TipOJMHAMIYHUX MO/Iejieil
JIJIsl TPAHCIIOPTHUX [TOTOKIB Ha Meperkax, BukopucroByioun mijnxijn Coclite, Piccoli
[6] (mus. [1, 7]). Hexait (Z,J) — rpancnoprHa Mepexa, KOTpa Hajidye crporo N
nopir. dng ¢ € {1,..., N} nopora i Bignosimae Binpisky [a;,b;]. Ilozaadumo ge-
pe3 p; = pi(t,z) winbHicTh MamuH Ha JOpO3i @ B Touni x € [a;, b;], t € [0,T];
IpHU ITHOMY MAaKCHUMAaJbHO MOXKJNBY IILJIBHICTH HA JTOPO31 ¢, IKa BIAIOBLIAE IMMO-
ABl 3aTOPY Ha JaHiil JLIAHIL Mepexi, MHO3HAYUMO fK Pmaz,i- LIpUIycTHMO, 1110
JIOpOTH TaHOl Mepexki BiamoBimaioTh pebpam rpada §, odmexeHoro obsactio (2,
a By3/in, dKi 3’€IHYIOTH JI0poru, — BepinuHaMm 1nporo rpada. Kinbkicrs marumm,
10 TIPOIXK/ZKAIOTE 33 OMUHUIO dacy € f(p) = pv, ne v(p) — MWBUAKICTH MAIIKH.
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Cain sayBaxkuru, mo v(p) € cuaguon (yHKIGE miasHocTI p. Bigmosiguo 10
[8, 12] upumycrumo, 1o ichyors GyHKUIT HOTOKY f; Taki, 1110 Jyisi KOAKHOT J10poru
i€{l,..., N} BUKOHYIOTbCS HACTYIHI BJIACTHBOCTI:

i nenepepsuo audepenmiiiosai Ha [0, Pmag, i,

fz(o) = fi(pma:mi) = 07

fi — crporo yruyTi dyHKIil,

do € (Oapmam,i) : le(o-z) =0ra (/0 - Uz)le(ﬂ) < 07 v P 75 gj.
K BUILIMBaE 3 HaBeeHUX BUIME YMOB, TPAHCIIOPTHUI MOTIK € JTOJATHAM IIPHU 3Ha-
genHax miibHOCTI 0 < p; < Pmag, i- TyT 0; — onTuMaibHa MIIBHICTE, IPK AKii

(3.1)

TPAHCIIOPTHUHN MOTIK JIOCATAE CBOI'O MAKCHMYMY, BBaXKAEThCd 3a/aHOI0. Takum
YUHOM, JJId JI0BLIbHOTO @ € {1,..., N} MakpoCKomiuHa MOJe/]b TPAHCIOPTHOTO
[IOTOKY Ha JI0OPO3i ¢ MOyke OyTH BUPAKeHa HACTYIHUM HEeJHITHUM 3aKOHOM 30e-
pexkenns (nus. [16]):
8tpi(t7 l‘) + 8mf2(,0@(t,33)) = 07 Vze (ai’ bz)v Vite (OaT]’ (32)
3 (PYHKIIEO TOTOKY
filp) = pvi(p),

Jle IBUJIKICTD v; — HeIepepeBHO-IudepeHIiiiioBana cruaHa QyHKIlist CBOTO apry-
MEHTa, p.
Baysaoicenns 3. Tosoroio ocobuusicrio Hesiniitnoi cucremu (3.2)-(3.3) € roit
dakT, 1m0 KJjacuYHUIl PO3B’430K MOXKe He icHyBaTu Jjid jgedxoro t > 0, Ha-
BiTh $IKIIO TOYATKOBI YMOBH € JIOCUTH DJiaJkumu. OKpIM I[HOI0, TaKa CUCTEMa,
He € KOPeKTHOIO 33 AaMapoM, IO 03HAYAE BiICYTHICTH HEMEPEPBHOI 3aIEXKHO-
JIOPIr, M0 BXOJATH Ta BHUXOMATLH 13 MepexKi {2, MOBHHHI OyTH 3aJaHHMHI Y CEHC
Bardos, LeRoux ta Nedeles [3|. IIpore mjis mpocToTH OPHITYCTHMO, IO @ = —OO
Ta b; = +o0, sxkmo i € UjegInc(J) ra i & Uje7Out(J), Bianosiguo.

st nosrorn mogeni (3.2)—(3.3) HeoOXijHO BU3HAYMTH LOTIK Yepe3 KOxKHMUii
Bysosn J € J wmepexi. g 1poro y KoKHOMY By3Ji Oy/eMO pO3IJISJATH TakK

3Banuii po3s’s3uuk Pimana (qus. [8]), skuil 3a,10B0/1bHs€ 30€peKEHHIO KIIbKOCTI
MAIINH 33 TAKUIM [IPABUIOM:

(A): y KOKHOMY By3/1i 3 PO3rajly?KeHHsSIM BHUXIJIHUX JOPIr' iCHYIOTH KOHKPeTHI
mepeBaru BOJIIB, YHACILIOK IKAX PYX TPAHCIOPTY i3 BXITHUX Y BY30J JOPIT
POBIHOJILISIETHCH 110 BUXIJHUX JIOPOraX HPOHOPIIINHO BIJIIOBIIHUX IepeBarax;

(B): Bimmosizmo mo mpasuia (A) Boxil HparnyTh MakCHMi3yBaTH MOTIK.

Posrisremo Byszos J 3 n Bxigaumu joporamu Iy, ..., I, 3 Kiamem b; y By3/i, je
(1 € {1,...,n}), Ta m Buxigaumu goporaMu Iy 41, ..., Iy ym 3 KIHIEM a; Y BY3JIi, j1€
(ie{n+1,...,n+m}) . Toai, mob rapanryBarn 30€peKEeHHsI KiJILKOCTI MAIIUH,

sIKl TIPOIZK/IZKAIOTh Yepe3 By30J1 J, BBEJIEMO HACTYIIHY YMOBY:

n n+m
S Lot b)) = Y filpilt, ai)) Ve [0,T] V. (3.4)
i=1 i=n+1
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e cuiBBijnomenns e zHazuBaioTh ymoBoio Rankine-Hugoniot y By3zmi. Ilpore
BUKOHAHHS I[I€] yMOBU HE € JIOCTATHIM Jijis BU3HAYEHHS €IMHOIO PO3B’A3KYy CH-
cremu (3.2) ma mepexi. /lificHo, Hexaii p = (p1,..., Pntm) € AEAKUI PO3B’I30K
y Bysm J, axuii 3am0BoabHsie ymoBy (3.4). Ile osmauae, mo Bianosigni 3aja-
qi Pimana (3.2)—(3.3) marors cBoiMu po3s’s3kamu (DYHKINI p;, KOTPl HA MpaBUX
Kinngx Bxigpaux gopir (i < m) Ta Ha JiBUX KIHUEX BUXIJHUX 13 By3Ja J0pir
(it € {n+1,...,n+m}) nopiBHIOIOTH BiguOBiHUM 3HaueHHAM pP;. OJHAK y 3a-
Ta/JIbHOMY BUIIQ/IKY TaKe IOE€JHAHHA 3HAYE€HDb IlLiJI])HOCTi y ByS.Hi MOZKe IIPpU3BEeCTU
J1o nosiu Tak 3BaHux 'mokoBux" Ta "pospimxenux" XBUJIb, 10 MPOXOJATL He-
pe3 mporo (mus. [11]). Orxe, manexo me KOKHHI BuOIp 3HAYEHD (D1, .., Pntm)
Oyjie JOIyCTUMUM y By3J/1aX TpaHciuopTHOi Mmepexki. [jist 1X BU3HAYEHHS HeJ0-
CTaTHBO MaTH TiTbKE coiBBinHomenns (3.4). Heobxigno Buectu me n +m — 1 —
JloniomizkHy ymoBy. Tomy y j1aHOMY BHIIQJIKy PO3YMHO CKOPUCTATHUCH I11J1X0/[0M
Coclite, Garavello & Piccoli [8] Ta BBecTH MaTpuitio posnoity pyxy A(J) € RV™
TaKy, 110

AW) = o)), GE€{n+1,...,n+m}, i€{l,....n}, (3.5)

aji(J) =+ ajz-/(J), Vi# i/, 0< aji(J) <1,
n+m
3.6
Z aji(J) =1 ans koxuoro ¢ € {1,...,n}. (3.6)
j=n+1

Takum umnOM, -t cTOBIUMK MaTpuii A ONUCye PO3IOILIT TPAHCIOPTHOTO MOTOKY
mo BUXiTHUX i3 Byasia moporax. lle ozmagae, mo akmo C' — KiTBKICTH MAIIIWH,
Akl npubysaioTs 3 goporu I; y 3aganuit By30i1, T0 oj;C' — KiIbKICTH MaluH, SKi
IepecyBaloTbCsA 110 BUXIJHIN 3 By3sa joposi [;. Moxkna TakoK IpUIyCTHUTH, IO
marpuig A 3aexurs By vacy. Hanpukiia, y Bumajiky pyxy MallidH Ha MiCbKiit
Mepe:Ki, epeBaru BO/IiB 3MIHIOIOTHCS IIPOTITOM JA00M.

3 rexHiuHOT TOYKM 30py, Ha MaTPUI0 A HEOOXiIHO HAKIACTH P/l JONOMIZKHUX
yMmoB. Byzmemo rosopurn, mo marpurg A 3amoBosbHse rimoresy (B), axmo mae
micne rake: mexait {ey,...,e,} Kanoniunuit 6azuc B R™ 1 jy1s1 JOBLILHOT 111 MHO-
xuan V C R™ mosnasumo depe3 V- — i1 oproromansue momosuenns. s V i =

1 .
1,...,n Busnaunmo muoxkuny H; = (e;), T06TO KOOpAMHATHY TIilEPIIONMHY, Op-
TOTOHAJIBHY JI0 €;, Ta 11 V j =n+1,...,n+m nexait a; = (oy1,...,05,) € R"
: 1 . . .
i Hj = {a;}". Hexait K — muoxkuna ingexcis k = (ki,..., k), 1 <1 <n-1
rakux, 1o 0 < ky < ko < --- <k <n+m,iguaV k € K BUKOHYETbCS PIBHICTH

1
Hy = hngkh. [Mokmapmu 1 = (1,...,1) € R", orpumaemo V k € K

1¢ HL.

aysaorcernna 4. 13 ymosu (B) Gesnocepeabo 0TpuMyemo, mo m > n.

Yumoa (B) He 3acTocoByeTbCs I BY3JIB 3 1 BXIJHUME JOpOraMu 1 OHIEIO
BUXi/IHOIO. TakuM YMHOM, BBEJIEMO JI€siKi apaMeTpH, 3MICT sIKUX IIOJISrA€ y Ha-
CTYHHOMY. 3& YMOBHU, KOJIM HE BCI MAIUHU MOXKYThb [POIXaTu Yepe3 BY30.I, ic-
Hy€ IPABUJIO, SIKE Yy IIPOIEHTHOMY CHIBBIIHOIIEHHI ONUCY€ KIIBKICTH MAIINH, 110
MIPOIK/IZKAIOTH 3 OKPEeMOl BXITHOI TOPOTH HUepe3 BY30J JAHOI MepexKi, a caMe:
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(I'): mpumycTmMo, 10 He BCl MAIIMHA MOXKYTH MPOIXaTH HA BHUXIIHY 3 By3/a
Jopory, i Hexait C' — KJIBKICTh MAIllUH, sIKUM I1e BAaeThcst. Toai ¢;C marusa
. . n
HAJXOAUTD 3 JOPOTH 4, ¢ = 1,...,n, opu upoMy » ., q; = 1.

Tenep, 3rigno 3 reopieio [8], BBesemMo nonsarrs po3s’si3ky 3aaa4i (3.2) y Byssi
J € J Ta Ha Bciit mepexi 2.

Ozuavenns 7. Hexait J — By3os1 3 n Bxijgaumu jgoporavu Iy, ..., I, 3 kinnem b;
(1 €{1,...,n}) y By3ni ra m Buxigaumu goporamu Ipni1, ..., Inim 3 KiHIEM a;
(te{n+1,...,n+m}). Bynemo kazaru, o

n+m

pP= (Pl,--- apn—l—m) : H ([O’T] x IZ) - Rn—i—m’
=1

n+m

p(t, ) € H BV (I;) ays koxkuoro t € [0, T
=1

€ ciabkuM poss’szkom 3agadi (3.2) siguocno marpuni A(J) € R™T" y pysni J,
AKIIO BiH € cykynnicTio dbyskuii pp : [0,T] x I; — R, 1 € {1,...,n + m} rakux,
110

(i):
’g (/OT /ab (P11 + fl(pz)axgol)da:dt> =0, (3.7)

I TOBLIBHOI Tvtaakoi yHKil @7, [ = 1,...,n + m, g9Kka Ma€ KOMITaKTHIIT
Hociit na muoxkuui (0,400) X (ar,by] pust 1 =1,...,n (Bxigui gjoporn) ra Ha
muoxkual (0,400) X [a;, b)) L =1,...,n g l =n+1,...,n+ m (Buxigui

JIOPOTH), IPH 1BOMY

0pi 0p;
Pils b) = @il a), S, b) = S ),
ie{l,...;n}, je{n+1,....,n+m};

(ii): f(p] Za]zfz (pi(, bi=)) mna ¥V j=n+1,....,n+m;

(iii): L(J, A, p) Z fi(pi(+, bj—)) nmocsarae MakCUMAIBLHOIO 3HAYEHHs HA I1api
(A, p) mpu 06Me>KeHH;1X (i)-(11).

3aysaocenns 5. Tlepira yMoBa 1BONO O3HAYEHHS €, 10 CyTi, YMOBOIO 30€perKeHHs
KIJIBKOCTI MaImuH y By3Ji. Binbire Toro, dpopmyna 3.7 micturs y cobi ymoy 3.4,
axmo dbysxuii p; gocurs perynasapui. [o crocyersest ymos (2)—(3), To BoHuM onu-
cyforh mpasmia (A) Ta (B), TobTo mepesaru BofiiB y By3/max Mepexi.

Binowmo, mo 3azaqa Pimana (3.2)—(3.3) i3 3agauumu ymosamu p; : [a;, b)] — R
Ma€ po3B’s30K Ha BCiilt Mepeski (2 y Takomy cenci (nus. [8]).
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Osuavenns 8. Hexaii 3ajano dyukuii p; € L>(;) N BV(L;), i € {1,...,N}.
Byuemo kazaru, mo cykyusicrs dyHkuiii p = (p1,...,pN) - Hij\il([o, T x I;) —
RN e

pi € C([0,TT; Li,(L)), i€{l,...,N}

€ gonycrumMuM poss’si3koM 3aa4i (3.2)-(3.5), sxuo:

(a): p; : [0, T] x I; — R € cinabkum enrpouiiinum poss’siskom 3aja4i (3.2) wa I,
TOOTO

T b;
/0 / (g + Fi(p)0w)ddt = 0, (3.8)

T rb;
[ [ o= Mo st = W(5) ~ 5i)0:7) dadt =0 (39)

nyist 1oBiabHOT Tiaakoi dyukmil ¢ : [0,T] X I; — R 3 KOMIAKTHUM HOCIEM
na muoxkuni (0,7) X (a;, b;) mua k € R ta ais 10BIIBHOT 1IaaKOl O THOT
dbyukuil ¢ : [0,7] x I; — R 3 kommakraum Hociem Ha (0,7) X (a;, b;);

(6): pi(0, )=p;wa l; maVie{l,...,N},

B): V KOXKHOMY By3Jl J CYKyIHICTH HKIUH p = (P1,..., Pnim) € CITAOKIM
Yy y BY YKY y P P Pn+
posB’a3koM 3agtadi (3.2) siguocno marpuni A(J) € R™™ y cenci oznauenns
7.

aysaocenna 6. fx mokazano y [8|, 3a HAIBHOCTI TOYOK DPO3PUBY y IIOYATKO-
BuX ymoBax p;(+) ua goposi I;, sume oxsoro pisasgaus Rankine-Hugoniot 3.4 me
JOCTATHBO Jiist TOro, 100 Bijgokpemurn eauuuii po3s’a3ok 3agaui Komi (3.2)-
(3.3). Tomy moHATTS CIAOKOTO pO3B’sA3KY 3a/adi MOTPIOHO JOTOBHUTH JOTATKO-
BUMU YMOBAMU. 33 TaKUil JOMYCTUMUN KPUTEPIi, y3aTuil i3 (pi3udHux MipKyBaHb,
MOKHA IPUIHATU TaK 3BAHY €HTPOIIiiHY YMOBY, KOTpa y 1IbOMY BUIAJKY HaDyBae
BULJIsily eHTPONiiiHol jouycrumoi ymosu Kpyzkkosa 3.9 (nus. [14]).

Osnauenns 9. Hexait J € J — Bysosn mepexi (Z, J), axuii mae Tiabku Jsi
BxXimHi moporu Ta Bl Buxigai. Tomy, 3rigHo 3 [8], Gymemo Kazaru, M0 MaTPUIT
A(J), ska y upoMy Bunajky HabyBae BUIJISILY:

A(J):(lfa 1fﬁ>’ (3.10)

3a,1080/1bHst€ Tinoresy (B), akmo «, B € (0,1) ta a # 3.

aysaorcernna 7. Tinoresa (B) € BUHATKOBO TEXHIYHOIO yMOBOIO, siKa HEOOXijHA
JUTd BUJIIEHHS €IMHOIO0 PO3B’SI3Ky 3 BIAMOBIMHMX po3B’a3kiB 3agadi Pimama y
By3saax. IIpore, sikino ogun i3 napamerpis « abo [y Bupasi (3.10) nabysae 3na-
gennst 3 Muoxkuuu {0, 1}, To Biamosiauuii By3os1 J Mae oHy BXiAHY J0pOry Ta JBi
Buxijui. Tomy, B 1pbOMY BUIIA/IKYy, € CEHC BHECTU HE3HAYHI 3MIHU B JIAHY MEPEWNKY
Ta, Biamosiamo, y 3amady (3.2)-(3.5).

Bepyuu 1ie 10 yBaru, JJaMo HaCTYIHUI BIJIOMUIT pe3yJibTal CTOCOBHO ICHY BAHHS
Ta €1uHOCTI po3B’a3Ky 3asaadl Komi (3.2)-(3.4) (nus. (6, 8, 10]).
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Teopema 2. Hezati dano mepeocy Q = (Z, J) ma cyxynnicmos dynxyiti nomory
{fi :R— R}i]il, AKD 3a0060AbHAOMY Baacmusocmi (3.1), 1 nexal 3adano no-
wamkosuli poanodia uyisvrocmi nomoky mawun p = {p; € L(I;) N BV (L)},
IIpunycmumo, wo mepeorca dopie (I, J) ckaadaemoca i3 6Y3aie, KOMpPi Maroms
He Oiavwe 060x 8TIOHUL Ma 080T SUTIONUL JOpi2, | KOJNCHA T MAMPUYA PO3NOJI-
2y pyry A(J) nasesrcums kaacy (B). Todi ichye edurutdi donycmumui poss’azor

p=1(p1,...,pN): Hf\il([o, T] x I;) — RN sadawi (3.2)-(3.5) maxui, wo
pi € C([0,T]; L=(I;) "BV (I;)), i€{l,...,N}, (3.11)

Tot. Vi,(pi(t, ) < Tot. Vi,(pi), ie€{l,...,N}. (3.12)

4. ITocranoBKa 3aga4i BEKTOPHOI OnTuMi3ariii

OckibKM TPaHCIOPTHMIA TOTIK Ha MepezKi Ha/Ia€ MOKJIUBICTD 3a/1yYeHHdA (haK-
TOPiB KEPYBAHH, KOTPL BIUIMBAIOTH HA IILJILHICTH TPAHCIIOPTHUX IMOTOKIB, TO Ha-
Jlajii TpAHCHOPTHUI MOTIK OyneMo TPaKTyBaTU dK 0O'€KT KepyBaHHHA. Y I[bOMY
BUIIQIKY HEoOxinHo dhopmastizyBaru dizudni Ta MareMarndHi 3uadenns (pakTopis
KEpYyBaHHs Ta MOB’d3aTU 3 HUMU BIJIOBLIHUI CTaH TAKOro 00’€KTa KepyBaHHSI.

Mg mpocroru obmexumocs BumagkoMm Mmepexi = (Z, J), gxa BKIOYA€
Bysim J € J qmme apox sugis: J € JY2 ra J € J?1. Tlepmmit suy sysna
(J e J 1’2) Ma€ OIHY BXiJHY IOpory m 3 Kiumem b, y By3/i Ta IBi BuximHi
JIOporu 1, § 3 KIHISIMU G, Qg y By3Ji, BiamosigHo. 3rigao 3 mijgxomom Coclite,
Garavello& Piccoli [6, 8|, y Takomy By3/i MaTpuilg pO3MOALIY MOTOKY HaOyBae
surnany: A(J) = [, 1 — anlt, 18 0 < ay, < 1. OToke, y TakoMmy Bysii gificHuit
napamerp o, € (0, 1) MoxHa B3gTu 3a GAKTOp KepyBaHHS.

3aysaorcenna 8. Baypaxumo, mo ymosa (B) cnpasemiuBa s KOKHOrO By3Jia
J € JY2. Binpme Toro, ng yMoBa € 3aMKHEHOIO BiJHOCHO 36izKHOCTI y mpocTopi
marpuitb A(J) = [, 1 — ]! 38 ymosu, mo ay, € [3, 1—06] 3 € (0, 1/2) nocurs
MaJie JI0JATHE TUCIIO.

JNpyrmit Bus Bysais (J € J> 1) ckmagaeTbea 3 JBOX BXiJHEX JOpIT p Ta q 3
Kinngmn by 1 by y Bysui Ta opmiel BuxijHOl jgoporu r 3 Kinuem a, y By3sui. s
BY3JIIB TAKOI'0 BU/Ly ICHYE 1PABUJIO, $IKE OILMCYE y IIPOLEHTHOMY CIiBBIJHOIIEHH]
KUTBKICTh MAIIWH, IO MPOIZK/IKAIOTE 13 OKpeMol BXITHOI JTOporu depes3 Il BY3/I’
mepeski. Bimbime Toro, ymosa (I') Bukomyerscs s koxxuoro Bysma J € J21 i
TOMY B TAKUX By3J/laX TPAHCIOPTHU MOTIK yKe HE € KEPOBAHIM.

[pumycrmvo, mo Mepesxka 2 = (J, J) mae crporo N gopir i J = JH2uU J? 1
ne muoxkuna J U2 micrurs K Bysis neproro suy, a Muoxuna J2 1 — M Byzniis
napyroro Buiay. Takum dunom, MaeMo Mepexky 3 K mapamerpaMu KEpyBaHHA v =
(a1,...,ak) Ta M 3agmanuvmu napamerpavu ¢ = ((1,...,{m), 0 < g < 11 €
{1,..., M}. IIpu npomy, Ha KOXKHiil 1opo3i I; = [a;, b;] € T mBuakicts v = v(p)
3a/10BOJIbHAIE TAKI BIMOI'H:

v(p)— nenepepsHo-cuajHa dyHKLis Ha Biapisky [0, 1I<ng>]<vpmax,z‘] (4.1)
<i<

0 <v(pi) < Vimaz, Vie{l,...,N}, (4.2)
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e Vi maz € L2(L;) (1 < i < N) Bigomi dbynkuii.

VBemeMo HACTYIHI TO3HATEHHS:

LA={a=(al,...,a)|f<;<1—-p,i=1,..., K} C R — unoxuma
napamerpis kepysanus, jge 3 € (0, 1/2) nocurs masie pogarHe 4uciIo;

2. X = RE x C(0, T; L>=(2) N BV(£)) — npocrip jonycrumux nap (o, p) ;

3. P: RE x O0, T; L®(Q) N BV(Q)) — L*(Q) (1 < p < +0o0) — nisbose
Bi10OparKeHHd;

4. A = {g € L*(Q) : g(z) > 0 maiixe ckpisp Ha )} —yHOpsIKOBaHHUIl KOHyC
sofarHux ejementis y npocropi L2(€).

I3 nonepesnboro naparpada sigomo, mo aisa Vo = (aq,...,ax) € A 3anada

T rb;
/ / (0i0rp+ fi(pi)Ou)dadt = 0, ¥ o € CZ((0,T) x (az, b)), V1I; € T, (4.3)
0 a;

/ / (1pi — Kl + sgnon — B (01) — Fi(k))0a) dadt > 0,
Vde R, V¢ e Cg((0,T) x (ai, b)), >0, Vie{l,...,N},
pi(0,)=pinal; nnaVie{l,... N}, (4.5)
( fr(or (s a:_)) = apfm(pm(:; by,)) Ta
fs(ps (-, aj)) = (1= ag) fm(pm (-, b)),
nnaV J, e J L2 OJIHIEI0 BXiJIHOIO JOPOIOI0 M 3 KiHIEM by, (4.6)

y By3Ji Jy Ta BUXiIHUMUI IOPOTaMu 7', § 3 KiHUAMU Gy, g

Ly Ji, VEe{L,...,K},
Frlpr (s @) = Gfplpp(s b)) + (1= Q) fylpq (-, b))

sV J; € J* 1 3 npoma Bximmmvu oporamu p, ¢ 3 kinmamu by, by J;  (4.7)

Ta, OJIHIEI0 BUXIJHOIO J0POroto r 3 Kinuem a, y J;, V1€ {1,..., M},

L(J, a, p) E fi(pi(s, ) Jlocsirae MakCUMAJIBLHOIO 3HAYEHHSI [IPU

4.8
0OMezKeHHSIX ( . )—(4.7) VJeJ, nen=1, skmo J € JH?2, (4.8)

in=2, akmo J € J>1
Ma€ €auHuil PO3B’A30K:

N
p=(p1,--pn) : [J([0, T] x i) = RNy upocropi C(0, T; L®() N BV(Q))
=1

i3 BracTuBocTamu (3.11)-(3.12).
ITos’szremo 3 3amadero (4.3)—(4.8) macTymHy 3a/1ady BEKTOPHOI OITHMI3AIl:

peamizysaru Sup™“ {P(a, p)} (4.9)

aast Beix o = (aq,...,ax) € RE ma p=(p1,...,pn) € C(0,T; L>®(Q)NBV(Q))
3a ymoB (4.3)-(4.7) Ta (4.1)-(4.2).
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Osnauennsi 10. Bygemo kasarm, mo 3amada (4.9) € peryisipHOO, SKINO JIIs
3ayano0l cykynuocti dynkuiit noroxy f = (fi,..., fn) 3 BaacruBocravu (3.1)
icHye mmapa

(o, p) € Ax C(0,T; L*=(Q) N BV (Q)),

ne p = p(a) — e BianosigHuit po3s’a3ok 3agadi (4.3)—(4.8) Takuit, Mo p 3370~
Bosibhsie ymosu (4.1)-(4.2), 1 P(a, p) >4 z aus jesxoro enementa z € L2(Q). Y
boMy BHIAJKY mapy (o, p) 6yJ1eMo Ha3UBATH JIOILYCTUMOIO.

[Mosraunmo vepe3 = MHOKUMHY BCix gomycrumux nap 3ajaqi (4.3)—(4.9). Oue-
BuHO, o = C A x C(0,7; L*°(2) N BV (Q2)). Hagaui Gyaemo nos’a3ysaTu 1o
zajgady 3 dersipkoo < =, P, A, w >, ne w € ciabkoio TONnoJIorieio npocTopy
kepysanb L2(Q).

Saysaocenns 9. Y 3arajJbHOMY BUMAJKY ICHYE IPUHITUIIOBA PI3HUIT MiXK 3a/1a9et0
(4.9) Ta 3aj;a4€10 BeKTOPHOI onTUMizanil y KJIACHIHIN MOCTaHOBIL:

{ sHaliTu MakcumyM BinoGpaxenust P(«, p) BianocHo koryca A (4.10)

3a yMoBH, 1110 (o, p) € =

Cnpasni, nexait mapa (a®/7/, p//) € Z e edbexrusnum poss’asxom 3amaui (4.9).
Toui P(a®ff, peff) € Maxy (cl, P(Z)). 3sincu

P(aeff, peff) c P(E) Ta P(aeff7 peff) c MaXAP(E).

Tomy (a1, p¢/T) € posp’askom 3amaui (4.10). IIpore, obeprene TBepIKEHHS,
y 3arajibHOMY BHUIIQJKY, HE € BipHUM. ¥ TO# 2Ke 4ac, /i CKAJIAPHOIO BUIAIKY
3aBZK/IM Ma€ MICIe Take:
axmo P(a®7) p¢ff)y = max P(a, p), 0
(o, p)EE
(T p¢fy e 21 P, p¥fYy = sup P(a, p).
(o, p)EE

BayBakumo, mo 3a1a4di BeKTopHOI omrumizarii (4.9) ta (4.10) igemTwani y To-
My BuIaJky, ko Y = R ra A = Ry, 1 upuBoJsTh /10 KJIACUIHOT [HOCTAHOBKY
CKAJTPHOI 33129l MaKCHMi3alii 3 00MeKeHHIMH.

Osnauenns 11. Jonycrumy mapy (aff, p¢/f) € Z 6ynemo nasusaru (A, w)-
edexTupaM po3s’askoM samadi (4.1)-(4.9), sxuo mapa (a7l p¢/f) peanizye
(A, w)-cynpemywm Bijo6paenns P : = — L2(£2), 106T0

P(at ) pelTy e SUP?&,WP P(a, p) = Sup™“ {P(a, p) : V(a, p) € Z}.

Ve =
[Mosuaunmo gepes Eff, (Z; P; A) muoxuny Bcix (A, w)-edekTuBHUX pO3B’S3KiB

BEKTOPHO-OnTUMIzaNiiinol 3aaa4i (4.1)—(4.9), Tobro

Bff,(S: P5 A) = {(a, p) €2 ¢ P/, pf7) € Sup( % 2 Plas p) )

Tenep gaMo HACTYIHUIL Pe3yIbTAT CTOCOBHO TOMOJIOTIYHIX BJIACTUBOCTE MHO-
KUHK JlouycruMux nap = 3azadi (4.9). Hexait 7-ronosoris va

Y = RN x L%(0,T; BV(Q)),
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3ajaHa SK 100yTOK HOTOUKOBOI 36ixkm0cTi B RX Ta cabkoi Tomosorii mpocropy
L*(0,T;
BV(Q)). Toxi mae micre HaCTYIIHA TEOpeMa, JT0BeIeHHsI KO MOKHA 3HANTH B [2].

Teopema 3. Hexat {(ozk, k) € E}:O:l d08iAbHA NOCAI008HICMY JONYCNUMUL
nap y sadawi (4.3)-(4.8). Todi snatidemvca napa (o, p*) € Y i nidnocaidos-
nicmo danoi nocaidosnocmi (Oas axoi sbepescemo nonepeoni no3Haverts) maxi,
o

(o, p*) € B, (F, p") 5 (aF, p"),
mobmMo MHOJNCUNG = € CEKBERUITHO KOMNAKMHON 610HOCHO T-30101CHOCTNI,

Hacainok 1. Sxwo o € A, mo sidobpasicenna o — p(a) € nenepepenum 6io-
HOCHO TOMOA0ZE TomouK060i 36iocnocmi 6 R ma caabroi mononozii npocmopy

L*(0,T; BV(Q)).

5. Teopema icHyBaHHs

Hexait P : [R¥ x C(0,T; BV(Q))] — Y* — jesike po3IIEpPeHHs Bi0OpakeH s
P : Z — L?(Q) na secs npocrip RE x L2(0,T; BV (2)). Tyt uepes Y'® nosnaueno
TACTKOBO po3mmpenuit mpocTip Bamaxa L?(2) U {—oop}.

Osnauenns 12. Byjevo kazaru, mo sijgobpaxenns P: = — L2(Q) e (A, 7 x w)-
HamiBHenepepsHEIM 38epxy ((A, 7 X w)-uH. 38.) y Toumi (a, p°) € Z, axmo

P, p%)e lim sup™ P(a, p).

(@, )—>(a° r°)
Bino6paxkenuss P € (A, 7 X w)-HH. 3B. Ha MHOXKUHI =, akmo P e (A, 7 X w)-
HH. 3B. Ha KOXKHII mapi 3 =.

Teepexenns 1. Ipumycravo, mo mpoctip kepysamma L2 () 9acTKoBO BIOPS/I-
KOBaHMI 3a KOHyCcOM jgoparnux ejgementis A. Hexait = nemycra nigmuoxkuna 3
npocropy RE x L2(0,T; BV(Q))i P : £ — L*(Q) — 3anane Bigobpazkenns. Ko
napa (%, p°) € Z e gosinbuum (A, w)-edexTusrum poss’sskoM 3auadi (4.9), To
Tozi Bigobpaxkenna P : = — L2(Q) e (A, 7 X w)-HH. 3B. Ha Tiiil Tapi.

Josedenna. Hexait (o, p0) € Eff,(Z; P; A). Toxi P(a?, p°) € Supé\’ o) EP( p).
3 inmoro 6oky, P(a?, p°) € L% (P, a°, p°), romy P(a®, p%) € LTX9(P, o, p°).
3Bizacwu, 3rigHo 3 o3madenuam (6), maemo:

A

P(a’, p”)€ limsup P(a, p),

(a, p)=(a®, p0)
IO 1 JIOBOJUTH TBEPZKEHHS. O

BayBaKnMo, 1110 KOHYC J10JaTHUX enemMenTis A y npocropi Lz(ﬂ) 3a/10BOJIbHSE
TaK 3BaHy BjacTuBicTh [lamiesns, gka o3nadae, 1Mo KOKHa 3pocTarda Ta oOMeKeHa
3BepXy HoCi1oBHICTH (T00T0, siKI0 ¢ < j = y; <A Yj) C1abKo 30iraeThCs 10 CBOrO
(A, w)-cynpemyma.
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Osnauenns 13. Bymemo kazaru, mo memycra mavaoxmaa Yy C L2(Q) 3 ymopsaa-
KOBaHMM KOHYCOM A € HarmiBoOMEXKEeHOI0 3BEPXY, SIKINO KOKHA, 3POCTA0va, MOC/Ii-
nosuictb {y;} C Yy € 06MexReHoI0 3Bepxy.

3aysaocenns 10. Hexait Yy — nanmiBoOMer)keHa 3BepXy IMJIMHOKUHA YaCTKOBO
BIOPSAIKOBAHOrO JiHiitHOr0 mpocropy < L2()), A >. Toxi mnsa mopinbHOrO ee-
menra z € Yy meperun Y§ = ({2} + A) NYy Oyue obmexenum 3sepxy, T06TO
icaye emement z* € L%(Q) Takmit, mo z* <, y ana seix y € Y§. OTxe, HamiBo-
OMeKeHICTb 3BEpXY IMiJIMHOXKUHE Yy 03HAYAE HAIIBOOMEXKEHICTh 3Bepxy il cjiab-
koro 3amukaHHs cl,Yy. 3 iHII0ro 60Ky, MOPIBHSIHO 31 CKAJSIPHUM BUITAKOM, JIJIsi
BEKTOPHOI omruMizamniiinol 3amadi (4.9) i3 CeKBEHIIHHO T-KOMITAKTHOI ITiIMHO-
Kunolo = ra (A, 7 X w)-HaniBHENEPEPBHUM 3BEPXY LLILOBUM BiJ00pazKEeHHSIM
P : = — L), muoxkuna obpasis P(Z) Moxe 6GyTn HeobMerkernoo 3Bepxy. Lle
03HA¥AE, 10 y 3araibHOMY BHIAJIKY He ichye eaementa y € L2() takoro, mpo

P(E) c {y*} — A.

Temep mepeitgemo 10 GOPMYIIOBAHHSI Ta JOBEIEHHS OCHOBHOI'O PE3YJILTATY
JTaHOT POobOTH.

Teopema 4. Ilpunycmumo, wo exmopho-onmumisayitine 3adasa (4.9) € pe-
eynapnoro. Hexati zadano (N, T X w)-nn. 36. eidobpasicenna P : = — L2().
Toodi 3adauwa eexmopnoi onmumizayii (4.9) mae nenyemy niommoorcuny (A, w)-
epexmusHuT Po3e’a3kis.

Jlosedenns. Kpok 1. TTokaxkemo, mo muoxkuna 06paszis P(Z) € naniBobmeKeHo0
3Bepxy y cenci ozuadenus (13). Ilpumyctumo mpormiexkse, a came: Hexail iCHye
LIOC/1LJJ0BHICTD {(Oék, pk)}ZOZl € E raka, WO BILOBLIHA 1LOC/II0BHICTL 00pa3is
{y* = P(a, pk)}iozl € P(2) e 3pocrarodoio (10610 yi <A Yrt1 41g ¥k € N) ta
reobmexxenolo 3sepxy B npocropi L2(Q). Tomy ocop € L¥ {yi}, ne wepes LY {y;}
[I03HAYEHO MHOXKHMHY BCIX TOYOK 3aMUKAHHS BiIHOCHO €/1abKOl TOMOJIOri po-
cropy L2(€2). 3rimmo 3 reopemoto (3), nociigosuicrs {(aF, pk)}ZOZl € Xy € ce-
KBEHIIHO T-KoMmakTHOW. ToMy Moxkemo Beazkaru, mo (af, pF) 5 (a*, p*) y
RE x L2(0,T; BV(Q)), ne (o, p*) — ue meska mapa 3 MEOKHHE Z. OCKiTbKE
nocaigossicrs { P(aF, pk)}iozl HeobMezkeHa 3Bepxy, T0 {oop } € LIX¥ (P, a*, p*).
Tomy, 3riguo 3 o3uavdenusam (6), maemo:

. A, w o
lim SUP, 700, ) P(a, p) ={ocopr}.

3 inmoro 6oky, 6epyuu 10 yBaru (A, 7 X w)-HamiBHENIEPEPBHICTHL 3BePXy Bigobpa-
Keuus P, orpumaemo:
P(a*, p%) € limsup™ ¥ P(a, p)
' (e, p)= (a0, p°) T
IO CYIIEPedYuTh IIOIepeIHLOMY IpuIryInenao. Kpok 1 mosemeno.
A w
Kpok 2. TosejieMo, 110 MHOXKUHA Sup(a e s P(a, p) € nenycrorw. T uporo
IIOKazKeMo, 10 iCHye mpuHaiiMi ojHa 3pocraioda HOCaLIoBHICTE {yk e C P(2)
Taka, mo yr — y* i

y* € Sup ) = Pla, p) = Sup™ {P(a, p):V (a, p) € E}.
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Hexait y — nosinbuuii ejement muoxkunu cl, P(Z). Criouarky mokazxkemo, 1o Jijis
JIOBLIBHOT'O OKOJIy HYJid V, y CJabKiit Tomosorii npocropy Lz(Q) ICHy€e ejleMeHT
y¥ € cl,P(E) rakwuii, mo

y <ay” a ({y"} + AN{0}) N (cwPE)\ (v +{y"})) = 0. (5.1)

[Ipunycrumo nporunexue. Hexait icuye nocaigosuicrs {yy}ee, C cl, P(2) Taka,
110

y1 € P(2), yk+1 € {unt + AN{0}) N (o P(E) \ (v +{wx})) VE € N.

Ockinbru yr41 € {yr} + A\ {0}, To ng mocaigosuicrs € cragnow. Bepyun 10
yBaru 3aysaxenns (10), orpumyemo, mo muoxuna cl, P(Z) € naniBobmexkeHoro
3pepxy. Orxe, icaye eqement y* € L2(Q) taxmit, mo yp <p y* a1a Beix k € N.
Towmy, 3rigno 3 Baacrusicrio Jlamiesns, 1s moC/IiI0BHICTD CAA0KO 30ira€rbes 10
csoro (A, w)-cympemyma: yr — § € L?(Q). IlpoTe me cymepednTsb yMOBi, IO
ka1 € clyP(E)\ (vw +{y"}) k € N. Takum uunom, Bubip 3a JONOMOrOI0 NPABUIA
(5.1) MoxkUBHiL 151 OY/Ib-SIKOTO OKOJIY V.

Hexait {vy}7e, — cucrema ciaabkux okouis mysst y npocropi L(Q) raka, mio
Vky1 C v a1 Beix k € N, i g 6yap-axoro caabkoro okomy v(0) B L2(Q) ichye
Homep k* € N rakuit, mo v, C v(0). Toai, BukopucroByioun Bubpane npasBusio
(5.1), mozkemo 1106y yBaTH mocainoBHicTs {uy } ooy C cl, P(Z), ne u; — noBinpauit
ejieMenT 3 MHOXKuHEU P(Z), TakuM duHOM:

up—1 <p ugp i ({upt + A\{0}) N (clu,P(E)\ (g +{ux})) =0VEk>2 (52

Tomy, 3 orvisity Ha Biaacrusicrs lamiens, {uy } o, € T-3012KHOI0 3pOCTaI0UOI0 HOCII-
JTOBHICTIO. 3BIJICH OTPUMYEMO, IO iICHYE €JTeMEHT

u* € Sup™« {uy, € l,P(B) : Vk € N}
rakuit, mo ux — u*. OueBuano, mo u* € cl, P(2). Josexemo, mo
u* € SupM“ {P(a, p):V (a, p) € E}.
[Ipunycrumo, o icuye esiemenT
g € Sup™“ {P(a, p): ¥ (a, p) € E}

raknit, mo u* <p q. Tak ax up <p u* mua Vk € N, To oTpuMyeEMO, M0 Ui <A ¢
s V' k € N. Toni ymosa (5.2) rapanrye, 1110

({a} + AN{0H) N (cloPE)\ (v + {ur})) =0V k € N. (5.3)

Orxe, 3 ymosu (5.3) ra 3 Toro, mo q € cl, P(Z), Bumsae: ¢ € vp+{ug} Vk € N,
T06TO UK — q y mpocTopi L?(Q). Takum wmmoM, u* = q.

Kpok 3. IMokaxkemo, mo muoxuna BCix (A, w)-edexruBnux po3s’a3kis 3a-
maqi (4.9) Eff,(Z; P; A) e menycroro. Hexait  Oyap-gxuil eeMeHT 3 MHOKUHE

Supé\olywp) c =P(a, p). Toi, srigno 3 osuauennam (5), icuye nocmigosuicrs {yx}pe; C

L?(Q) raka, mo yr — & B L*(Q). Bazamo nocainosuicrs { (o, pk)}zozl € E ax:
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(, p¥) = P~Y(yg) mna Beix k € N. Ockinbkn MHOKHHA Z € CeKBEHIIIHHO T-
KOMIAKTHOIO (smB. 3), TO Oy;eM0 BBazKaTH, 1110 iICHY€E 11apa

@, ) eZ : (o )5 B Y.

Tomy € € L™*“(P, a°, p%), i orpumyemo, 1mo

L7, o, p%) N Sup ) = Pla, p) # 0.

Toxi, B cuity (A, T X w)-HH. 3B. Bijobpaxennsa P wa E Ta o3nadends (6), MaeMo:

A w TXW A, w
P(a’, p%) € Sup, ) 2 Pla, p) = L7*(P, a°, p%) NSup, ). = Pla, p).

Taxum anrHOM, 3 0HOTO OOKY,
P(a®, %) e LT(P, o°, p°),
3BIJIKM BUILIMBAE PIBHICTD
P(a’, p%) = ¢ = lim y.
k—o0
3 inmoro 6oky, & € Supé\’ wp)e

o pezPla, p). Orxe, (a, p°) € Eff ,(E; P; A). Teopema
JIOBeJIeHA. Ol
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Paccmorpena mnepBasi kpaeBasi 3asiada /i TejierpapHOro ypaBHeHUsl B orpa-
HuU4YeHHOI1 oGsitactu. IlosnydyeHo pelreHue 3Toi 3agakuu B KBazaparypax. Ilocrpoenue
TOYHOrO pelleHusl 3aJa4yd OCHOBAHO HA KOMOUHAIMKU METOAO0B OTPa>kKeHUU U Hpo-
JOJI2KeHUIl, a TaK»Ke Ha pa3paboTaHHOM B [1] MeToZe NHTErpaIbHOrO MPEICTABICHUS

AOCTATOIHO LINPOKOI'o KJiacca pemeHnﬁ Teﬂerpac])Horo YpaBHEeHUs.

KinoueBbie caoBa. Tesnerpadmoe ypaBHeHue, KpaeBas 3aata, OUDAHIIEHHAs 00/1aCTh.

1. BBeagenue

OCHOBHBIM MAaTEMATHYECKUM alllapaTOM, OMUCHIBAIOINIUM PpaCIPOCTPAHEHUE
BOJTH PA3IUIHON (DU3MIECKON TPUPOILI B Cpefax, 00JIaJaoNX COMPOTUBIICH-
em, gBjisiercd Tejerpaduoe ypasuenue. Vcrnosb3oBanue TejerpadHOro ypaBHe-
HUsI [MO3BOJISIET yUYECTh PEAbHO CYIIECTBYIOIME COMPOTUBICHUS CPEJIbl U BBISIC-
HUTH XapaKTep 3aTyXaHUs BOJIH, BBI3BAHHOIO STUMU conporusieHugmu. C 1e/bio
pelLIeHUsE TAaKoro poja 3a/a4 B [1] pazpaboran Meroj HHTErpabHOIO 1IPeCTaBIe-
HUs perreHuii TejierpadHOro ypaBHenus ¢ momornbio (gyukiun Puvana. Couera-
HUE TAKOIO MHTEIPAJBHOIO MPEJCTABIEHUS] ¢ METOIOM [POJIOJIXKEHUI T03BOJINIIO
LOJIyYUTh TOYHOE PElIeHue [IePBO KpaeBoil 3aja4u (2] B 1nosyorpanudenHoii 06-
jiactu. B orpanudeHHbix 00/1aCTAX HEOOXOMMO BOBHUKAIOT JIOTOIHUTE/IbHBIE BOJI-
HbI, ABJJIAIOIUECHA PE3YJ/IbTaTOM OTPazKEHUYA IMEePBUYHbIX BOJIH OT FpaHH‘IHOﬁ 110-
BepxHOCTH. B HacTOdIEell cTaThe C MOMOIIBLI0 KOMOUHAIIMN UHTEMPAJILHOIO IIPE/I-
CTaBJ/IEHUs PEIIeHnil, MeTO/la 1IPOJ/IOJI2KEHNI 1 pa3pabaTbIBAEMOro 3/1ECh METO/I
OTpaKeHUl CTPOUTCS PeIleHre ePBOil KpaeBoil 3a/[a4u B OTpaHUYeHHON 00/1aCTH.

2. IlocranoBka 3aga4n

PaccmarpuBaercs ciieyioniast Kpaesas 3aada: B obtactu 0 < z—xy, < [, t >
t, HaliTu perreHne TeaerpadgHOro ypaBHEeHHId

0 u(z,t) 1 0 u(z,t) +D8u(az,t)

Ju(x,t)
22 @2 on o TP o

YA0BJIETBOPAIONIICE HAYAJIbHBIM yC/JIOBUAM

+ Cu(z,t) =0, (2.1)

u(z,ty) =0; w(x,t,) =0, 0<ax—mz, <l (2.2)

© B. A. Ocranenxo, 2009
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U KPpae€BbIM YCJ/IOBUAM IIEPBOr'O THUIIA

u(zn,t) = u(t —t,); u(z, +1,t) =0, t>t,. (2.3)

3. Pemienne 3agaun

[t perenns 9TOR 3a/[a4u, IPezXKJIe BCEro, CTPOUTC HPOIOJzKeHne hyHKIHI
w(t) Ha BCIO OCB t:

t—tn), t>tn;
M (t—t,) = p(t=tn) " (3.1)
0, t<tn,.
Kpaesoe yciosue (2.3) Takzxke MpO0/zKaeTCs Ha BCIO OCb t:
u(zp,t) =M (t—ty,). (3.2)

Ha nasaibnom drame perrenue 3a/a49u OTHICKUBAETCH B Bujie MYHKIUN

T — Ty, (Da—B)(z—xn)
2

u0($at) = MO(t —tn —

)e

r—xn
B(””z")/t_tn_ « B T —Tp Da? (t—tn—n)
0

+ae 2 [5JO(Z) +a Ji(z)le 2 Moy(n)dn (3.3)

¢ nenssecrnoit dyuxumeit My(t). 3uecs Jy(z), J1(z) - byuxnun Beccens nymnesoro
U TIEPBOTO MOPSIKA,

2= eallr —x,)? —a?(t —tn —n)?; (3.4)
D2 a2 B2
4 4
Oyukrus (3.3) yaosaersopser auddepernuaabHoMy ypaBaenuio (1) npu mpo-
u3B0/IbHON dynkuun Mo(t).

61:C+

(3.5)

[Moxcrasus dyuxkumio (3.3) B kpaesoe yciaosue (3.2), noswyunm:

Da? (t—tn—mn)

up(zp,t) = Mo(t —ty) —i—a/ot_tn §J0(z)efMo(n) dn = M(t—t,). (3.6)

31ech HYXKHO HCIOAB30BATH 3HAUEHUE Zz, TMojydaemoe u3 (3.4) mpu x = x,, TO
ecTb

z=alt—ty —n)vV—c1 (3.7)

Beinosinus B pasencrse (3.6) npeobpazosanue
T=t—1ty,, (3.8)

npusBe/leM ero K BUJy

Da?(r—n)

Mor)+a [ Fatalr == M d = M. 39
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Takum 06pazom, okazbiBaercs, 4ro ecu dbyuxus My(T) sBisiercs pemieHu-
eM mHTerpasbHoro ypasaenus (3.9), o dynkuusa (6) yjaoBaerBopsier KpaeBoMy
yeaosuio (2.3). [Ipu srom u3 (3.1) u (3.9) crenyer, uro dyukusa Mo(7) obragaer
CJ1eYIOIUM CBOMCTBOM:

My(t) =0, T <0, (3.10)

Torma w3 (3.3) cpasy cuenyer, ato u(z,t,) = 0, Tak Kak B CHJIy yCJIOBHS

x—xp, > 0 apryment dbyukmun My(T), a TakKe BEpXHUIL [IpeJiesl HHTEerpUpOBaHU

B dopmyse (3.11) cranossitcst orpunaresbHbiMu 1pU t = t,. DTO 3HAYUT, ITO

dbyuknug (3.3) ymoBieTBopsieT mepBOMY HadaabHOMY ycaoBuio (2.2). Borancanm
npoussoanyio dyukuuu (3.3) no t. omyunm:

Oug(x,t) Mi(t—t x — xn)e(DafB%(z—zm

ot a "
”]Mo(t —t, —

T — Ty, Da(z—an)
2

)e

Da? [B T — Tn
{ 3 |:§J0(Z)+Cl 2 Jl(z)

5 C1 fJI(Z)“‘
)

@t (0(2)_M>}6MM0(77)M (3.11)

n [B+ xr—x
a|— C
g 2

—B(z—sn) [TTIT
+ ae 2
0

+

z z
[Tpu Berauciaennn dyuknuu (3.11) yuareno, aro

0z cra®(t —t, —n) .

ot z ’
dJo(z)  c1a’(t —t, — ) .
0z z Ni(2)

% <J1iz)> _ cra?(t ;2tn —n) (J{{(z) B Jéiz)) ‘

T—Tn

Yureno Takxke, 4T0, Kak cieyer us (3.4), z =0upun =1t —t, — =" u
J1(z 1
Jo=1; 1(2) = -
Z |, 2

Ipu ¢t > t, B cuny ycaoBus T — x, > 0 aprymentst yunxuuit My n M),
a TakKe BepXHUil mpenes wHTerpupoBanusg B (opmyne (3.11) cranosarcs or-
punaresbabiMu. A 310 Ha ocHoBanuu coiicrBa (3.10) dynkuuu My o3nauaer,
910 ut(z,ty) = 0, To ecrb dyukuus (3.3) yJA0BJETBOPAET U BTOPOMY HAYATBHOMY
yenosuio (2.2). Takum obpasom, dyuknus (3.3) B obnacru 0 < & — x, < ;0 >
t > t,, yJI0BJIETBOPsieT BCEM YCJOBUSM IIOCTAHOBKU KPAEBOW 3a/1a4u, KPOME BTO-
poro kpaesoro ycaosus (2.3). C 1e/bi0 IPOBEPKH BBITOIHEHHsI 9TOTO YCIOBHU, C
nomotpio (3.3) u (3.9) Bbruucaum

(Da—B)l
2

Je

g t—tn—g B l Da?(t—tn—n)
ae el
0 2

UO(ZEn—I-l,t) Mo(t—tn— é

+61—J1( ) fMo(T]) dn. (3.12)
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B dopmye (3.12)

z=/c1[l2 — a®(t — t, — n)?]. (3.13)

3 dopmyast (3.12) u csoiicrsa (3.10) dyukuun My caepyer, uro dyunxuus (3.3)
YZIOBJIETBOPSIET BTOPOMY KpaeBomy ycsosuio (2.3) mpu t — t, < é . Ipnm t —
tn > é JIJIsT YIOBJIETBOPEHIST BTOPOMY KPAeBOMY YCJIOBHUIO (2.3) perieHue 3a1aqu
CTPOUTCY B BUJIE

u(z,t) = uo(z, t) +ui(x, t), (3.14)

e

-z, — 21
ey = o (14 72

T —x, — 2l —(Da+B)(z—xpn)+2Dal
My (t bt 7"” Jo(z)e 2 N

a
x—xn—21
—B(z—zn) t=tn+ a B
+ae 2 —Jo(2)+
0 2
T — T Daz(t—tn—n)

o J1<z>] S 0 () + M) d. (3.15)

31ecn

2= veil(r —2)? - (2 — (2 — 20))?] .

DOyuxuus (3.15) yaosnersopser ypasaenuio (2.1) ¢ npoussosibHbMU DYHKIMAMYI
My u M.
[Moacrasnsig dyukumio (3.14) Bo Bropoe kpaesoe ycaosue (2.3), mosydum:

l (Da—B)l
2

uo(azn +l,t) +U1(xn+l,t) = |:2M0 <t—tn — i) — Ml(t—tn — —) e
a a

t—tn—1L
"~a | B l Daz( —tn—m)
+ae”% /0 [2 Jo(z) — 61;J1(Z)] e” T U Mi(n)dn = 0. (3.16)

[Ipu noxacranoske dyukruu (3.15) Bo Bropoe Kpaesoe ycjosue (2.3) ydTeHo,
4TO UPU & = Ty +1 zp1 = 0 1 nosromy Jo(2p1) = 1. Beinosnus 8 pasencrse (3.16)
peobpas3oBaHme,

l
=t—t, — —, 3.17
g a ( )

[IpUBEJEM ero K BHUILY

—pa [T B Da?(r+L-n)
Mi(7) — ae™3 l/ 2 Jo(2)e =" My (n) dy = 2Mo (7). (3.18)
0

31ech

z= \/cl {lz—az(T—i—é—n)z . (3.19)

U3 ceoiicrsa (3.10) dyuknun My(7) u ypasuenus (3.18) ciemnyer, uro dhyHK-
nust M (7) obnagaer cBoiicTBom

Mi(1)=0,7<0. (3.20)
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Ucnons3ys csoiicta (3.10) u (3.20) dyukuumit My(7) u M;(7), Tak XKe, Kak
u s bysxknun ug(z,t) MoxKHO nokazarb, uro dynkuusa (3.14) yaosiaerBopsier
HyJIEBBIM HAYAJIBHBIM yCI0BUAM (2.2).

Taxkum obpasom, B obaacru 0 < © — x, < [, t > t, dyuxkuus (3.14) yuosie-
TBOpsieT BCeM YCJIOBUSIM IIOCTAHOBKM KPAEBOW 3aJ[adu, KPOME IIEPBOI0 KPAEBOI'O
yenoBust (2.3). Vaurbisas, uro dyukums ug(z,t) ygaoBaeTBOpsier nepBoMy Kpae-
BOMY yCI0BHIO (2.3), HYKHO, 4T06bl (DyHKIWMs U1(X,t) YIOBIETBOPSIA KPACBOMY
YCJIOBHIO

up (T, t) =0, t >t, . (3.21)
13 dopmyist (3.15) u csoiicts (3.10) u (3.20) dyukmmit Mo(7) u M (1) crenyer,
a0 yeaosue (3.21) Gyser BbIIOIHEHO TOIBKO npu t — b, < %l Jnst Toro arobb

YVJAOBJIETBOPUTL STOMY YCJIOBUIO IIpU ¢ — &y > %, perienne 3aa4u OyjieM CTPOUTH
B BHUJIE CYyMMBbI Tpex (DyHKInIA:

u(x,t) = ug(x,t) + ui(x, t) + ua(x,t). (3.22)

IIpu BBIGOpe QyHKIUU Uz(x,t) MBI UCXOAUM W3 CJAEAYIONMX COOOparKeHMUil.
Dyukius

Da? (t—tn—mn)

Jo(z)e 2z " Ku(n)dn (3.23)

—B(z—zn)
2

t—tn+ r—xnF2nl
a
w(x,t) =e /

0

sBjisiercs perterneM reserpaduoro ypasuenus (2.1) npu m06eix K, (1) u n. Io-
sTOMYy U mpom3BoaHas (dyHKnuu (3.23) 0o o Takxke OyIeT pPelieHrneM ypaBHEHs
(2.1). Beraucaus 3Ty npousBOAHYTO, Oy IUM:

0 t 1 —B@—an) a(@—znF2nl) — 2nl
w(aza):i_eBQ o EDate nlJo(zn)Kn(t—tnix Tn F n>+
ox a a
—B(z—zn)
+e 2
t—t :tzfznf?nl
n a B — a2( —tn—mn)

X/ [_5‘70(2)—0133 x”Jl(Z)]eD UK () dy. (3.24)

0

B dopwmyne (3.24) zp, — sro 3navenue dyukimu z u3 (3.4) npu n =t —t, £

%_27117 TO eCThb

a

2
2n = cl[(m—xn)z—CLQ((t—tn)—(t—tniw)>]:

_ \/cl (= 2)% = (£(F20] + (& —2,)))?]. (3.25)

Cranem B JlajibHefieM 0003Ha4YaTh BEJIMUYUHY Z, C BEPXHUMEU 3HAKAMU Yepes
Zpn, & C HHKHIMH 3HAKaMHI — 9€Pe3 Zpyp. OTMETHM, 9TO 3HaYeHUE BeTNIHHBI
Zp BAaBUCUT OT TOI'O, C KAKUM 3HAKOM BEJIUYUHA, %ﬂ"l BXOJIUT B apryMeHT
dbyukIuu u B BepxHUil mpeest HHTerpupoBanus B (opmyiie (3.24).

B uwacrnocru, dyuxnus uq(x,t) nomyuena us dopmymnst (3.24) npu n = 1.

Oyuknua ug(z,t) Takxke noaydena u3 dopmynsl (3.24) npu n = 0. OyHKIWIO
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ug(x,t) B pemennn (3.22) rakzke crpoum B dopme (3.24):

—B(z—zn) Da(z—zn+2l) — 2l
w(z,t)=e 2z e 5 Jo(Zm1) [Mz (t_tn_w>_
a

_[Ml (t_tn_w>_% (t_tn_wm_
a a

4 _x—xpn+2l
—B(a—an) [tTIn o B T — Ty
—ae” 2 Ji(z)| e
0

— 2 Jn(z) —
5 Jo(z) — e
x [Ma(n) — [My(n) — Mo(n)]] dn (3.26)
¢ meussecTHOil ynkuueit Mo (7). @yukiua ug(x,t) yI0BIETBOPSIET yPaBHEHUIO
(2.1) upu npoussonbubix pyakumsax Mo(T), Mi(1) u Msy(7). Cymma dbyuxuii
ui(x,t) u ug(x,t) KOMKHA YIOBJIETBOPATH KPAEBOMY YCJIOBHIO

Daz(tftnfn)
2

z

ut(Tp,t) + ug(zn,t) =0 t>1t, . (3.27)

[oncrasnas B (3.27) smadenus dbyskuuit ui(x,t) u us(z,t) u3 (3.15) u (3.26),
HOJLY YUM:

— Jo(zmp)e”™ [Ml <t —ty — 2—l> — My (t —ty — 2—l> —

a a

oe2)oe2) w2
va [T E e ) - Mo+
M () — (M (1) — Mo(n))] | dn = 0. (3.28)
3aech u3 dopumyssr (3.25) nonyuero:

Zmlb = Zml‘x:mn = 2ly/—c;. (329)

B dopmyie (3.28) z umeer 3nadenue (3.7).
Taxkum 00pazom, okazbiBaercs,uro ecau dynkuus Mo(T) Oyner yaoBaerso-
pATh TosTydaeMoMy u3 (3.28) MHTerpaabHOMY yPaBHEHHUIO

91 a t—tn—% B Daz(tftnfn)
(e 2 7—Dal/ 2 2 My(n)dn=
? ( " a> * Jo(me)e 0 2 ol L

ol (e 2) (e 2], o

To dyuknus (3.22) OymeT yI0BAETBOPATH MEPBOMY KPaeBOMY yCJIOBHIO (2.3) mpu
Bcex t > t,. ITocse BoinostHeHUs 11peodpa3oBaHus

21
=t -ty — — 3.31
r - (331)
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uaTerpasbHoe ypasuenne (3.30) mpumver Bu

Ms(T) + L)e_D“l /OT gJO <a <T + %l — 77) \/——cl> X

Jo(2m1b
Da2(7—+%l7n)
X e 2 Ms(n)dn = 2[M;(T) — Mo(T)]. (3.32)
13 ypapuenus (3.41) u csoiicrs (3.14) u (3.30) dyuxmumit My(7) u M;(T)
caepyer, uro dynkuus Ms(7) obmamaer csoiicrBoM

My(T) =0, 7 <0. (3.33)

Ucnonb3ys coiicrsa (3.10), (3.20) u (3.33) bdyuxuuit Mo(7), Mi(T) u My(1),
TaK Ke, Kak u jyig dyHKuuu ug(z,t), MOXKHO MOKa3aTh, 4ro (yHKIims (3.26)
Y/IOBJIETBODSieT HYJIEBbIM HAaYaJslbHBIM ycsioBusM (2.2).

Takum obpazom, B obmact 0 < © — x, < I, t > t, dyuknuga (3.22) ymosie-
TBOPsieT BCEM YCJIOBUsIM [IOCTAHOBKU KDPAaeBOii 3ajia4uu, KPOME BTOPOI0 KPAaeBoOro
yeaosug (2.3). YunrsiBas, uro dbyskuusa ug(z,t) + ui(x,t) yaosiersopser BTO-
pomy Kpaesomy yciaosuio (2.3), HyzxHO, 4T00bl hyHKIMs U (T, t) yA0BIETBODSIA
KPaeBOMY YCJIOBUIO

ug(xy +1,t) =0, t > t,. (3.34)

[loncranoeka dyukiuu ug(z,t) B 1€BYI0 4acTh KpaeBoro ycjuosus (3.34) npusogur
K PABEHCTBY

2
o ) 3
ua(n + L,t) = Jo(zmip)e” e T3 (~ 1) <t oty —) n
=0 a

t—t,—3L 2
_B "Ta | B l Da?(t—tn—n) ~
+ ae” 2 l/ [?Jo(z) + cngl(z)] ez > (1) Mi(n)dn. (3.35)
0 =0
put—t, < %l, BBIUJIY OTPHUIIATETBHOCTH apryMeHToB byHKIwi M; 1 BepXHIX
LPEJIeJIOB UHTErPUpOBanus, Ha ocHoBanuu csoiicrs (3.10), (3.20) u (3.33) dyuk-
it M; 3akmodaeM, 9To Beipakerne (3.35) Oyaer paBHO HYJI0, TO €CThb (DYHKITHS
(3.22) Gyaer ypoBierBopsaTh Bropomy kpaesomy yciaosuio (2.3). Ilpu t — ¢, > %l
Boipakerne (3.35) OyfeT OTIUYIHO OT HYJs U C IEJIBI0 YI0BIETBOPEHHST BTOPOMY
KPaeBoOMy ycJIoBUIO (2.3) cTpoMM pelleHue B Bujie

u(z,t) = ug(x,t) + uy(z,t) + uz(x,t) + ug(z,t), (3.36)
re 1o (3.24) upu n = 2

—B(z—tn) —Da(z—zn—4l)
us(z,t) =e T e Jo(zp2) %
3

. -z, — 4l
S (1t T

i=0
e
—B(z—zn) t—tn+= m; B
—ae” 2 ——Jo(z)—
0 2

T — 1z,

2(t—tn—n 3 .
A(z)} e N (L) dy (3.37)

1=0
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¢ meuspectHoil ynkuueit Ms(7). @yuknua us(x,t) yI0BIETBOPSIET yPaBHEHUIO
(2.1) upu upoussoububix bdyukuusax Mo(7), My (7), Ma(T) u M3(7). Cymma dyHk-
it ug(x,t) u ug(z,t) K0/MKHA YIAOBIETBOPATH KPAEBOMY YCJIOBHIO

ug(wy + 1,t) +ug(zn, +1,8) =0 t>t,. (3.38)

Bamerum, uro u3 Gopmysbt (3.25) ciaepyer ¢ y4eroMm CIeJIaHHBIX Bbilie 000-
SHAYEHUH, ITO CIPABEJJINBO PABEHCTBO:

Zpn+1,k = Zmnk, (3.39)

TaK KaK

Zprk = Zpnly_p iy, = Iv/el[l — (2n — 1)2];

Zmnk = Zmnly_iye, = 20/ c1[l — (2n — 1)2)]. (3.40)
[Tosromy, mopcrasiaas dbyuknun (3.26) u (3.37) B kpaesoe ycaosue (3.38), moy-
YU M:

3
B2 Da . 3l

— Jo(zmp)e” T ea > (=1 TM (t—t, - = ) -
0(zmip)e” T e3 [ (—1) a

1=0

— i(—l)iMi <t —t, — %)

=0

20t tnny 3 ) :
% 6% [Z(_l)z—i-lMZ(n) + Z(_l)ZMZ(T]) d?] =0. (341)

=0 =0

13 (3.41) mosyuaem MHTErpaibHOE ypaBHEHME it OnpejeseHus: (pyHKImuu

Ms:

3l a —3Dal t—tn—"2 B
VA s R =
) R e L A

2
l a?(t—tn— . l
—|—c1—J1(z)] PSR N () diy = —2 > (-1 M; (t —ty — 3—> . (3.42)
z i—0 a

B ypasuenun (3.42)

z= /e[l — a?((t — tn) —1)?]. (3.43)

Taxum obpazom, ecsu dyukius Ms sABIS€TCH PElIeHreM WHTEIPAJIBLHOTO yPaBHE-
nus (3.42), dyunknus (3.36) Oyzer yJ0BAeTBOPATH BTOPOMY KPAEBOMY yCJIOBHIO
(2.3) mpu Bcex t. Bommonnus B ypasuenun (3.42) nmpeobpasoBamme

3l
—t—t, — =, 44
T - (3.44)

[IpUBEJIEM €ro K BHILY
a —3Dal T B
— Ms3(7) + ———e€ 2 / |:—J0 4
™) Jo(zm1b) 0o L2 (2)

rata(a)] T b dy = -2 UML), (345
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e

z= \/61 [l2 —a?(1 + %l —n)?|. (3.46)

U3 ceoiicrs (3.10), (3.20) u (3.33) dyuxmmit Mo(7), Mi(7), u Ma(T), a Takxe
ypasuenus (3.45) caenyer, uro dyunxiua Ms(7) obaagaer cBoiicTBoM

Ms(t)=0, 7<0. (3.47)

B cBoio ouepe/ib, u3 3TUX CBONCTB, Tak Ke Kak u Jjid byHKImU ug(x,t) cie-
ayer, uro dyuxius (3.36) yg0BiIeTBOPsET HAYAJIbHBIM yCa0BusM (2.2).
[Tpoo12KuB 1IOCTPOEHNE OTPAZKEHHBIX BOJH AHAJOTUYHBIM CIIOCODOM, Mbl Ha-
XOJIUM, UTO PEIIeHHeM pPacCMaTpPUBAEMON KpaeBoil 3ajauu Oyaer byHKIus

[ee)
—B(z—zpn) Da(z—zn+2nl)
u(‘rat) - Z{e 2 € 2 - JO(Zmn)X

n=0
2n z—zn+2nl
. — 2 l —B(z—zn) t—tn—
XZ(_l)ZMi <t—tn - W)—ae 2 /
i=0 0

T — Ty Daz(tftnf'r) " i
ot J1<z>} T S 1YiM () diy )

=0

2n—1
7B(z zn) 7Da(:vfzn72nl) . r — Ty — 2nl
— E { 2 Jo(zpn) E (—1)Z+1Mi <t -ty + 77; > +
=0

—xpn—2nl
—B(z—xn) t—tnt= m?l =
+ ae 2
0

Da? (t—tn—n)

"Jl(z)] e~ 2z X

B _
[—gJo(z) — qx :E

2n—1

XZ 1) M ( )dn}, (3.48)

B KoTOpoit My (7') ABJIAETCA PeLIeHUeM UHTEeI'PAJIbHOIO YPaBHEeHUA (3.9), a OCTaJIb-
uble QYHKIUU MZ(T) ABIAIOTCA PELICHUAMU CJICAYIONUX UHTErPDAJIbHBIX YPaBHe-
HUI:

"B 2nl
Moy, (1) + LG_D“"I/ —Jo (a (7’ + 17> \/—cl> X
Jo(zmnb) 0 2 a
Da?(r+ 28l _p) nl

xe 2 My(n)dn=-2> (=1)'M;(r); (3.49)
=0

nt [T|B
MQn—l(T) + L)G_Dal%l / |:§J0(Z)+
0

JO (zmnk

l ] Da?(r +7(2" )

+c1;J1(z) Map_1(n)dny =2 Z (=1)'M;(7). (3.50)
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B ypasuenusx (3.50) ciaenyer z 6pars npu & = p, + [, TO €CTh 3/1€Ch

Z|:c:l+:cn = \/Cl [l2 - a2(t - tTL - 77)2] =

a

[Tapamerp 7 B ypasuenusx (3.49) u (3.50) umeer cOOTBETCTBEHHO CIIEYIOIIHE

NIPEJICTaBACHUA: T =t — Ty — ZT"l; T=1—1, — @ [Ipu sTom Bce yHKINM
M, (7) obmagaior cBoiicrBamu
M,(r)=0,7<0,n=1,2,... (3.52)

B cuny stux cBoiicrs, npu kaxjgom dbukcuposanuom t —t, = T B bopmyiie
(3.48) oTmmunbIM OT Hysst OyJeT KOHEYHOe YhC/IO CaaraeMbiX. B camom nese, B
cymmax B hopmyiie (3.48) Kaxkg0€e U3 craraeMblX IIPHU BBIIOJTHEHUH yCa0Bmii (3.1),
(3.52) craHOBUTCH paBHBIM HyJ0, €cju apryMmentbl dyukumit M, (7) u BepxHuii
Ipe/Ie/T KHTErpUpOBaHus Oy Iy T OTpuraTebubiMu. [1Jist mepBoii cymMMbl B (popmyiie
(3.48) ycsi0Bue OTpUIIATEILHOCTH BEPXHETO 1IPEJIE/Ia HHTErPUPOBaHust 1pu t —t, =

T nmeer BUI:
— 2nl
T—f—ﬁ%ill<o, (3.53)
OTKY/Ia CJIeIyeT:
al = —ux,
21 21

U, TIOCKOJIbKY B 00/1aCTU OTBICKAHUS PEIIeHUT & — T < [ , MOoJydaeM, 9T0 HIpU

n > (3.54)

BCEX M, yAOBJIETBOPAIONINX yCJIOBUIO

al 1
BCe Csiaraemble B nepsoit cymme (opmysbt (3.48) Gyayr pasabl Hymo. abivu
CJTIOBAMU, CyMMUpPOBaHUE B mepBoii cymme (opmynbl (3.48) HYKHO MPOM3BOUTH
B 9TOM cJjy4dae He 70 Oeckomeunoctu, a g0 N — 1, rne N — nammenbiiee Ha-
TypaJibHOE UHCJI0, YIOBAETBOpsoIiee HepaBeHCTBY (3.55). AnajorundHo, ycaosme
OTPUIATEIHFHOCTH BEPXHETO Tpe/iesia NHTerpupoBanust npu t —t, = 1T mmeer Bu:

— 2 — 20
A S L ) (3.56)

OTKY/la CIeyeT

n > 5 + 5 (3.57)

Ho rak kak B 00s1acTu WHTErpUpOBaHusa & — &, > 0, u3 (3.57) ciaemyer, 1aro mpu
al

n > 5 (3.58)

BCe cjiaraeMble BO BTODOil cymme dopmyinsl (3.48) OymyT pasubl mysao. To ects,
CyMMupOBaHue BO BTOPOi cymme (opmysibt (3.48) HyKHO NPOMBBOJAUTL B 9TOM
caydae 1o N1 —1; N1 — naumenbliiiee HaTypa/jibHOE YHUCJIO, YIOBJIETBOPIIOIIEe
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HepasercTBy (3.58). Bee cimaraembie B dopmyse (3.48) gBigrOTCS peIIeHUSIMA
ypasuenus (2.1). A Tak KaK /151 KaxK/10r0 (PMKCUPOBAHHOIO § YUCJIO CIaraeMbIX B
dbopmyie (3.48) koreuno, muddepenimposanue B dpopmyste (3.48) MOKHO BBIIOJ-
HATh 1owieHHo. ITosromy dyukuus (3.48) siBisiercst periennem ypashenust (2.1).
13 dopmyier (3.48) memocpeacrBenno cieyer, 9to mpu t—tn =0u 0 < z—x, <
aprymentbl Gyuxuuit M, (T) n BepxHue npe/ie/ibl MHTErPUPOBAHUS BCEX UHTErPa-
JIOB CTRHOBSITCS OTPHUIATENbHBIMA. 3HAYAT, HA OCHOBaHUM cBoiicTs (3.1) u (3.52)
dbyuxuuit M (1) nu M, (7) nonyuaem u3 (3.48) u(z, t,) = 0. Takum obpazom, dyHk-
s (3.48) ymoBiaerBopser mepBoMy HadasgbHOMY ycaoBuio (2.2). Ilpomuddepen-
mupyem dyukmmio (3.48) mo ¢. [Tomyam:

Oou(x,t)
ot
[e'e) 2n
—B(x—xn a(z—xn n . — Tn 2
= Ze B(2 : {GD : 2 e JO(Zmn)Z(_l)ZMi/ <t_tn - z Int nl) -
n=0 =0 a
B mn
—a H_EJO(Zmn) —c(z — xn)%} X
2n T — 2, + 2nl
-1 iMZ- t—t, — — =
S )
—t _z—xn+2nl 2
n— = o D B — Iy B t— tn —
+/0 { > [_EJO(Z) —a— Jl(z)} - St
x—xp)(t —t, — J(z Da(1—tn-n) e i
—a2c%( )(z2 n) <J6’(z) — —Oi )> } e P Z(—l) M;(n) dﬁ} -
i=0
e —B(z—zn)
Y,
n=0
—Da(z—xn—2nl) 2n—1 . T — X, — 2nl
X {e 2 Jo(zpn) Z% (—1)2+1Mi’ <t —t, + +> _
B n
- H‘—Jo<zpn>—q(x—mfh(zp )] )
2 Zpn
2n—l r—x 2nl
-1 i+1Mi t—t, el R
S}
t—tn—l-%% Da2 B T —
+/0 {T {—EJO(,Z) e Jl(z)} -
B t—1t,
— §CL2 1 > lel(z)—
ezt ) <J6/(Z) - Jé(z)) } R

|
—

x Y (=) M (n) dn} . (3.59)
=0

U3 pasencrsa (3.59) zHemocpeacTBenHo caeayer, 910 npu t—t, = 0u 0 < x—x, <
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BEPXHHUE TIPEJIe/Ibl HHTEIPUPOBAHIS BCEX MHTErPAJOB U apryMEHTHI BCeX (DyHK-
uuit M;(7) u M/(T) B HeM CTaHOBSTCS OTPUIATEILHBIMUA. 3HAMUT, HA OCHOBAHUN

ceoiicts (3.1) u (3.52) dyukuuit M (1) u M;(7) nmonyaaem u3 (3.58):
ug(x,ty) = 0.

Taxum o6pazom, byHknus (3.48) y/0BIETBOPAET U BTOPOMY HAYAIBHOMY yCJI0-
Buio (2.2). C mesbio mpoBepKu yaoBIeTBOpenus (hbyHKuei (3.48) KpaeBbIM yCJio0-
BusiM (2.3) BbruMCauM 3HaveHue 310 Gynkuun npu x —x = 0. Yarem, uro npu
TAKOM 3HAYEHUH X CIIPABEJINBO PABEHCTBO

Zmnb = Zpnb-

I[lepsoe ciaraemoe B mepBoii cymme dopmystsl (3.48) 3amuiieM OT/Ie/IbHO, & OCTaB-
mmecd JaBe CyMMbl O6'beﬂI/IHI/IM B O/HY. HO.}Iy‘II/IM:

B Da2(t7tn7n)

t—tn
anst) = Mot~ ) —a [ =T (e 5 Mot i+
0

00 2n
~ 2nl
S et [ S - 2)
n=0 i=0

2n—1
. 2
- > (=) (t—tn - ﬂ)
=0 a
2nl

t_tn_T B a?(t—tn—
—I—a/ Ji (z)eD = 77)Mgn(n) dn}. (3.60)
0

_l’_

E 0

Coaraemoe BHe 3Haka » B dopmyse (3.60), B coorBercrBUM C UHTErPAbHBIM
ypasuenueM (3.6), pasuo M (t —t,). B cuny unrerpanbubix ypasuennii (3.49) Bce
CJlaraeMble 110J1 3HAKOM » |, 0OpAaIlaiorcs B HYJIb.

Takum obpazom, moJydaeM, 4To

u(x — zp,t) = Mo(t — t,),

TO ecTb, ur0o dbyHkius (3.48) yuoBaeTBopsier nepBoMy KpaeBoMy yciaosuio (2.3).
Beranciisgsa 3uadenne dynknuun (3.48) B Touke & = X, + [, BBIIOJHIM BO BTOPOIi
CyMMe 3aMeHYy MHJIEKCA CyMMHUPOBAHUL 11 = N — 1 U 00beJUHUM CjlaraeMble oI
OOIIMM 3HAKOM CyMMbI. YuTs 1Ipu 9TOM paBeHcTso (3.39), nosydum:

. B, | Daentin 2n : (2n + 1)1
1) = 3P ) S50 (10 2
2n+1 t—¢, — 2nt1)l
2 1)l n a B
S (g (t—tn—<”+ )) o [5Jo<z>+
=0 0

2n 2n+1

O [D—wwm £ 3 (-1

=0 i=0

dn.
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B nocsiesineit popmyiie obiiuii dieH ps/ia MpeJCTaB/IgeTCsd B BUJE

a(2n 2 1
_ eD (2—2 +1)1 JoGrmt) |:M2n+l <t —t, — w> _
2n—1 (2n+1)1
: 2n +1)i e B
-2 —1)* 1, t—tn—(i / —J,

;( ) ( - ) +4a | 5 Jo(2)+

l Daz(tftnfn)
+61;J1(Z) e 2 May11(n) dn

U TI09TOMY Ha OCHOBAHWW HHTerpajbHOro ypasaenus (3.50) ox pasen myso. Ta-
kuM obpasom, u(xy, + [,t) = 0, To ectb dynkuus (3.48) yja0oBIeTBOPAET U BTO-
pomy kpaesomy yciaosuio (2.3). CaemoBarenbno, nokasano, uro dbynxinus (3.48)
YJIOBJIETBOPSIET BCEM YCJIOBHUSIM IIOCTAHOBKM KPAEBOI 3a/1a4i, TO €CTh ABJISAETCS ee
PEeIIeHneM.

Bubsmorpadpuueckue cchbliIKn

1. Ocmanenxo B. A. Kpaesasi 3a/1a49a 6€3 HA4aJIbHDBIX YCIOBHI J1ij1s1 Tesierpad)HOrO ypas-
wenus // B. A. Ocranenko // Judepenuianbui piBusuns Ta Ix 3acrocyBanus, lue-
nponerposck : JIHY. — 2008. — C. 3-17.

2. Ocmanenro B. A. llepBas KpaeBas 3aJada /sl TejerpadHOro ypaBHEHUs B TOJTY-
orpanmdennoit obmacrn // B. A. Ocranenko // dudepennianbui piBHAHHS Ta X
zacrocyBanss, Tuenponerposek : JTHY. — 2008. — C. 18-20.

Haditrwna do pedaxyii 25.10.2009
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YIK 519.6

€paokumoB 1. B., Kouveeii O. O., ITonakoB M. B. AnaJji3z TeHIeHI[iiI PO3BUTKY
Cy4acHOro MaTeMaTHYHOIO Ta YHCeJIbHOro mozentoBanHs (poc. ) // Bicuuk JTHY. Ce-
pis: MogemoBanua. — JIHY, 2009. — Bum. 1. — Ne 8. — C. 3-17.

PosrmanyTo medaki oCcTaHHI TEHOEHIN! PO3BUTKY MATEMATHYHOIO Ta UHCEJIHHOTO MOZEJIIO-
BaHH:A, 00YMOBJIEH] fK yJIOCKOHAIIOBAHHAM MATEMATHIHUX MOJEJIEH Ta aJrOPUTMIB 9HCEJIHHOIO
PO3B’si3Ky, Tak i DEe3MperefeHTHIM 3POCTAHHSM MOTYKHOCTI €/IEKTPOHHO-00YNCIIOBAIHLHOI TeX-
miku. [loka3zaHo, 10 BUBYEHHS BJIACTUBOCTEH UHMCEJIbHUX AJTOPUTMIB IOIIJIHHO ITPOBOJIUTH HA
CIIeIia/JIbHUX TECTOBUX IIPUKJIAIAX, 10 MAIOTh aHAJITUYHI PO3B’d3KH.

Bibsiorp. 15 na3s.

YK 517.9

Kanveran O. B., JIanuioB B. 4. Ilpo momarHi po3ss’sisku piBHsiHHA peakuil audysit
3 npasoro yacruHowo tuity Kapareogopi (ykp.) // Bicuuk JITHY. Cepis: MogemoBanss. —
JTHY, 2009. — Bum. 1. — Ne 8. — C. 18-22.

Jta mestinifinoro piBuaaag peaknii-nudysii 3 upasoo gactunoio tuiy Kapareomgopi, ymosu
Ha fKy He 3a0e3Ie<IyIoTh €IUHICTh po3B’a3Ky 3amadi Ko, qoBeseHo riobaabHy po3B’sa3HICTD ¥
KJIacl CyMOBHUX 3 KB3paToM (YHKIL, 0 HaOyBalOTh HEBIT €MHUX 3HAYIEHD.

Bibsiorp. 4 nass.

YIK 519.6

Korvyt O. II. IIpo crifikicTs 10 36ypeHb 06/acTi OLHOro KJjacy 3aad OIITUMAJIbHOTO
kepyBanus (ykp.) // Bicauk /IHY. Cepis: Moznemosauus. — JIHY, 2009. — Bun. 1. — Ne 8. —
C. 23-41.

s omHOrO Kj1acy 3aJad ONTHMAJIBHOIO KepyBaHHS KoedimieHTaMu HeIiHINHOrO eJinTud-
HOrO piBH#AHHA 3 ymMoBamu /lipixje Ha rpaHuni O3HaYEHE MOHATTS CTIMKOCTI BIAHOCHO 30ypeHb
obsacTi. 3amporIOHOBaHI J0CTaTHI yMOBI Ha 30ypeHHst 00/1acTi, 38 SAKUX CTIHKICTH pO3IIIsAHy TOT
3a/1a4l Mae Micue.

L. 1. Bi6miorp. 15 ma3s.

YIK 519.6

MycEiiko O. IIpo icaysanns H'-po3’Bsi3KiB [1Jid JesiKUX 3a/4a49 peecTpailiil 306pakeHb
(English) // Bicauk JIHY. Cepis: Mopgemosanus. — JIHY, 2009. — Bum. 1. — Ne 8. — C. 42-46.

Posriignyro nnranisa icHyBaHHA PO3B’A3KIB /I HEBHOTO KJIACy HEIHINHWX omrmMizariii-
HEUX 33724, dKi BUHHKAIOTH IIpu peecrparii 300paxens. HeobxigHoo yMOBOO OITHMAJIBHOCTI
(piBagmnga Eiinepa—J/larpamxka) s Takwx 3a4a9 € HesliHiliHA rpanmvHa 3amada Heilimana, sxa
B 3arajbHOMY BHIIQJKYy MOKe He MarTu Po3B’a3ky. Jleski cuyibHI mocrarHi ymMOBH, dKi, IIPOTE,
He CylepevaTsh IpeaMeTHIN obacTi peecrpamnii 300pakeHb, JO3BOISATH OTPUMATHU IIO3UTHUBHY
BIITOBIZb TTO/I0 ICHYBAHHS PO3B’s3KiB.

L. 1. Bibmiorp. 3 ma3s.

YIK 517.977

Kanveran B. O., JIazapeHko I. C. Bagaqi 3 MmiHIMaJIbHOIO eHepriero s rmapaboJtiy-
HUX pPIBHSIHb 3 HeJIOKa/JIbHUMU KpaloBumu ymoBamu (poc. ) // Bicamk JIHY. Cepis:

Mogemosarus. — JJHY, 2009. — Bum. 1. — Ne 8. — C. 47-60.

Posrisimaiorhesa 3a1ad9i 3 MiHIMAIBHOIO €HEpPTieo st mapaboidHuX PIBHIHD 3 HEJIOKAJIb-
numMu Kpafiopumu ymoamu. Cami kpaiiosi 3a/a4i MaioTh Aeski ocobiuBocri. 30Kpema, s HUX
He icHye ampiopuux ominok. Tomy OymyioThCs juine KJIACHYHI IX PO3B’S3KH y BUIVISAL PsiB
o biopToronaspbHmX Oasmcax Pucca. 3a kpuTepiit aK0CTi OepeThCsd KBAAPAT JIEAKOI HOPMU PO3-
[IOZI/TEHOTO KEeDPYBAaHHH, KA €KBIBAJICHTHA HOPMI IPOCTOPY CYMOBHHX 13 KBAaZApPAaTOM (YHKIL.
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Tonl 3aja4a poO3IIAJAETHCH HA IIOC/LIOBHICTD CKIHYEHHOBUMIPHUX 3a/1a49 13 MiHIMAJIbHOIO €Hep-
riefo. B npoMmy Bumagky mpu g0JaTKOBAX OOMEXKEHHAX HA IVIAAKICTHh BXIJHUX JAHUX OTPUMAHO
[IOBHUI PO3B’s130K 3aad4i. Ko )k Kpurepiil akoCcTi 6paTn y BUIVISIl KBaIpaTa HOPMHE Iyibbep-
TOBOI'O LIPOCTOPY CYMOBHUX 13 KBaJAPaToM (DYHKIINA, TO OTPUMAEMO JAEAKY OCIILTOBHICTD HECKIiH-
YeHHOBUMIPHUX 33/1a4 13 MiHIMAJ/IbHOIO €HEPri€io 3 HEBJOMUMU BJIACTUBOCTAMU MO0 IJIaIKOCTI
PpO3B’si3KiB. JIKIMO K KepyBaHHS 3a/€KWUTH JIUIIE BT 9acy, TO 3aJa49a 3BOAUTHCA 0 IIPOOIeMu
MOMEHTIB JIjIsl JIeAKOr0 HEBII'€EMHO BU3HAYEHOIO OIIEPATOPA 1 eKBIBAJIEHTHA, AHAJIOMYHIN pobJie-
Mi /15t 1apaboJIiaHOrO PIBHAHHA 3 JIOKAJIbHUMU KPANOBUMU YMOBAMH.

Bibsiorp. 7 ma3s.

VK 681.31

Koryr II. 1., Man3o P., Heuail I. B. TomnoJioriuni acmekTu B 3ajjadax BEKTOPHOT
onrumizanii (English) // Bicaux /IHY. Cepis: Mogemosanusi. — JIHY, 2009. — Bum. 1. —
Ne 8 — C. 61-88.

Hocaimkyorses 3a1a4di BeKTOPHOI OnTrMi3arii B 9aCTKOBO BIIOPSIKOBAHIX OAHAXOBUX IIPO-
cropax. BBaxkaerbcs, mo HijboBe Bi0OpaKeHHs 3a/0BOJIbHAE OCJIa0J/IeHIN BJIACTUBOCTI HAILIB-
HEeIIepepBHOCTI 3HU3Y, 1 IIPU I[LOMY He POOUTHCS YKOJHUX [IPUILYIIEHD 1010 HeILyCTOTH BHY TPIII-
HOCTi MOPSIIKOBOrO KOHycCa. BcraHoBsieHO mocTaTHI yMOBH icHyBaHHS e(deKTHBHHX PO3B’sA3KiB
TAKUX 33129 Ta BU3HAYIEHO POJIb, AKY BIAIIPAIOTH TOIIOJIOrIYHI BJACTUBOCTL HIIIBOBOIO IIPOCTOPY.
PozrisinyTo mpobiremy ckasisipr3ariii 03HAMEHOro KJacy 3aJad BeKTopHOl omruMizamnii. /Joseme-
HO ICHYBAHHS TaK 3BAHUX y3arajbHEHUX e(DeKTUBHUX PO3B’SI3KiB. YCI IIOJI0KEHHS 1TI0OCTPOBAHO
YUCACHHUMY IPUKJIATAMU.

In. 9. Bibmiorp. 20 nass.

VIIK 517.91

Octanenko B. O. [Ipyra kpaiioBa 3aga4da aJisi TejierpadHOro piBHSIHHSI B HAIIiBOG-
MexKeHii o6aacri (poc. ) // Bicauk JIHY. Cepis: Mogemosanus. — JIHY, 2009. — Bum. 1. —
Ne 8. — C. 89-92.

Posrisimaerses apyra kpaiioBa 3amada st TeserpadHOro pIBHSHHS B HaiBOOMerKeHiit
obmacti. OrprMano po3s’s3ok i€l 3amadi B kBagparypax. [lobymoBa TowuHOro po3B’sa3Ky 3a-
Jadi IPYHTYETbCA HA 3aCTOCYBAHHL METOY BiOOpakeHb Ta METOLy IHTErpPaJIbHOIO IIOJaHH
pO3B’s13KiB TeslerpadHOro piBHSIHHS.

Bibsiorp. 2 na3zs.

VK 681.31

Bananenko I. I, Koryr II. I. IIpo icayBaHHs ciabkux onrumanbHux BV-kepyBanb
koedinienramu B aiHifiHux esnintumunux piBasinasix (English) // Bicauuk IHY. Cepis:

MogemoBauns. — JHY, 2009. — Buun. 1. — Ne 8. — C. 93-103.

JocmimKyeThcsa 3a7ada ONTUMAJIBHOTO KEPYBAHHS JIHIAHUME BUPOKEHUMU €JIITTHIHA-
MU PIBHAHHAMHE 31 3MIIIAHUMK KPailoBUMU yMOBaMu. BBakaerbcsi, M0 KePyBaHHAM BUCTYIIAE
BV (Q)-Barosuii koedimi€AT i3 TOJOBHOI TaCTUHM EIIMITUIHOTO OMEPATOpa. XapaKTEePHOIO O3HA-
KOIO TaKMX 33739 € mosgBa edekTy JIaBpeHTheBa Ta HEEIMHICTH CIA0KNX PO3B’a3KiB. Buxomsun
3 IPAMOrO METO/1y BapiarilHOrO YMCJIEHHS, OTPUMAHO JOCTATHI YMOBI ICHYBAaHHS OITHMAJIBHUAX
map y kmaci crabkmx (He Bapiamiiianx) po3B’a3kis.

Bibsiorp. 9 mass.

YIK 519.6

JJoBKEHKO A. B. HaniBHenepepBHa 3HU3Y peryisipusaliisi BijoOpa>keHb, siKi Jif0Tb
Yy YaCTKOBO YIOPSIAKOBAHMU 3a KOHYCOM HOpMoBaHUM mpoctip (ykp.) // Bicaux THY.
Cepia: Mogemosanua. — JTHY, 2009. — Bun. 1. — Ne 8. — C. 104-115.

SamporonoBaHa CxeMa HalliBHEIIepepBHOI 3HM3Y peryispusaril BigoOparkeHb, dKi Oi0Th y
[IPOCTOPY, YACTKOBHII OPHAIOK ¥ AKUX 33JAETHCH KOHYCOM i3 ILyCTOIO TOIOJIOIIYHOIO BHYTPIilI-
HICTIO.

Bibsiorp. 5 ma3s.
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YIK 517.9

CsaceB A. B., IIlepbuHA 1. B. Maremaruude mogenoBaHHs npouecy gedopmyBaHHs
KpPYyroBoro IuJiHApAa IIpyU BHYTpimHboMy HapoiyBaHHi (ykp.) // Bicuuk JHY. Cepia:
Mogpemosarus. — JIHY, 2009. — Bum. 1. — Ne 8. — C. 116-125.

Posriamaerbea 3amaga 1po HampyKeHO-1edOPMOBAHMI CTAaH B’A3KOIPYKHOIO IIyCTOTLIO-
ro OUIHAPA, AKUI HAPOILYETHCA I €0 BHyTpPimHbOro TucKy. llpumyckaerbcs, mo mporec
HellepepBHOI'0 HAPOULYBAHHSA Ma€ MICIe 31 CTOPOHU BHYTPIITHBOrO pazdiyca. Po3rmamyTo wactun-
HUI BHIIQ/IOK JIHINHOIO 3aKOHY IIOB3YYOCTi, a TAKOXK HABEIEHO De3y/IbTaTU PO3PAXYHKIB, AKi
[IOKA3yIOTh AUHAMIKY HAIPYKeHb Ta gedOopMariil, mo npu IboOMy BUHUKAIOTH.

Inn. 5. Bibsmiorp. 5 ma3s.

YIK 519:876.2

MEenbIKKOB FO. JI. CuHres asiekBaTHOro MareMaruiHoro omnucy (poc. ) // Bicuuk THY.
Cepisa: Mogemosanasg. — JIHY, 2009. — Bum. 1. — Ne 8. — C. 126-131.

Posriamaorses anropurymu noby10BI MATEMATHIHIX OIKCIB PeasIbHUX [IPOIECIB, K1 OLIuCy-
IOTHCH CHCTEMOIO 3BUIANHNX JudePeHIiaIbHIX PIBHAHD 1 9Ki J03BOIHAI0TH OTPUMYBATH AEKBAT-
Hi pe3y/IbTaTH MAaTEMATUIHOTO MOJIE/TIOBAHHS. BUI/IAIOTHCS MBA OCHOBHI TIXOIM 10 IPOOIeMu
100y10BU TAKHUX OIHCIB.

Bi6miorp. 7 nass.

YIK 517.9

BoxxaHoBA T. A. IIpo icnyBanHsi epeKTUBHUX PO3B’A3KIiB 3a/ia4i BEKTOPHOT onTuMi-
3amil TPAHCIOPTHOrO MOTOKY Ha Mepexi (ykp.) // Bicuux THY. Cepia: MonenoBanms. —
JHY, 2009. — Bum. 1. — Ne 8. — C. 132-148.

Posriamaerbea rigpoaunamivna MoaesIb Ay TPAHCIOPTHOIO IIOTOKY Ha Mepexi. B mpuiry-
LIEHH], I[0 TAKUU IIOTIK € KEPOBAHUM IIPOIECOM, CTABUTHCS 33129 HOT0 OnTUMI3aIil y BEeKTOPHII
dopmi. PosrsiayTo BUITa 0K, KON ILTHOBE BiOOpaKeHHs i€ B JIe0eriB mpoCTip 1 € HammiBHeITe-
pepBHUM 3Bepxy Ha obsracti BusHadenud. [lokazano, mo MHOXKUHA JOIYCTUMUX PO3B’A3KIB TAKOI
3a1a41 € KOMIIAK THOIO BLIHOCHO CaabKol romostorii npocropy RX x L?(0,T; BV(RQ)), ra moseaeno
icuyBanHs edeKTHUBHIUX PO3B’sI3KiB PO3IVISHYTOI 33249l BEKTOPHOI OnTHMi3ariil Ha MepexKi.

Bibsiorp. 16 na3s.

VIIK 517.91

OcTAnEHKO B. O. ITepma kpaiioBa 3aga4a i1 TeserpadHoOro piBHsIHHsI B oOMe>keHiit
o6aacri (poc. ) // Bicaux JIHY. Cepist: Moznemosauus. — JTHY, 2009. — Bum. 1. — Ne 8. — C.
149-161.

Posrisimaerbest mepima KpaitoBa 3a1a9a [y Teserpa@HOro piBHIHHS B 00OMEKeHiit 00/1acTi.
Orpumano po3s’=#30K i€l 3ama4i B kBagparypax. [IobysoBa TOMHOrO po3B’'a3Ky 3a/a4i OCHO-
BaHa Ha KOMOIHAIil METOMIB BiIOOPaKeHb Ta IPOJOBKEHb TA METOIY IHTerpasjbHOrO IIOJIAHHSI
pO3B’s13KiB TeslerpadHOro piBHSIHHS.

Bibsiorp. 2 na3ss.
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YIK 519.6

EBnokumos . B., Kouybeit A. A., [TosisskoB H. B. AHanu3 TeHOeHIINN pa3sBUTUS CO-

BPEMEHHOI'0 MaTeMaTUYIeCKOro U YNCJIeHHOro Mozeauposanus (poc. ) // Becruux THY.
Cepusi: Mogemuposanne. — JIHY, 2009. — Bomm. 1. — Ne 8. — C. 3-17.

Paccmorpensr HekoTopble mocaeHre TeHASHINN PA3BUTH MATEMATHIECKOT0 U IUCIEHHOTO
MO/Ie/INPOBAHNs, 00yC/IOBIEHHBIE KAK COBEPIIEHCTBOBAHMEM MATEeMAaTHIeCKUX MOJEsIeil U ajro-
PUTMOB 9HCJIEHHOI'O PELICHHUs, TAK U DeCIIPerne e HTHBIM POCTOM IIPOU3BOAUTEIbHOCTH SJIEKTPOH-
HO-BBIYUCINTENbHON Texauku. [lokazano, 4T0 u3ydenne CBOMCTB YUCIEHHBIX AJITOPUTMOB L€Jie-
COO0OPA3HO IIPOBOJUTH HA CIIEIMAJIBHBIX TECTOBBIX IIPUMEpPAX, NMEIONINX aHAJUTHIECKOe pelre-
HHe.

Bubauorp. 15 Ha3s.

YK 517.9

Kanversan A. B., JTaHu/10B B. 51. O noJ10>KuTebHbIX PELIEHUsIX YPABHEHUs PeaKnu-
auddysun ¢ npasoil yacreio Tuna Kapareonopu (ykp.) // Becruux JIHY. Cepus: Mo-
pesimposanue. — JIHY, 2009. — Bour. 1. — Ne 8. — C. 18-22.

B pabore mss menmuHeitHOro ypaBHeHHs peakuuu-anddy3un ¢ npasoil uacTbio Tuma Ka-
pareoopy, yCIOBUsS HA KOTOPYIO HE IapAHTUPYIOT eIMHCTBEHHOCTH DelleHus 3ajaqu Komw,
JIOKA3aHO IVI0DAJIHHYIO PAa3PEIIMMOCTh B KJIACCe CYMMUPYEMBIX C KBaJAPaToM (DYHKITHIl, IPUHI-
MAIOIIUX HEOTPUIIATEIbHbIE 3HATCHU.

Bubauorp. 4 nass.

YIK 519.6

Koryt O. II. O6 ycToifiYnBOCTHA K BO3MYIIIEHUSM 00JIacT OJHOIO KJjIacca 3a/a4 OITH-
MasibHOro ynpasienus (ykp.) // Becruux IHY. Cepusi: Monemuposarue. — THY, 2009. —
Bom. 1. — Ne 8. — C. 23-41.

st kacca 3a7ad ONTUMAJIBHOTO yIpaB/jeHus K03 UimenTaMy HeJIMHEHHOTO SJLIUITH-
YECKOI'0 YPAaBHEHUS C KPAEBbIMU yCJIOBUAMU JlUpUXJIe LPE/JIOKEHO LOHATUE YCTOMYUBOCTU K
Bo3myeHuam obsacru. [losydennt gocrarodnbie yCaoBus Ha BO3MYyLIeHUs 00J1aCTH, IIPU KOTO-
PBIX UCXOHASA 33/a9a ONMTUMAJIHLHOTO YIIPABJIEHUS OYIeT yCTOWIMBOIA.

Wn. 1. Bubsmorp. 15 ma3s.

YIK 519.6

MycEiiko O. O cymiecrBoBanuu H'-pemienuii mjsi oqHOro Kjacca 3aaad perucrpa-
uuu nsobparkenwnit (English) // Becruuk IHY. Cepust: Mognenuposarue. — JIHY, 2009. —
Bem. 1. — Ne 8. — C. 42-46.

Obcyxmaercst mpodaeMa pa3penmMOCTH OHOTO K/IACCa BAPWAIMOHHBIX 33139, BOZHUKATIO-
IIUX [IPU perucrparuu n3obparkennit. HeoOXOAUMMBIME yCIOBUSIMU OITUMAIHBHOCTH B TAKHUX 3a-
Jadax CIy’KUT HeJnHelHad KpaeBad 3aaada Helimama. B obmem Bompoc o ee pa3pemmmocTn
0CTaeTCsA OTKPBITHIM Ha, ceroansa. OIHAKO KacaTe bHO 3329 PEruCcTpaluu n300paKeHuil yaaer-
CHd TIOJIY9UTh HEKOTOPbBbIE PE3YJIbTAaThl O PA3PEITUMOCTH.

Wn. 1. Bubswmorp. 3 ua3s.

YIK 517.977

Kanveran B. E.| JIazapeaKo U. C. SBagauu ¢ MuHHNMaNbHON sHeprueil ajis napadoJiu-
YecKUX ypaBHEHUH C HEeJIOKAJIbHBIMU KpaeBbIMu ycaoBusimu (poc. ) // Becrauk JTHY.

Cepus: Mogenuposanue. — JTHY, 2009. — Bpui. 1. — Ne 8. — C. 47-60.

Jlamo mosiHOe perreHue 3aa<K ¢ MHHHMAJIBLHON SHEprueil Ijis mapaboIMIecKoro ypaBHe-
HHUS C HEJOKAJIbHBIMHA KDPAaeBBIMU YCJIOBHAME H CIENHAJIbHBIM KPHTepHeM KadecTBa. Permrenmsa
LIPE/ICTABI/IEHbl B BU/IE PA/I0B 110 buoproronaispuoMmy 6asucy Pucca, koropsie cxongarcsd K Herpe-
PBIBHBIM (DYHKITHSIM.

Bubsmmorp. 7 umass.
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VK 681.31

Koryr II. 1., MaAn30 P., HEuAll 1. B. TonoJsiormyeckue acneKThbl B 3a/ja4aX BEKTOP-
Hoil ontumusaruu (English) // Becruuk JTHY. Cepus: Mogesuposanue. — JTHY, 2009. —
Bour. 1. — Ne 8. — C. 61-88.

U3yuarorcs 3a/1a4u BEKTOPHOM OIITUMU3ALMY B YACTUYHO YIIOP:/IOYEHHbIX DAHAXOBBIX IIPO-
crpancrBax. IIpeamosiaraercsa, 4ro mejgeBoe orodbpazkenue 006Jaaer OC/JIaDJIEHHBIM CBOMCTBOM
ITOJTyHEITPEPBIBHOCTY CHU3Y, W IIPU 9TOM He TpeOyeTCs HEeIryCTOTa BHYTPEHHOCTH KOHYCA, 3aa-
FOIEro MOPSAIO0K. YCTAHOBJ/IEHBI JOCTATOYHbBIE YCIOBU CyIIeCTBOBAHN 3D(MEKTUBHBIX peIIeHuit
TaKUX 3329 U OIIPe/IeieHa POJIb TOIIOJIOTMHYEeCKUX CBOMCTB IeJIeBOr0 IpocTpaHcTBa. Paccmor-
pema mnpobeMa CKaJISpU3ANUK 33/aHHOI0 KJIACCa 3a7a< BEKTOPHON omrmvusarnuu. /loka3aHo
cyuiecTBOBaHUE 0000mEHHBIX () DEKTUBHBIX peneHnii.

Wn. 9. Bubauorp. 20 Ha3s.

VK 517.91

Ocraneko B. A. Bropasi kpaeBasi 3asiaua [iist TejerpagpHoOro ypaBHeHUsI B IOJLy-
6eckoneunoit obnactu (poc. ) // Becruuk JHY. Cepus: Mogemposanue. — JHY, 2009. —
Bour. 1. — Ne 8. — C. 89-92.

Paccmorpena Bropas kpaeBasd 3aza4da Aj1d TeaerpadHOr0 YPABHEHUS B IIOIYOI DAHIIEHHON
obmactu. Ilomyweno pemrerne 31oit 3a7au B kBagparypax. [loctpoenne Tounoro penienus 3a1a-
91 OCHOBAHO Ha MPUMEHEHWM METO/1a OTPAYKEHUN W Ha pa3spabOTaHHOM METO/e WHTErpPAIHLHOTO
[IPEICTAB/ICHUS [JOCTATOYHO IMIPOKOr0 KJIACCA PEHIeHui TererpadHOro ypaBHeHHs.

Bubsinorp. 2 nass.

VK 681.31

Bananenko U. I, Koryt II. . O cymecrBoBanum cJjiabbix onrumasabHbIX BV-yn-
paBJieHUN Ko3duIueHTaMy B JIMHEAHBIX Junrudeckux ypasHenusix (English) //
Becruux /THY. Cepusa: Mogenuposanue. — JIHY, 2009. — Bprm. 1. — Ne 8. — C. 93-103.

U3syuaercsa 3a/1a4a OUTUMAJILHOIO YIPABICHUS JIMHEHHBIMU BbIPOXKIEHHBIMU JLIAIITUIEC-
KUMHW yPABHEHUSMU CO CMETTAHHBIMA TPAHMTHBIMY YCJIOBAAMH. Y TpaBIeHneM BeicTymaeT BV (2)-
BeCOBOM KO3 }uUImenT B rJiaBHOM 9aCTh SJUIAITHYCCKOrO oneparopa. IlpumedareibHoil yeproit
TaKuX 33724 ecTb Hasmane dbdekra JlaBpenrbeBa u HeeMHCTBEHHOCTH C1abbix pemrenunit. Vc-
XOTsT U3 TIPSIMOTO METO/a BAPUAIMOHHOTO MCUUC/IEHNS, IOy YeHbI TOCTATOIHBIE YCIOBUS CYIIIe-
CTBOBaHUS OLTUMAJBHBIX LIAP B K/IACCEe CI1a0bix (HE BAPUALMOHHDBIX) PELICHMIL.

Bubauorp. 9 nass.

YIK 519.6

JIoBKEHKO A. B. IlosiyHenpepbIBHasi CHU3y PperyJsipu3anusi orobparkeHuii, Jekcr-
BYIOIUX B YaCTUYHO YIOPSJOYEHHBIX IO KOHYCY HOPMHUPOBAHHBIX ITPOCTPAHCTBAaX
(vkp.) // Becruuk JTHY. Cepua: Mogemuposanue. — JHY, 2009. — Bpm. 1. — Ne 8. — C.
104-115.

HUccmenyercs nmosynenpepsIBHAS CHU3Y PEryJIsipU3arinst 0TO0paykeHwuil, TefCTBYIOIUX B HOP-
MHpOBaHHBIE IPOCTPAHCTBA, YaCTUIHBIN HOPAJOK B KOTOPBIX 3a1aeTCad KOHYCOM C IIyCTOIl TOHO-
JIOTHYIECKOIl BHY TPEHHOCTBIO.

Bubauorp. 5 nass.

YIK 517.9

CsaceB A. B., IllepsuHA 1. B. Maremarudyeckoe mogenupoBanue mnpouecca gedop-
MUPOBaHUsI KPYyroBOoro IWIMHApA IPU BHYyTpeHHeM HapamusBaHuu (ykxp.) // Bect-
uuk JTHY. Cepusa: Mogenuposanue. — JTHY, 2009. — B, 1. — Ne 8. — C. 116-125.

Paccmarpusaercs 3a1a4a 0 HalPS2KEeHHO-1e(DOPMUPOBAHHOM COCTOAHUN BA3KOYLIPDYIOI'O KPy-
rOBOr0 HOUJIMHZIPA, KOTOPBII HapAaIIWBAETCA IIOZ AeUCTBHEM BHYTpeHHero nasjeHud. [Ipemmo-
JlaraeTcd, UTO IPOLeCC HeIIPEePbIBHOIO HapalluBaHUA IIPOUCXOAUT CO CTOPOHBI BHYTPEHHEro pa-
muyca. Paccmorpen ciryvail jmHEHOrO 3aKOHA II0JI3Y9eCTH, & TAKXKe [IPUBEIEHbl Pe3yJIbTaTbl
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YUCJAEHHBIX PACYeToB, WUIIOCTPUPYIOMUX AUHAMUKY BO3HUKAIOIIUX LIPU ITOM HAILPAKEHUN U
nedopmaruii.

Wn. 5. Bubauorp. 5 nass.

YIK 519:876.2

MEenbIUKOB FO. JI. CuHTes ageKBaTHBIX MareMarudeckKux omnucaHuii (poc. ) // Beci-
uuk JJHY. Cepusi: Mogemuposanue. — JJHY, 2009. — Borm. 1. — Ne 8. — C. 126-131.

PaccmarpuBaiorcs ajiropuTMbl HOCTPOEHUA MATEMATUYECKUX OIMCAHUN PeaJibHbIX ITPOLEeC-
COB, KOTOPBIE OIUCHIBAIOTCH CUCTEMON OOBIKHOBEHHBIX JuddepeHnnaabHblX yPAaBHEHUN 1 KOTO-
pBIe IIO3BOJIAIOT MOJIYyYaTh a/eKBATHBIE Pe3y/IbTAaThl MATEMATHUYIECKOTO MO/IeIupoBaHusd. Boiae-
JIAIOTCH JIBa OCHOBHBIX I10/IX0/a K IpobJieMe MOoCTPOeHus TaKuX ormcanuii. B paMkax oiHOro us
THUX II0JIXO/0B IIPE/JIOKEHO HECKOJIBKO aJIropuTMOB. s mojryueHns yCTONYINBBIX PEe3yIbTATOB
HCIIOJIb3YIOTC MeToabl peryngpusanuu A. H. TuxoHoBa /j1s ypaBHEHUN ¢ HETOYHO 33IaHHBIM
orreparopoM. Ilpeioxkenbl HOBbIE 3319 U aJIPOPUTMbL IIOCTPOCHU AJIEKBATHBIX MaTeMaTuie-
CKUX OIIMCAHUIA.

Bubauorp. 7 nass.

YIK 517.9

BoxanoBa T. A. O cymecrBoBaHuu 3@ @PEKTUBHBIX PeEIlIeHUN 3a/jauid BEKTOPHOI
OLTMMU3aLMU TPAHCIIOPTHOro noroka Ha ceru (ykp.) // Becruux /IHY. Cepusi: Monenu-

posanme. — JIHY, 2009. — Borm. 1. — Ne 8. — C. 132-148.

Paccmorpena Mo/ie/1ib TPAHCIIOPTHOIO IIOTOKA B BEKTOPHO3HAYHOI 110cTaHoBKe. V3yyen ciry-
9ail, KOrJa KaueCTBO yIIPAB/ICHNS 3a1aeTCa C/Iab0 MOTYHEIPEPHIBHBIM CBEPXY O0TOOpaKEeHUEM B
[eJieBOe HOPMUPOBAHHOE IIPOCTPAHCTBO. ¥YCTAHOBJIEHBI JOCTATOYHBIE YCIOBUS CyIIECTBOBAHIS
3bdeKTUBHBIX yIPABIeHUN TPAHCIOPTHON 3a/1a9€eil.

Bubauorp. 16 ma3s.

VK 517.91

OcTAanEHKO B. A. IlepBas kpaeBas 3ajada i TejierpadHOro ypaBHEHHsI B orpa-
Hu4deHHOM o6Guacru (poc. ) // Becruuxk [IHY. Cepusi: Mogmenuposanue. — JTHY, 2009. —
Bem. 1. — Ne 8. — C. 149-161.

Paccmorpena nepsasg kpaeBad 3a7a4da id TeserpadHOr0 ypaBHEHUS B OIPDAHUYEHHON 00-
mactu. Ilogyyeno pemrerne 9T0it 3aa4m B KBagpaTypax. llocTpoenne TOIHOTO perienns 3a/1a9u
OCHOBAHO Ha KOMOMHAIMU METO[0B OTDAXKEHUN U IPOIOJKEHUH, a TakxKe Ha pa3paboTaHHOM
METO/e MHTErPaJIbHOIO LIPEACTABJIEHUs JOCTATOYHO UPOKOI0 KJacca peiieHuil rejaerpadHoro
yPpaBHEHWUS.

Bubsinorp. 2 nass.
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YEVDOKYMOV D. V., KocHUBEY O. O., PoLyAkov M. V. Analysis of development
tendencies of modern mathematical modeling and numerical simulation (Russian). //
Visnyk DNU. Series: Mathematical Modelling, Dnipropetrovsk : DNU, Issue 1, No. 8, 3-
17(2009).

Some recent development tendencies of mathematical modeling and numerical simu-
lation are considered. They are stimulated as improvement of mathematical models and
numerical calculation method, as unprecedented growth of computer technique power.
It is shown, that investigation of numerical algorithm properties is expediently to made
with using special test examples, which have analytical solutions.

Ref. 15.

KaprusTyaN O. V., DANILOV V. Y. On positive solutions of reaction-diffusion equation
with Caratheodory nonlinear term. (Ukrainian). // Visnyk DNU. Series: Mathematical
Modelling, Dnipropetrovsk : DNU, Issue 1, No. 8, 18-22(2009).

In the paper for reaction-diffusion equation with Caratheodory nonlinear term under
conditions, which do not guarantee uniqueness of Cauchy problem solution, we prove the
global resolvability in the class of nonnegative integrable functions.

Ref. 4.

Kocur O. P. On stability of one class of optimal control problems to the domain
perturbations (Ukrainian). // Visnyk DNU. Series: Mathematical Modelling, Dnipropet-
rovsk : DNU, Issue 1, No. 8, 23-41(2009).

In this paper we study a classical Dirichlet optimal control problem for a nonlinear
elliptic equation with the coefficients which we adopt as controls in L>°(€2). The prob-
lems of this type have no solutions in general, so we make a special assumption on the
coefficients of the state equation and introduce the class of so-called solenoidal controls.
We study the stability of the above optimal control problem with respect to the domain
perturbation. With this aim we introduce the concept of the Mosco-stability for such
problems and study the variational properties of Mosco-stable problems with respect to
different types of domain perturbations.

Fig. 1. Ref. 15.

MuseYKO O. On the existence of H'-solutions to certain image registration problems
(English). // Visnyk DNU. Series: Mathematical Modelling, Dnipropetrovsk : DNU, Issue 1,
No. 8, 42-46(2009).

The solubility of the class of nonlinear optimization problems arising in image regis-
tration is discussed. The necessary optimility conditions (Euler-Lagrange equation) for
such kind of problems is a nonlinear Neumann boundary value problem which is not
known to have a solution in general. However, in the image registration context some
assumptions can be made that let us move a little bit further in this question.

Fig. 1. Ref. 3.

KApPUSTIAN V. YE., LAZARENKO I. S. Problems with minimal energy for parabolic
equations with nonlocal boundary conditions (Russian). // Visnyk DNU. Series: Mathe-
matical Modelling, Dnipropetrovsk : DNU, Issue 1, No. 8, 47-60(2009).

The paper deal with the solution of minimal energy optimal control problem for a
parabolic equation with non-local boundary condition and a cost functional with special
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form. The solution to this problem is presented in the form of the series with respect to
the biorthogonal Riesz basis.

Ref. 7.

Kocut P. 1., Manzo R., NEcHAY I. V. Topological aspects in vector optimization
problems (English). // Visnyk DNU. Series: Mathematical Modelling, Dnipropetrovsk : DNU,
Issue 1, No. 8, 61-88(2009).

In this paper, we study vector optimization problems in partially ordered Banach
spaces. We suppose that an objective mapping possesses a weakened property of lower
semicontinuity and make no assumptions on the interior of the ordering cone. We derive
the sufficient conditions for existence of efficient solutions of the above problems and
discuss the role of the topological properties of the objective space. Our main goal deals
with the scalarization of vector optimization problems when the objective functions are
vector-valued mappings with a weakened property of lower semicontinuity. We also prove
the existence of the so-called generalized efficient solutions via the scalarization process.
All principal notions and assertions are illustrated by numerous examples.

Fig. 9. Ref. 20.

OSTAPENKO V. O. Neumann boundary value problem for the telegraph equation in
semi-bounded domains (Russian). // Visnyk DNU. Series: Mathematical Modelling, Dni-
propetrovsk : DNU, Issue 1, No. 8, 89-92(2009).

The Neumann boundary value problem for the telegraph equation in a semi-bounded
domain is considered. Using the method of integral representation and the reflection
method, we give the explicit description for the solution of this problem.

Ref. 2.

BALANENKO I. G., KocuT P. I. On the existence of weak optimal BV-controls in

coefficients for linear elliptic problems (English). // Visnyk DNU. Series: Mathematical
Modelling, Dnipropetrovsk : DNU, Issue 1, No. 8, 93-103(2009).

In this paper we study the optimal control problem associated to a linear degenerate
elliptic equation with mixed boundary conditions. We adopt a weight coefficient in the
main part of elliptic operator as control in BV (). Since the equations of this type
can exhibit the Lavrentieff phenomenon and non-uniqueness of weak solutions, we show
that this optimal control problem is regular. Using the direct method in the Calculus of
variations, we discuss the solvability of the above optimal control problems in the class
of weak admissible solutions.

Ref. 9.

DovzHENKO A. V. Lower semi-continuous regularization of mappings in partially
ordered by cone normed spaces (Ukrainian). // Visnyk DNU. Series: Mathematical Model-
ling, Dnipropetrovsk : DNU, Issue 1, No. 8, 104-115(2009).

The scheme of the lower semi-continuous regularization of mappings in normed spaces
is proposed. We make no assumptions on the interior of the ordering cone.

Ref. 5.

SJASJEV A. V., STCHERBINA I. V. Mathematic modelling of circular cylinder deforma-
tion under inner grouwth (Ukrainian). // Visnyk DNU. Series: Mathematical Modelling,
Dnipropetrovsk : DNU, Issue 1, No. 8, 116-125(2009).
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A task on the intensive deformed state(IDS) of a viscoelastic declivous cylinder, which
is grown under the action of inner pressure, is considered. The process of continuous
increase takes a place on an internal radius so, that a radius and pressure change on set
to the given law. The special case of linear law of creeping is considered, and also numeral
results are presented as the graphs of temporal dependence of tensions and moving for
different points of cylinder.

Fig. 5. Ref. 5.

MENSHIKOV YU. L. Synthesis of adequate mathematical descriptions (Russian). //
Visnyk DNU. Series: Mathematical Modelling, Dnipropetrovsk : DNU, Issue 1, No. 8, 126—
131(2009).

We study the algorithm for the construction of mathematical descriptions of real
processes, which are characterized by the system of ordinary differential equations.

Ref. 7.

BozuaNova T. A. On the existence of efficient solutions to vector optimization
problem of traffic flow on network (Ukrainian). // Visnyk DNU. Series: Mathematical
Modelling, Dnipropetrovsk : DNU, Issue 1, No. 8, 132-148(2009).

We studied traffic flow models in vector-valued optimization statement where the flow
is controlled at the nodes of network. We considered the case when an objective mapping
possesses a weakened property of upper semicontinuity and made no assumptions on
the interior of the ordering cone. The sufficient conditions for the existence of efficient
controls of the traffic problems are derived. The existence of efficient solutions of vector
optimization problem for traffic flow on network are also proved.

Ref. 16.

OSTAPENKO V. O. The first initial boundary-value problem for telegraph equation
in bounded domain (Russian). // Visnyk DNU. Series: Mathematical Modelling, Dnipropet-
rovsk : DNU, Issue 1, No. 8, 149-161(2009).

The first initial boundary-value problem for telegraph equation in bounded domain is
considered. The exact solution this problem is obtained. The construction of solution is
based on combination prolongation and reflection methods with integral representation
vast class telegraph equation solutions which was developed earlier.

Ref. 2.
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